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PREFACE 


In the author’s booh "Theory of Elasticity” the deformation 
of bodies all three dimensions of which are of the same order of 
magnitude was considered. The present book discusses only 
those problems in which one dimension of a body (the thickness 
of a plate or shell) can lie considered as small in comparison with 
the other dimensions 

There are many engineering structures in which plates and 
shells arc used extensively Notable examples include the steel 
plates of ship hulls submitted to the action of water pressure, 
concrete and reinforced concrete slabs under the action of lateral 
loading, domes and thin-walicd tanks and containers of various 
shapes submitted to the action of internal or external pressure. 
A variety of problems concerning the bending of circular plates 
or of conical and spherical shells is encountered ill the design of 
1 ^Oilers, locomotive engines and steam turbines. Particularly 
at the present time thin-walled structures are finding a wide 
application in the modem development of airplane structures. 

In all cases in which one dimension of a body is small in com- 
parison with the others, the problem of finding stresses and 
deflections can be simplified and various approximate methods 
of analj-sis have been developed This book is occupied prin- 
cipally with the discussion of such methods. 

The book is written principally for engineers engaged in the 
design of thin walled structures With specific applications in 
view, discussion of the general theory of plates is limited to a 
minimum, most of the space being devoted to the investigation 
of particular problems. The treatment of these problems is not 
limited to the development of a general solution, but in many 
cases complete numerical calculations are earned out and pre- 
sented in the form of tables containing the values of the deflec- 
tions and stresses for various proportions of plates and for various 
load conditions. 

The preliminary knowledge of mathematics and strength 
of materials that Is taken for granted is that usually covered by 
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our schools of engineering. Where additional mathematical 
equipment is necessary, it is given in the book with appropriate 
explanations To simplify the reading of the book, the portions 
which, although of practical importance, are such that they can 
lie omitted during a first reading are put in small type. The 
reader may return to the study of such topics after finishing the 
more essential portions. 

Numerous references to papers treating problems on bending 
of plates and shells are given in the book. These references 
may be of interest to engineers who wish to study some special 
problems in more detail The}’ give also a picture of the modern 
development of the theory of plates and shells and may be of 
use to graduate students who are planning to take their work in 
this field 

In writing this volume the author made free use of his earlier 
Russian text dealing with plates and shells. 1 The numerical 
tables for laterally loaded plates were taken, m many cases, 
from the books by J G Boobnot* and by B G. Galerkin.* 
Jn the preparation of the chapters on thin shells, the author 
consulted often the recent work on this subject by W. Fliigge 4 

In the preparation of the manuscript, the author was helped 
by his former pupils, Dr. Stewart Way, Dr. Mik!6s Het^nyi, 
and Dr Elmer Bergman, and he takes this opportunity to thank 
them for the reading of portions of the manuscript and for various 
valuable suggestions which they have made. He also expresses 
thanks to Mr. Walter Vincenti, his present student at Stanford, 
for help in the final preparation of the manuscript, for the pre- 
paration of the figures and for the reading of proofs. The author 
wishes here also to express appreciation to the University of 
Michigan and to Stanford University for financial assistance 
in the preparation of tables, diagrams and figures 

S. Timoshenko. 

Stanford Umvessjtt, 

Avgust, 1940 

* “Theory of Elasticity,” vol 2, 1916, St Petersburg 

' '■'•Theory ol Structure ol Ships," 1914, St. Petersburg 

* " Elastic Thin Pistes," 1933, Moscow 

* “Statik und Dy&araik der Schalen,” 1934. Rerim 
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NOTATIONS 


*. y, * 

r, 9 


k 

9 

P 


E 

O 


D 

M„ SI, 




jV„, 


Q.,Q, 


Nr, N, 
N„ 


Rectangular coordinates 
Polar coordinates 

Radu of curvature of the middle surface of a plate in zz- and 

1/z-planes, respectively 

Thickness of a plate or a shell 

Intensity of a continuously distributed load 

Pressure 

Weight per unit volume 

Normal components of stress parallel to y- and z-axes 
Normal component of stress parallel to n-direction 
Radiai and tangential normal stresses in polar coordinates 
Shearing stress 

Shearing stress components in rectangular coordinates 
Components of displacements 
Unit elongation 

Unit elongations in z-, y- and e-directions 

Radial and tangential unit elongations in polar coordinates 

Unit elongations of a shell in meridional direction and in the 

direction of parallel circle, respectively 

Shearing strain components to rectangular coordinates 

Shearing strain in polar coordinates 

Modulus of elasticity in tension and compression 

Modulus of elasticity in shear 

Poisson's ratio 

Strain energy 

Flexural rigidity of a plate 

Bending moments per unit length of sections of a plate per- 
pendicular to z- and y-axes, respectively 
Ttvistmg moment per unit length of section of a plate perpen- 
dicular to z-axis 

Bending and twisting moments per unit length of a section of 
a plate perpendicular to n-direction 

Shearing forces parallel to z-axis per unit length of sections of 
a plate perpendicular to z- aod y-axes, respectively 
Shearing force parallel to z-axis per unit length of section of a 
plate perpendicular to ti-direction 

Normal forces per unit length of sections of a plate perpendic- 
ular to x- and y-directions, respectively 
Shearing force in direction of y-axis per um* length of section 
of a plate perpendicular to r-axis 
xi 



NOTATIONS 


ri, r* Kwhi of run nture of n hIkII in tlic form of a surface of revolu- 
tion in meridional plane ami in the* normal plane perpendic- 
ular to meridian, ropectu cly 

X*, xi Changes of curvature of a shell in meridional pi me and in the 
plane perpendicular to meridian, respectively 
xs* T« ist of a shell 

A'*, A r #,A'*« Membrane forces per unit length of principal normal sections 
of a shell 

.)/*, .If* J tending moments in a shell I**r unit length of meridional 
section and a section perpendicular to meridian, respectively 

X«» X* Changes of curvature of a cj Imdncal shell m axial plane and 
in a plane perpendicular to the axis, respectively 
Af*, ff,, A’,* Membrane forees per unit length of axial section and a section 
perpendicular to the axis of a cylindrical shell 
31 4, W« Bending momenta per unit length of axial section and a sec- 
tion pc rpendicular to the axis of a ci hndrieal shell, respectively 
Jlf»* Twilling moment per unit length of an axial section of ft 
c> tindneal shell 

Qt, Q. Shearing forrc*s parallel to r-axia per unit length of an axial 
section and a section perpendicular to the axis of a cylindrical 
shell, respectively 
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CHAPTER I 

BENDING OF LONG RECTANGULAR PLATES 
TO A CYLINDRICAL SURFACE 


1. Differential Equation for Cylindrical Bending of Plates. - 
Wc shall begin the theory' of bending of plates with the simple 
problem of the bending of a long rectangular plate that is sub- 
jected to a transverse load that does not vary along the length of 


the plate. The deflected sur- 
face of a portion of such a plate 
at a considerable distance 
from the ends 1 can be as- 
sumed cylindrical, with the 
axis of the c> Under parallel to 
the length of the plate We 
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can therefore restrict ourselves 


to the investigation of the bending of an elemental strip cut from 
the plate by two planes perpendicular to the length of the plate 
and a unit distance (say 1 in ) apart. The deflection of this strip 
is given by a differential equation which is similar to the deflection 
equation of a bent beam. 

To obtain the equation for the deflection, we consider a plate 
of uniform thickness, equal to h, and take the ^y-plane as the 
middle plane of the plate before loading, t e , as the plane midway 
betw een the faces of the plate. Let the y-axis coincide with one of 
the longitudinal edges of the pl3te and let the positive direction 
of the z-axis be downward, as shown in Fig. 1. Then if the width 
of the plate is denoted by l, the elemental strip may be coasidercd 


1 The relation between the length and the width of a plate in order that 
the maximum stress may approximate that in an infinitely tong plate is 
discussed later; see pp 130 and 136 
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as a bar of rectangular cross section which has a length of l and 
a depth of h In calculating the bending stresses in such a bar 
we assume, as in the ordinary theory of beams, that cross sections 
of the bar remain plane dunng bending so that they undergo 
only a rotation with respect to their 
neutral axes. If no normal forces are 
applied to the end sections of the bar, 
the neutral surface of the bar coincides 
with the middle surface of the plate, 
and the unit elongation of a fiber par- 
allel to the x-axis is proportional to its 
distance z from the middle surface. The 
curvature of the deflection curve can be 
taken equal to —dhv/dx' 1 , where 10 , the 
deflection of the bar in the z-diroction, 
is assumed to bo small compared with 
the length of the bar l. The unit elongation t z of a fiber at a 
distance z from the middle surface (Fig 2) is then — z dho/dx *. 

Making use of Hooke’s law, the unit elongations <„ and «„ in 
terms of the normal stresses a, and acting on the element shown 
shaded in Fig. 2a are 



<» - E - E - °, 

where E is the modulus of elasticity of the material and v is 
Poisson’s ratio The lateral strain in the y-direction must be 
zero in order to maintain continuity in the plate during bending, 
from which it follows from the second of equations (1) that 
v* = Substituting this value in the first of equations (1), 
we obtain 

. _ (1 ~ 


( 2 ) 


If the plate is submitted to the action of tensile or compressive 
forces acting in the r-diroction and uniformly distributed along 
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the longitudinal sides of the plate, the corresponding direct stress 
must be added to the stress (2) due to bending 
Having the expression for bending stress u„ \\e obtain bv 
integration the bending moment in the elemental strip: 



Introducing the notation 


Eh* 

12(1 - >*) 


= D, 


(3) 


we represent the equation for the deflection curve of the elemental 
strip in the following form. 


(4) 


in which the quantity to, taking the place of the quantity El in 
the case of beams, is called the flexural rigidity of a plate. It is 
seen that the calculation of deflections of the plate reduces to the 
integration of Eq. (4) which has the same form as the differential 
equation for deflection of beams If there is only a lateral load 
acting on the plate, and the edges are free to approach each other 
as deflection occurs, the expression for the bending moment M 
can he readily derived, and the deflection curve will be obtained 
by integrating Eq. (4). In practice the problem is more com- 
plicated, since the plate is usually attached to the boundary, and 
its edges arc not free to move. Such a method of support sets 
up tensile reactions along the edges as soon as deflection takes 
place These reactions depend on the magnitude of deflection 
and affect the magnitude of bending moment SI entering in 
Eq. (4). The problem reduces to the investigation of bending 
of an elemental strip submitted to the action of lateral load and 
of an axial force the magnitude of which depends on the dcflcc* 
tion of the strip. 1 In the following wo consider this problem for 

* In such a form the problem was first discussed by Z. G. Boobnovfsee lha 
English translation of Ina work in Tran*. /n*t S’ oral Arch., vol 41, p 15, 
1902, and his “Theory of Structure of Ships," rob 2, p. 545, Sl Petersburg, 
191 J See also the paper by Stewart Way presenter! at the National 
Meeting of Applied Mechanics, A S M E , New Haven, June, 1032; from this 
are taken the curves used in Arts 2 and 3. 
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a particular case of uniform load acting on the plate and for 
various conditions along the edges 
2. Cylindrical Bending of Uniformly Loaded Rectangular 
Plates with Simply Supported Edges. — Let us consider a uni- 
formly loaded long rectangular plate the longitudinal edges of 
which arc free to rotate but cannot move toward each other 
during bending An elemental strip cut out from this plate, as 
shown in Fig 1, is in the condition of a uniformly loaded bar 
submitted to the action of an axial force S (Fig. 3), the magnitude 
of which is such as to pre\ ent the ends of the bar from moving 
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along the r-axis Denoting by q the intensity of the uniform 
load, the bending moment at any crov* section of the strip is 

.t/ , f - if _ 

Substituting in Eq (4), we obtain 

(Pic Sw __ _qlx qx' , . 

di* ~D ~ 2D + 2D' W 


Introducing the notation 


SP 
D 4 




( 5 ) 


the general solution of Eq. (o) can be written in the following 
form: 


J + ftcch ?£+,&- 


qPx* 

8 u*D ~ 


The constants of integration C t and C* w ill be determined from the 
conditions at the ends. Since the deflections of the strip at the 
ends are rero, wo liave 


tc = 0 for x ** 0 and for x 1. (c) 
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Substituting for to its expression (6), i\e obtain from these two 
conditions: 

r = 1 ~ cosh 2m ~ _ gl* 

1 16m 4 D sinh 2 u ’ 1 IGu 4 !)’ 

and the expression (6) for deflection to becomes 

gl* (l — cosh 2u 2/tr . , 2 ux 

” “ ifrrir niii s,nh_ r + c"*-r - ‘J 
, <?*** 

' r 8 u*jD 

Substituting 

cosh 2 m =* co'-h* u + sinh* «, sinh 2u = 2 smh u cosh u, 
cosh* u = 1 + sinh* v, 


glh* 
8 u'D 


we«an represent this expression m a simpler form. 



Thus, deflections of the elemental strip depend upon the quantity 
«, which, as we see from Eq. (5), is a function of the axial force S. 
This force, so far, is unknown and can be determined from the 
condition that the ends of the strip (Fig 3) do not root e along the 
x-axis. Hence the extension of the strip produced by the forces 5 
is equal to the difference between the length of the arc along the 
deflection curve and the chord length l. This difference for 
small deflections can be represented by the formula* 



1 See author’s "Strength of Xfnteriats," vu( i, p 33, 19.30. 


( 7 ) 
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In calculating the extension of the strip produced by the 
forces S, we assume that lateral strain of the strip in the y-direc- 
tion is prevented and use Eq (2) Then 



Substituting expression (0) for u> and performing the integration, 
we obtain the following equation for calculating S: 

>*?(! — »* )f ^ q*l T / tanhju Jt_ t anh* u _ 5 , 1 V 

hE " 77»\256 u» + 250 «' 250u« + 384 u7' 

or substituting S “ 4u , D/P, from Eq. (5), and the expression 
for D, from Eq. (3), we finally obtain the equation 


135 tanh u 27 tanh* u 
16 u» + 10 v* 


135 4- 9 fRl 

leSi + sIf (8) 


For a given material, a given ratio h/l, and a given load q the 
left side of this equation can be readily calculated, and the value 
of u satisfying the equation can be found by trial-and-error 
method. To simplify tins solution, the curves shown in Fig. 4 
can be used. The abscissas of these curves represent the values 
of u; and the ordinates, the quantities logm (lO'v/L^), where I/o 
denotes the numerical value of the right side of Eq. (8). 's/Tfn is 
used because it is more easily calculated from the plate constants 
and load; and the factor 10‘ is introduced to make the logarithms 
positive. In each particular case we begin with calculation of 
the square Toot of the left side of Eq (8), equal to 

which gives us \/0o Tho quantity logio (lO'VT/o) then gives 
the ordinate which must be taken in Fig. 4, and the corresponding 
value of it can be readily obtained from the curve. Having u, the 
value of the axial force S is obtained from Eq. (5). 

In calculating stresses we observe that the total stress at any 
cross section of the strip consists of a bending stress propor- 
tional to the bending moment and a tensile stress of magnitude 
S/h which is constant along the length of the strip. The maxi- 
mum stress occurs at the middle of the strip where the bending 



Log 10 4 V07 
LogiQ 4 VuJ 
Log 10* V^r 
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Substituting expression (6) for ie, we obtain 


•w_. - fw«), 

(9) 

w here 


. 1 — seek u 

i, - - 

M 

2 


The values of <pt are given by curves m Fig. 5. 

It is seen that 

these values diminish rapidly with increase of 

u, and for larger 

u the maximum bending moment is several times smaller than the 
moment ql*/8 which would l>c obtained if there were no tensile 

reactions at the ends of the strip 


The direct tensile sires* er t and the maximum bending stress 
<r, are now readily expressed in terms of u, q and the plate con- 

slants m follows 


S 4,1*1) Eh* (h\ 

*; 00) 

fi'- “ .fa - ,’)V/ 

n ■ p”— ■ Ks) *• 

(ID 

The maximum stress in the plate is then 



*«.». = »l + ft 

To show how the cun os in Figs 4 and 5 can be used in cal- 
culating maximum stress, let us take a numerical example and 
assume that a long rectangular steel plate 50 in. undo and $ in 
thick carncs a uniformly distributed load q — 20 lb. per square 
inch. We start with computation of y/ITt 


Vtr,, 

Then, from tables, 


(1 - Q.3*)2G 10’ “ 
logic (lO'Wa) = 2 217 


From the curve A in Fig 4 we find ti * 3 795, and from Fig 5 
we obtain = 0 1329. 

Now, computing stresses by using Eqs (10) and (11), we find 


30 • 10* • 3.795* 1 

~ 2 ^ _ q — Jq 4 = 15,830 lb. per square inch, 

= | • 20 ■ 10* • 0 1329 = 19,930 lb. per square inch, 
<r«-t — = 35,760 lb. per square inch. 
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In calculating the maximum deflection we substitute x = 1/2 
in Eq. (6) of the deflection curve. In this manner we obtain 


where 


5 ql* 

‘ 384 D i 


i Mu), 


scch u — 1 + \ 


/«(«) - 


Bu 4 

24 


( 12 ) 


To simplify calculations the values of /o(u) are given by the 
curve m Fig. 5 If there were no tensile reactions at the ends of 
the strip, the maximum deflection would be 5ql*/384D. The 
effect of the tonsile reactions is given by the factor /o(n) which 
diminishes rapidly with increasing u. 

Using Fig 5 in the numerical example previously discussed, 
we find that for u «= 3 795 the value of /o(u) is 0 145. Substi- 
tuting this value in Eq (12), we obtain 

= 4 74 • 0 145 = 0 688 in. 


It is seen from Eq (8) that the tensile parameter « depends, 
for a given material of the plate, upon the intensity of the load 
q and the ratio l/h of width to thickness of the plate. From 
Eqs. (10) and (11) we see that the stresses <ri and a% are also 
functions of u, q and l/h Therefore, the maximum stress in 
the plate depends only on the load 9 and the Tatio l/h. This 
means that we can plot a set of curves giving maximum stress 
in terms of q, each curve in tbc set corresponding to a particular 
value of l/h. Such curves are given in Fig. C. It is seen that 
because of the presence of tensile forces S, which increase with 
the load, the maximum stress is not proportional to the load q; 
and for large values of q this stress does not vary much with the 
thickness of the plate. By taking the curve marked l/h = 100 
and assuming q = 20 Ih. per square inch, vve obtain from the 
curve the value <?***. calculated before in the numerical example. 

3. Cylindrical Bending of Uniformly Loaded Rectangular 
Plates with Built-in Edges. — We assume that the longitudinal 
edges of the plate arc fixed in such a manner that they cannot 
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rotate. Taking an elemental strip of unit width in the same 
manner as before (Fig 1), and denoting by Jlf, the bending 
moment per unit length acting on the longitudinal edges of the 

1 1 1 1 ! ! I 

Stresses wi Steel Plates wth 1 J 

Simply Supported Edges ' - * -AT -* ■*** 



Load in Lb per Sq.ln 
Fco 0 



plate, the forces acting on the strip will be as shown in Fig. 7. 
The bending moment at any cross section of the strip is 

M - ft t - + M: 

Substituting this expression in Eq (4) we obtain 

dho S etc , qx 1 iU r 0 \ 

a?-35"“- 20+20 IT (0> 

The general solution of this equation, using notation (5), will be 
represented in the following form: 
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_ . . 2iix , „ , 2ux 

* Ci Einh— j- + Ct cosh -j — | 


Observing that the deflection curve is symmetrical with respect 
to the middle of the strip, we determine the constants of inte- 
gration Ci, C* and the moment Jf# from the following three 
conditions* 

~ » 0 fur r =» 0 and for r *=> -D * 
di 2> (r) 

u" “ 0 for x ■* 0. j 

Substituting expression (l») for »e, we obtain from these conditions 


Substituting expression (l») for to, we obtain from these conditions 

c '“ ~ joV»’ c ' ” i&V > mlh “ 

Jr - (,s) 

where 

_ 3(» - l imit <i) 

’ »' tanli u 

The deflection tc is therefore given by the expression 

,r - _ ito‘T> * mh nr + Tw® c ' > " , " ~r 

This can be further simplified and finally put in the following 
form: 

16u s Z> tanh u(, cosh u + 8 u*D 


Tor calculating the parameter u we proceed as in the previous 
article and use Eq. (d) of that article. Substituting in it expres- 
sion (14) for w and performing the integration, we obtain 

■S(l - v*)l = qV( 3 1 

hE D % \ 256u s tanhu 256m* sinh* u 
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Substituting S from Eq. (5) and expression (3) for D, the equation 
for calculating u finally becomes 

W _ /_ 81 27 , 27 , 9 

(1 - v'YqH* \ 16u T tanh u 16u* sinh 1 u + 4w» + 8 u«/ 

(15) 

To simplify the solution of this equation we use the curve m 
Fig. 8, in which the parameter u is taken as abscissa and the 
ordinates are equal to login (10'yfUi), where L\ denotes the 
right side of Eq (15) For any given plate we begin with cal- 
culation of the square root of the left sid e of Eq (15), equal to 
Eh '/ (1 — v*)ql*, which gives us y/U i The quantity logi u 
(10'VT^) then gives the ordinate of the curve in Fig 8, and the 
corresponding abscissa gives us tbe required value of u 
Having u, we can begin with calculation of maximum stress 
in the plate. The total stress at any point of a cross section 
of the strip consists of the constant tensile stress a\ and bending 
stress. The maximum bending stress <rj will act at the builtrin 
edges where the bending moment is the largest Using Eq (10) 
to calculate <n and Eq (13) to calculate the bending moment 
M,, we obtain 

£u* AY 

9im vr r m)' 

V*—. * *1 + Ot- 

To simplify the calculation of bending stress «r«, the value* of 
the function ^i(u) are given by a curve in Fig 5 
The maximum deflection is at the middle of the strip and is 
obtained by substituting it = 1/2 in Eq (14), from which 

— - £&*■ (1S) 

where . 

f,(u) = _ ,y_\ 

J ' ' u *\ 2 sinhu tanh u/ 

To simplify the calculation of deflections, the function /i(«) is 
also given by a curve in Fig 5. 


( 10 ) 

(17) 







gPSHKMliSMl 


3 4 5 6 7 6 9 K> II I2I3H15K 

Load in Lbiper Sq In. 

Flo 0 

assumption of simply supported edges (see page 8), it can be 
concluded that, owing to clamping of the edges the direct tensile 
stress decreases considerably, whereas the maximum bending 
stress increases several times so that finally the maximum total 
stress in the case of clamped edges becomes larger thou in the 
case of simply supported edges. 

Proceeding as in the previous article it can be shown that the 
maximum stress in a plate depends only on the load g and the 
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ratio l/k, and a e can plot a set of curves giving maximum stress 
in terms of q, each curve in the set corresponding to a particular 
value of l/k . Such curves are given in Fig. 9. It is seen that 
for small values of the intensity of the load q, when the effect 
of the axial force on the deflections of the strip is small, the maxi- 
mum stress increases approximately in the same ratio as q 
increases. But for larger values of q the relation between the 
load and the maximum stress becomes non-linear. 

In conclusion we give in Table 1 the numerical values of all 
functions that were given in Figs 4, 5 and 8, This table 
can be used instead of curves in calculating maximum stress and 
maximum deflections of long uniformly loaded rectangular plates 
4. Cylindrical Bending of Uniformly Loaded Rectangular 
Plates with Elastically Built-in Edges.— Let us assume that when 
bending occurs, the longitudinal edges of the plate rotate through 
an angle proportional to the bending moment at the edges In 
such a case the forces acting on an elemental Rtnp wall again be 
of such kind ns shown in Fig 7, and we shall obtain expression (b) 
of the previous article for deflections «?. How oxer, the condi- 
tions at the edges, from wliich the constants of integration and 
the moment Me arc determined, arc different; m , the shqv 
of the deflection curve at the ends of the strip Is no longer aero 
hut is proportional to the magnitude of the moment Jf», and 
we have 

(£)_ - -A". <»> 

where 0 is a factor dejicnding on the rigidity of restraint along 
the edges. If this restraint is very’ flexible, the quantity 0 U 
large, and the conditions at the edges approach those of t-imply 
supported edges. If the restraint is very' rigid, the quantity 0 
becomes small, and the edge conditions approach tho-e of abso- 
lutely built-in edges. The remaining tw o end conditions are the 
same as we had in the previous article Thus we have 

(£)„--«- (£)..■-»• « 

(*)_» - o. 

Using the-e condition*, we ‘■hall find l*oth tin* constants of integra- 
tion and the magnitude of Me in the etpiwion ffc) of the previous 
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article Owing to flexibility of the boundary, the end moments 
Mo will be Monitor than those given by Eq (13) for absolutely 
built-in edges, and the final result can be put in tlie following 
form: 

•if. - do) 

where t hi numerical factor smaller than unity and given by the 
formula 

tnnli u 

T “ ~~ 

-jl)u + tnnli u 


It is seen that the magnitude of the momenta Af« at the edges 
depends upon the magnitude of the coefficient p defining the 
rigidity of the restraint When 0 is very small, the coefficient y 
approaches unity, and the moment .Mo approaches the ialiie*(13) 
calculated for absolutely built-in edges When & is very large, 
the coefficient y and the moment Me become small, and the edge 
conditions approach those of “imply supported edges 

The deflection curve m the ease under consideration can be 
represented »U the following form: 


tf 


<?b tnnli u — 7(tanh 
lflutD tanh « 



Tor 7 = 1 this expression reduces to expression (14) for deflec- 
tioas of a plate with absolutely built-in edges For y = 0 we 
obtain expression (8) for a plate with simply supported edges. 

In calculating the tensile parameter u we proceed as in the 
previous eases and determine the tensile force S from the con- 
dition that the extension of the elemental strip is equal to the 
difference between the length of the are along the deflection 
curve and the chord length l Hence 

S(1 - r 5 )! _ 1 r/dwY , 

“ T« 2j 

Substituting expression (20) in this equation and performing the 
integration, we obtain 
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~(1 — ~ T)lf# + yUl — >(1 — -f)Ui, (21) 

where [/« and U t denote the right-hand sides of Eqs (8) and (15), 
respectively, and 

27 (u — tanh u) s , ... . . , . 

u > " is ^rjsHqr^ tanl ‘ » - “ + <anl ' «> 

The values of logus (10 4 vT7*) are giv en in Table 1. By using 
this table, Eq (21) can be readily solved by trial -and-error 
method. For any particular plate we first calculate the left 
side of t!ie equation and, by using the curves m Figs 4 and 8, 
determine the values of the parameter u (1) for simply supported 
edges, and (2) for absolutely built-in edges. Naturally u for 
elastically built-in edges must have a value intermediate between 
these two Assuming one such value for u, we calculate b\, 
U\ and U t by using Table 1 and determine the value of the right 
side of Eq. (21) Generally this value will be different from the 
value of the left side calculated previously, and a new tnal 
calculation with & new assumed value for u must be made. Two 
such trial calculations will usually be sufficient to determine by 
interpolation the value of u satisfying Eq (21). As soon as the 
parameter it is determined, we calculate the bending moments Mo 
at the ends from Eq (19). We can also calculate the moment 
at the middle of the strip and find tlie maximum stress. This 
stress wall occur at the ends or at the middle depending on 
the rigidity of constraint at the edges 
5. The Effect on Stresses and Deflections of Small Displace- 
ments of Longitudinal Edges in the Plane of the Plate. — It was 
assumed in the previous discussion that during bending the 
longitudinal edges of the plate have no displacement in the plane 
of the plate. On the basis of tlus assumption the tensile force S 
was calculated in each particular case Let us assume now that 
the plate edges undergo a displacement toward each other 
specified by A Owing to this displacement the extension of the 
elemental strip will be diminished by the same amount, and the 
equation for calculating the tensile force S becomes 

At the same time Eqs. (6), (14), and (20) for the deflection curve 
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hold true regardless of the magnitude of the tensile force S. 
They may be differentiated and substituted under the integral 
sign in Eq. (a). After evaluating this integral and substituting 
S = 4u*D/l\ we obtain for simplj supported edges 


EP h* 

- o'-r-i* 


(22) 


and for built-in edges 


9*( 1 - p 1 )*/’ 


(23) 


If A is made zero, Eqs (22) and (23) reduce to Eqs. (8) and (15) 
obtained previously for immovable edges 

The simplest case is obtained by placing compression bars 
between the longitudinal sides of the boundary to prevent free 
motion of one edge of the plate toward the other during bending. 
Tensile forces S in the plate produce contraction of these bars 
which results in a displacement A proportional to S .* If k is the 
factor of proportionality depending on elasticity and cross- 
sectional area of the bars, we obtain 


S = kA, 

or, substituting, S = 4u*D/i*, we obtain 


and 


_ 1 Eu'h* 
k 3l*(l - v 1 ) 



1 + 


Eh 

m - v 1 )' 


Thus the second factor on the left side of Eqs (22) and (23) is a 
constant that can be readily calculated if the dimensions and the 
elastic properties of the structure arc know n. Having the magni- 
tude of this factor, the solution of Eqs. (22) and (23) can 1*' 
accomplished in exactly the same manner as was done before f«> r 
the cases of immovable edges. 

1 The edge support is a&snmcd to be such that i is uniform along the 
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In the general case the second factor on the left side of Eqs. 
(22) and (23) may depend on the magnitude of the load acting 
on the structure, and the. determination of the parameter u can 
be accomplished only by trial-and-error method. This pro- 
cedure will now be illustrated by an example that we encounter 
in analyzing stresses in the hull of a ship. The bottom plates in 
the hull of a ship are subjected to a uniformly distributed watei 
pressure and also to forces in the plane of the plates due to 
bonding of the hull as a beam. Let f> be the width of the ship 
at a cross section mn (Fig 10) 
and I be the fore-and-aft distance 
between the frames in the bot- 
tom. When a vessel is resting on 
two waves, as shown in Fig. 11, 
bending of the hull is produced, n n 

and the normal distance /between Fio io 

the frames at the bottom will be 

increased by a certain amount. To calculate accurately this 
displacement we must ronsidpr not only the action of the bending 
moment 3/ on the hull but al«o the effect on this bending of a 
certain change in tensile forces S distributed along the edges mn 
and ntifii of the bottom plate mnm,ni (Fig 10) which will be 
M M 



Fio II 


considered as a long rectangutar plate uniformly loaded by water 
pressure. Owing to the fact that the plates between the con- 
secutive frames aro equally loaded, there will be no rotation at 
the longitudinal edges of the plates, and they may be considered 
as absolutely built in along these edges. 

To determine the value of A, which denotes, as before, the dis- 
placement of the edge mn toward the edge m,m in Fig 10 and 
which is produced by the hull bending moment M and the tensile 
reactions S per unit length along the edges mn and m,ni of 
bottom plate, let us imagine that the plate mnnunt is removed 
and replaced by uniformly distributed forces S so that the total 
force along mn and m t n t is Sb (Fig 12). We can then say that 
the displacement A of one frame relative to another is die to 
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the bending moment if and to the eccentric load Sb applied 
to the hull without bottom plating. 

If ^t, I and e arc cross-«cctional area, central moment of 
inertia and distance from the bottom plate to the neutral axis 
of the complete hull section and if /li, I\ and C\ are the corre- 
sponding quantities for the hull section without bottom plates, 


c 

— 

DJ 

1 — 

Centroid A | J 


— 


Centroid A *1 c c, 




♦ t i J 


Sb* 

Thl 



b 


the latter set of 
the relations 


quantities can be derived from the former by 



(«) 


The relative displacement Ai produced by the eccentrical!}' 
applied forces Sb is 



The displacement due to the liending moment if is 


Mcxl 
El , ' 


Hence the total displacement is 


A = A, + A. 




Substituting in this expression 


e finally obtain 

A = = 


•* / b 6ej\ Mlci 

-•Wi /,/ ~eTi' 
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This quantity must be substituted m Eq (23) for determining 
the tensile parameter u. 

Let us apply this theory to a numerical example Assume 
b - 54 ft , I = 1,668 ft *, A = 13 5 ft 5 , c = 12 87 ft , h = 0 75 
in, *» 0.0625 tt ,1 = 45in. = 3 75 ft , q — 10 lb per square inch, 
jlf « 123,500 ft -tons From Eqs (a) we obtain 
Ai ■= 13 5 - 0 0625 54 = 10 125 ft *, 

13.5 • 12 87 


10125 


= 17 15 ft , 


It » 1,668 - 559.5 - 10.125(17 15 - 12 87) 1 = 923 1 ft 4 
Substituting these values in expression (r), we calculate A and 
Anally obtain 

^ - 1 549u« - 11 4'J 
Equation (23) then becomes 


E*h • u* + 1 540u« - 11 40 .. 

»’(f- *• “ “ 

or 

1 59GEA* Tu* - 4 50S rpr 

5 Tr--?)W ' VL ' 

Substituting numerical \alnes and taking logarithms of both 
sides, we obtain 

3 600 + !o b „ J"' - log,, (loVt'0 

Using the curve in Fig 8, tht> equation can be readilv M>hed l>% 
trial-and-crror method, and wc obtain u * 2 128 and, from 
Fig. 5, ^i(u) = 0 788 The maximum stress m now calculated 
by uring Eqs (16) and (17) from which 

30-10* 4 258 . , 

Oi = *3T(r<7rr G or " 13 - 840 11* f* ,r ^wart* 

r, « J ■ 10 60* • 0 783 = 14,180 11> per square inch, 

<t».k “ <Ti + *=* 2S,020 lb. per square inch. 

If the bending stress in the plate due to water l»re-'Urc wire 
mglectc<l and if the Imttom plate stress were calculated from 
the formula a = Me! I, we should arm eat n figure of only 13.210 
11>, per square inch. 

6. An Approximate Method of Calculating the Parameter u - 
In calculating the parameter u for plates the longitudinal edges 



24 


THEORY OF PLATES ANIi SHELIA 


of which do not move in the plane of the plate, we used the 
equation 

Sl{ 1 — *•*) 1 f 1 / rftoV i / s 

“TI ' ‘ dI ’ {a) 

which states that the extension of an elemental strip produced by 
forces S is equal to the difference between the length of the arc 
along the deflection curve of the strip and the chord length l. 
In the particular cases considered in the previous articles, 
exact expressions for the deflections to were derived, and numer- 
ical tables and curves for the nght side of the Eq. (a) \\ ere given 
by the uso of w htch tlio equation can be readily solved. If such 
tables are not at hand, the solution of the equation becomes 
complicated, and to simplify the problem recourse should be 
had to an approximate method From the discussion of bending 
of beams it is known 1 that, in the case of simply supported ends 
and when all lateral loads are acting in the same direction, the 
deflection curve of an elemental strip produced by a combination 
of a lateral load nnd of an axial tensile force S (Fig. 3) can be 
represented with sufficient accuracy by the equation 


- sin j, 


(b) 


in which w 0 denotes the deflection at the middle of the strip 
produced by the lateral load alone, and the quantity a is given 
by the equation 


JS _ Sf* 
S t , 


(c) 


Thus, a represents the ratio of the axial force S to the Euler’s 
value of the force for the elemental strip. 

Substituting expression (t>) in Eq (o) and integrating, we 
obtain 

■SfU ~ -*) = THcg 
MB 41(1 -f «)*' 

Eow, using notation (c) and substituting for D its expression 
(3), we finally obtain 


«(1 + «)■ 


1 See author’s "Strength of Malemb*,” vol 2, p 417. 
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From this equation the quantity « can be calculated in each par- 
ticular case, and the parameter u is now determined from the 
equation 


u* 


SI* _ T*« 
Di~ 4 ‘ 


(rf) 


To show the application of the approximate Eq (2-1) let us 
take a numerical example. A long rectangular steel plate with 
simply supported edges and of dimensions l = 50 in and h — 5 in 
is loaded with a uniformly distributed load q = 20 lb. per square 
inch. In such a case 


tco 


JL2^. 

384 D ] 


and, after substituting numerical values, Eq (24) becomes 
a(l + a)* - 269 56. 

The solution of the equation can bo simplified by letting 


Then 


1 + a = x 
x* - x* - 269 56; 


(e) 


i c., the quantity x is such that the difference between its cube 
and its square has a known value x can be readily determined 
from a slide rule or a suitable table, and we find in our case 
i = 6 8109 and a = 5 8109. 


Then, from Eq (d) 

u = 3 7865, 

and from the iornmla (e) (see page 8) 
fo = 0.13316 

For calculating direct stress and maximum bending stress wc use 
Eqs. (10) and (11). In this way we find 

in = 15,759 lb. per square inch, 
tjj — 19,974 lb per square inch, 

<w. = <ri + at = 35,733 fb. per square inch. 

The calculations made in Art. 2 (page 8) give us, for this 

example, «r = 35,760 lb per square inch Thus the accuracy 

of the approximate Eq (24) is in this case very high. In general, 
this accuracy depends on the magnitude of u. The error 
increases with increase of «. Calculations show that for if = 1 44 
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the error in the maximum stress is only 0.065 of 1 pei cent and 
that for u = 12 29, which corresponds to very flexible plates, 
it is about 0.30 of 1 per cent. These values of u will cover the 
range ordinarily met with in practice, anti we conclude that 
Eq. (24) can be used with sufficient accuracy in all practical 
cases of uniformly loaded plates with simply supported edges. 

It can also be used w hen the load is not uniformly distributed 
as, for example, in the case of a hydrostatic pressure non-uni- 
fonnly distributed along the elemental strip If the longitudinal 
force is found by using the approximate Eq (24), the deflections 
may be obtained from Eq (!>), and the bending moment at any 
cross section may bo found as the algebraic sum of the moment 
produced by the lateral load and the moment due to the longi- 
tudinal force 1 

In the case of built-in edges the approximate expression for 
the deflection curve of an elemental strip can be taken in the 
form 

Wo l( . 2rrr\ 

"-7-z A'-^-rr w 

4 

in which io 0 and a hate the same meanings as before. Substi- 
tuting this expression in Eq (a) and integrating, we obtain for 
determining « the equation 

*{'+%)’-¥ (25) 

which can be solved in each particular case by the method sug- 
gested for solving Eq (24) 

When a is found, the parameter u is determined from Eq. (d)» 
the maximum stress can be calculated by using Eqs. (16) and 
(17); and the maximum deflection, by using Eq (18). 

If during bending one edge moves toward the other by an 
amount A, the equation 



* More accurate values for the deflections and for the bending moments 
can be obtained by substituting the approximate value of tho longitudinal 
force in Eq. (4) and integrating tha equation, which gives Eqs. (12) and (9). 
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must be used instead of Eq (a) Substituting expression (f>) in 
this equation, we obtain for determining a in the case of simply 
supported edges the equation 


«(1 + «)*- 


3 irg 
h* ‘ 


( 26 ) 


In the case of built-in edges mc use expression (f). Then for 
determining a we obtain 




3iej 

V 


(27) 


If tho dimensions of the plate and the load 5 are given, and the 
displacement A is known, Eqs. (26) and (27) can both be readily 
solved in the same manner as before. If the displacement A is 
proportional to tho tensile force S, the second factor on the left 
sides of Eqs (26) and (27) is a constant and can bo determined 
as was explained in the previous article (see page 20) Thus 
again the equations can be readily solved 

7. Long Uniformly Loaded Rectangular Plates Having a Small 
Initial Cylindrical Curvature. — It is seen, from the discussions m 
Arts. 2 and 3, that the tensile forces S contribute to the strength 
of the plates by counteracting the bending produced by lateral 
load This action increases with the increase in deflection ,V 
further reduction of maximum stress can be accomplished by 
giving a proper initial curvature to a plate. The effect on 
stresses and deflections of such an initial cur\ ature can be readily 
investigated 1 by using the approximate method developed in the 
previous article. 

Let us consider the case of a long rectangular plate with simply 
supported edges (Fig 13), the initial cun ature of which is given 
by the equation 

to, = 5 sin (a) 

If tensile forces S are applied to the edges of the plate, the 
initial deflections (a) will be reduced in the ratio 1/(1 -f- a), 
‘See author’s paper in “ Fest«ohnft zum siebnpiten Geburtstage August 
Foppl,” p 74, Berlin, 1833 
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where « has the same meaning as in the previous article 1 (page 
24). The lateral load in combination with the forces 5 will 
produce deflections that can be expressed approximately by 
Eq (6) of the previous article Thus the total deflection of the 
plate, indicated in Fig 13 by the dotted line, is 

6 . TX . Wg . irX _ S + Wp . vx v 


Assuming that the longitudinal edges of the plate do not move in 
the plane of the plate, the tensile force S will be found from the 


I 

— wttwt* s tbSm 


condition that the extension of the elemental strip produced by 
forces S is equal to the difference between the length of the arc 
along the deflection curve of the elemental stnp and the initial 
length of the strip This difference, in the case of small deflec- 
tions, is given by the equation 

‘-if® *-*£($)* « 

Substituting expressions (a) and (fc) for w and tci and integrating, 
\vc obtain 


'-SKHS)’-*] 


Putting X equal to the extension of the stnp Sl(l — v*)/hE we 
finally obtain 


If we take 5 = 0, this equation reduces to Eq (24) for a plat® 
without initial curvature. 

To show the effect of the initial curvature on the maximum 
stress in a plate, let us apply Eq (28) to a numerical example- 
‘See author’s “Strength of Materials,” ml 2, p 462, 1930 
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Assume a steel plate having l = 45 in., h — § in and submitted 
to the action of a uniformly distributed load g ~ 10 lb. per square 
inch If there is no initial deflection, 8 = 0 and Eq (28) becomes 


from which 


«(1 + a )* = 200 , 


a = 5 97 and u = = 3 83. 

From Eq (10) we then obtain 

a i = 11,300 lb per fequare inch, 
and from Eq (11) 

at =* 14,200 lb per square inch 
The maximum stress m the plate is 

«*mM. = a, + a* = 25,500 lb. per square inch 
Let us now assume that there is an initial deflection in the plate 
such that 8 = h — $ in In such a case Eq (28) gives 
«(1 + a)* = 351 6 - 3(1 + a)*. 

Letting 

1 + a = x, 

wc obtain 

x* + 2r* = 351 6, 

from which 

3- = 6.45, a ~ 5 45, U = - 3 67. 


The tensile stress, from Eq. (10), is 


= 10,200 lb per square inch 


In calculating bending stress we must consider only the change in 


deflections 

ID — tCl 


«Cb 

1+0 


(d) 


The maximum bending stress, corresponding to the first tcim 
on the right side of Eq. (d), is the same as for a flat plate with 
it = 3.67. From Table 1 we find $$ = 0.142, and from Eq. (11) 


a' x = 15,300 lb per square inch. 
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The deflection »t the noddle i> obt.med by enb.titntmg x-B, nhich 


wnerc 

2 coa 3 cosh fi 
= cos 23 + cosh 23 

To get the „ lte ol .1 the pko - lb. 

expression (d) with respect to x and put x - -1/2 In this way 
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3 ainh 23 - Bin 23 
r,W) " W* coth 23 + cox 2d 


The bending moment at nnv 
equation 


section of the Btnp 


obtained from the 


Substituting expression (d) for it, we find for the middle of the strip 


(V>._.-fc(3), < W > 


r,W " 3* cwh 23 + cox 23 

To simplify the calculation of deflect ions and stresses, the numerical \ alncs of 
functions »*,, and rt are given in Table 2. For small > alues of 3. i * > or 
a yielding foundation, the function (t — «^)/3‘ and vi do not differ muc • 
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from unity. Thus the maximum deflection and beading stresses are cl«** 
to those for a simply supported »tnp without elastic foundation. " ><h **'* 
increase of 3 the effect of the foundation becomes more and more important 
Conditions similar to those represented to log H are obtained H a hing 
rectangular ptale of width I is ptereed into an elastic foundation by I* 1 ® 1 ’ 
uniformly deitributcd along the edge* and of the amount P per unit lengt 
(Fig 151. The piste will be pressed into the elastic foundation and b*t> . 
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as shown by the dotted line II t denotes the deflect ion at the edges of the 
plate, the reaction of the foundation at any point is 

Jt(4 — in) = fc6 — fcu>, 

nhere is is given by Eq (d) with 5 = kS The magnitude 4 is then obtained 
from the condition that the load is balanced by the reaction of the foun- 
dation. Hence 



Plates on clastic foundation with other conditions at the longitudinal edges 
can also be discussed in a similar manner 


Table 2 




CHAPTER II 

PURE BENDING OF PLATES 


9. Slope and Curvature of Slightly Bent Plates. — In discussing 
small deflections of a plate nc take the middle plane of the plate, 
before bending occurs, as the xy~ 
plane. During landing, the particles 
that were in the xy-plane undergo 
small displacements u> perpendicular 
to the xy-planc and form the middle 
surface of the plate. These displace- 
ments of the middle surface are called 
deflections of a plate in our further 
discussion. Taking a normal section 
of the plate parallel to the xz-planc 
(Fig. 16a), we find that the slope of 
the middle surface in the r-dircction 
is i« = dw/dx. In the same manner 
the slope in the y-dircction is »V “ 
dw/dy. Taking now any direction an in the xy-plane (Fig. 1#*) 
making an angle a with the x-axis, we find that the difference in 
the deflections of the two adjacent points a and ai in the on 



d«,-£dx + 

and that the corresponding slope is 

du? die dx . die dy _ dw du> . 

fln dx dn dy dn dx ”” n dy Sl 

To find the direction o, for which the slope is a maximum «** 
equate to zero the derivative with respect to a of tho expression 
(a). In this way tie obtain 


dw , 


(a) 


3* 
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Substituting the corresponding values of sin «i and cos at in (a), 
we obtain for the maximum slope the expression 




By setting expression (a) equal to zero we obtain the direction for 
which the slope of the surface is zero. The corresponding angle 
aj is determined from the equation 



(d) 


From Eqs. (6) and (d) we conclude that 


tan ai • tan a* = —1 

which shows that the directions of the zero slope and of the 
maximum slope are perpendicular to each other. 

In determining the curvature of the middle surface of the 
plate we observe that the deflections of the plate are very small. 
In such a case the slope of the surface in any direction can be 
taken equal to the angle that the tangent to the surface in that 
direction makes with the ay-plane, and the square of the slope 
may be neglected compared to unity The curvature of the 
surface in a plane parallel to the xz-plane (Fig. 1G) is then 
numerically equal to 

1 d ( 3u>\ 3*ut , , 

T. - ” "!W w 

We consider a curvature positive if it is convex downward. The 
minus sign is taken in Eq. (e), since for the deflection convex 
downward, as shown in the figure, the second derivative d'w/dx* 
negative. 

In the Bame manner we obtain for the curvature in a plane 
parallel to the yz-plane 

if) 


i = _ 3/duA = 
r, Sy\dyJ ' 


These expressions are similar to those used in discussing the 
curvature of a bent beam. 
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In considering the cunaturc of the middle surface in any 
direction an (Fig. 16) we obtain 

! = — 
r. dn\dn) 

Substituting expression (a) for Ow/dn and observing that 


— •= r- cos a - 


k--(i 

-C 


X dw . dw . \ 

-CO + 


dxdy 

1 * 1 • o .. 1 

— cos 5 a «in 2a + - 


3*W . . \ 

■35T "" V 


M 


It Ls seen that the curvature in any direction n at a point of the 
middle surface can be calculated if we know at that point the 
curvatures 

I _ I £h£ 

T, dz t% r, dy f 

and the quantity 

± » Jii i, <») 

r„ Ox dy 


which is called the tmst of the surface with respect to z- and y-nxc* 
If instead of the direction an (Fig. 16 b) we take the direction 
of perpendicular to an, the curvature in this new direction will be 
obtained from expression (p) by substi tuting r/2 + a for «< 
Tlius we obtain 


— =* — sin 1 a + — sin 2<r -f - — cos* a. (9 

r< r, r„ r. 

Adding expressions (y) and (0, we find 



which show* that at any jwint of tlie middle surface the sum of 
the eunaturrs in two perpendicular directions such as n and < l* 



PURE BENDIKG OF PLATES 


37 


independent of the angle a. This sum is usually called the 
average curvature of the surface at a point. 

The twist of the surface at a with respect to the an and at 
directions is 

r ^ <Tt\dnJ' 

In calculating the derivative with respect to t, we observe that 
the direction at is perpendicular to an. Thus we obtain the 
required derivative by substituting (jr/2) + a for a m Eq (a). 
In this manner we find 


J-,(±c 

r„ \dx 




dy 
d-w 
dx* H 


«)(-: 


d ! tc\ d'lC 




In our further discussion wc shall be interested in finding m 
terms of a the directions in which the curvature at the surface 
is a maximum or a minimum and in finding the corresponding 
values of the curvature. We obtain the necessary equation for 
determining o by equating the derivative of expression (g) with 
respect to a to zero, which gives 


(I) 


_2 

tan 2a *= — y-^T' (35) 

7, r, 

from this equation vre find two values of a, differing by w/2. 
Substituting these in Eq. (g ) we find two values of 1/r., one 
representing the maximum and the other the minimum curvature 
at n point a of the surface. These two curvatures are called 
the principal currafurrs of the surface; and the corresponding 
planes nor and far, the principal planet of curvature. 

Observing that the left side of Eq. (Jr) is equal to the doubled 
value of expression (j), wc conclude that, if the directions on and 
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at (Fig. 16) arc in the principal plane*, the corresponding twist 
i/r mt i* equal to zero. 

Wo can use a circle, similar to the Mohr's circle representing 
combined st rev-os, to “how how the curvature and the twist of a 
surface vary with the anglo a 1 To simplify the discussion we 
assume that the coordinate planes x: and yz arc taken parallel 
to the principal planes of curvature at (he point a. Then 

— =* 0, 

anil we obtain from Eqs (9) and (j) for any angle a 



Taking the curvatures as abscissa* and the as ordinate* 

and constructing a circle on the diameter 1/r, - l/r„ as shown _ 



bit 

in Fig 17, we see that the point A defined by the angle 2 a has 
the abscissa 

1 1 , 1 . . 

= — cos’ a H — sin* a 
r, r, 

and the ordinate 

■*" _ '2(7, - £) ™ 2 “- 

Comparing these results with formulas (36), wo conclude that 
the coordinates of the point d define the curvature and the twist 
> See author’s "Strength of Materials," vol 1, p 50, 1930 
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of the surface for any value of the angle a. It i« seen that the 
maximum twist, represented by the radius of the circle, takes 
place when a — jt/4, ie , when we take the two perpendicular 
directions bisecting the angles between the principal planes. 

In our example the curvature in any direction is positn c, hence 
the surface is bent convex downward If the curvatures 1/r, 
and l/r„ are both neg&the, the curvature m any direction is also 
negative, and we have a bending of the plate com ex upward. 
Surfaces in which the curvature in all planes have like signs are 
called synclastic. Sometimes wc shall deal with surfaces in which 



Flo 18 in. 


the two principal curvatures have oppo-ite signs. A saddle is a 
good example. Such surfaces arc called anliclattic. The circle 
in Fig. 18 represents a particular «e~c of such surfaces when 
\/r t =» — J fr M . It is seen that in this com? the curvature becomes 
tcro for a «* r/4 and for a » 3r/4, and the twist becomes equal 
to ±l/r,. 

10. Relations between Bending Moments and Curvature in 
Pure Bending of Plates. — In the case of pure bending of pri«- 
matical bars a rigorous solution for stress distribution is obtained 
by assuming that cross sections of the bar remain piano during 
l tending and rotate only with respect to their neutral axes w» 
as to be always normal to the deflection curve. Combination of 
such bending in two perpendicular directions brings us to pure 
bending of plates. Let us begin with pure bending of a rectangu- 
lar plate by moments tliat are uniformly distributed along tho 
edges of the plate as shown in Fig. 10. IVc take the rjf-pl anc to 
coincide with the middle plane of the plate before deflection and 
the 7 - and y-aros along the edges of the plate as shown. The 
r-axi«, which is then per|>endicular to the middle plane i* taken 
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«y>. • 

— 


7, 


1 

1 

- 1 
2_i‘ 


1 r> 


u 

*1 

,^-ri 


I 


y' dr 

F 



positive downward We denote by M, the bending moment per 
unit length acting on the edges parallel to the y-ntis and by M„ 
the moment per unit length acting on the edges parallel to the 
z-axis. Thc-*c moments «c consider positive when they arc 
directed as shown in the figure, if., when they produce com- 
pression in the upper smface of the plate and tension in the lower. 
The thickness of the plate we denote, as before, by h and consider 
it small in comparison with the 
other dimensions. 

Let us consider an element cut out 
of the plate by two pairs of planes 
parallel to the T2- and yz-planes as 
shown in Fig 20. Since the ca«c 
shown in Tig. 19 represents the com- 
bination of two uniform bendings, 
F '° 20 the stress conditions are identical in 

all elements, such as shown in Tig. 20, and w c have a uniform bend- 
ing of the plate. Assuming that during bending of the plate the 
lateral sides of the element remain plane and rotate about the 
neutral axes nn so as to remain normal to the deflected middle 
surface of the plate, it can be concluded that the middle plane of 
the plate docs not undergo any extension during this bending, 
and the middle surface is therefore the neutral surface. 1 Let 
1/r, and 1/r, denote, as before, the curvatures of this neutral 
surface in sections parallel to the and yz-plancs, respectively. 

Then the unit elongations in the *- and y-«hrccUons of an ele- 
mental lamina abed (Fig 20), at a distance z from the neutral 
surface, arc found, as in the case of a beam, and are equal to 

• f ,~£, «„ = £. (a) 

r, r. 

Using now Hooke’s law (Eq. (1), page 2], the corresponding 
stresses in the lamina abed are 



1 It will be shown in Art, 13 that this conclusion is accurate enough if the 
deflections of the plate are small in comparison nit h the thickness h. 
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They are proportional to the distance z of the lamina abed from 
the neutral surface and depend on the magnitude of curvatures 
of the bent plate. 

These normal stresses distributed over the lateral sides of the 
.element in Fig 20 can be reduced to couples, the magnitudes of 
which per unit length evidently must be equal to the external 
moments Af, and M„. In this way we obtain the equations 



J dy dz 

= M, dy, 




f^f&yZ dx dz 
~5 

— dx. 


(c) 

Substituting expressions (6) for c. 

and o t , we ■ 

obtain 


M. 


-°(B + 

fl*w\ 

w 

(37) 

M, 



d ! ie\ 

ifJ’ 

(38) 


where Z> is the flexural rigidity of the plate defined by Eq (3), 
and w denotes small deflections of the plate in the z-direction. 



Let us now consider the stresses acting on a section of the 
lamina abed parallel to the z-axis and inclined to the x- and 
jHixcs If acd (Fig. 21) represents a portion of the lamina cut 
by such a section, the stress acting on the side ac can be found 
by means of the equations of statics. Revolving this stress into 
a normal component <r. and a shearing component t„, the magni- 
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tudci of these components nrc obtained by projecting the force* 
acting on the element aat on the n and t directions respectively, 
winch gives us the known equations 


<r» = <r , CO s* a +- c t «»* a,) 
Tm» = i(»» “ O “in 2«, / 


(«0 


in which « is the angle between the normal n and the x-axis or 
between the direction l and the [/-axis (Fig. 21a). This angle i« 
considered posit i\ e if measured in a clnchw i*c direction 
Considering all lamina*, such as actl in Fig 21b, over the thick- 
ness of the plate, the normal stresses c. give us the 1 tending 
moment acting on the section ac of the plate, the magnitude of 
which per unit length along ac is 


it. - its - it, « + it, «in> a. (31') 

The shearing stresses r.i give us the twisting moment acting on 
the section ac of the plate, the magnitude of which per unit 
length of ac ia 


M,, 


■■ ~/V„r * = 1 "in 2a (.If, - M,). 


(40) 


The signs of Jlf, and .1/., me chosen in such a manner that the 
po«iti\c values of these moments arc represented by vectors in 
the pantnc directions of n and l (Fig 21a) if the rule of the 
right-hand screw is used Wien a 
iszeroorx, liq. (39) gives. If. = Mr 
For a = x/2 or 3r/2, we obtain 
.1/. «* .1/, The moments I*" 
come zero for these values of « 
Thus we obtain the conditions 
shown in Fig 19. 

Equations (39) and (40) are 

similar to Eqs. (36), and by using 
them the bending and tw isting moments can be readily calculated 
for any value of a We can also use the graphical method for 
the same purpose and find the values of .!/» and Af«» from the 
Mohr’s circle which can be constructed as shown in the previous 
article by taking Af» as abscissa and M m t as ordinate The 
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diameter of the circle will be equal to M t - as shown in 
Fig. 22. Then the coordinates Oh and AB of a point A, defined 
by the angle 2 a, give us the moments M n and M„, respectively 
Let us now represent and Af„ ( as functions of the curva- 
tures and of the twist of the middle surface of the plate Sub- 
stituting in Eq. (39) for Jl/ Z and Jf g their expressions (37) and 
(38), we find 

=* cos* a + sin* aj + sin* « + jr cos 5 

Using the first of the equations (36) of the previous article, we 
conclude that the expressions in parentheses represent the curva- 
tures of the middle surface in the n- and /-directions respec- 
tively. Hence 

To get the corresponding expression for the twisting moment 
ilf *«, let us consider the distortion of a thin lamina abed with the 



sides ab and ad parallel to the n- and /-directions and at a dis- 
tance z from the middle plane (Fig 23). During bending of 
the plate the points a, b, c, and d undergo small displacements. 
The components of the displacement of the point a in the n- and 
/-directions we denote by u and p respectively. Then the 
displacement of the adjacent point d in the n-direction is 
u + (du/dl)dt, and the displacement of the point b in the 
/-direction is t> + (de/driidn. Owing to these di -placements, 
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obtain for the shearing strain 


T»( 


Ou , t)p 
Ot + dn 


w 


The corresponding shearing stre^ is 


( ,cfc + ^\ 

' \dl dn) 


From Fig. 23b, representing the section of the middle surface 
made by the normal plane through the n-axis, it may be seen 
that the angle of rotation in counterclockwise direction of an 
clement jxj, which initially was perpendicular to the zy-planc, 
about an axis perpendicular to nz-planc is equal to —di v/dn. 
Owing to tills rotation a point of the clement at a distanco t 
from the neutral surface has a displacement in the n-dircction 
equal to 



Considering the normal section through the t-axis, it can be 
shown that the same point has a displacement in the ^-direction 
equal to 


Substituting these values of the displacements u and v in expres- 
sion (/), we find 

r„ - -20z^, m 

dn dt 

and expression (40) for the twisting moment becomes 




(43) 


It is 6ecn that the twisting moment for the given perpendicular 
directions n and t is proportional to the twist of the middle 
surface corresponding to those directions. When the n- and 
f-directions coincide with the as and y-axes, there are only bend- 
ing moments Jlf« and acting on the sections perpendicular to 
those axes (Fig. 19). Hence the corresponding twist is zero, 
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and the curvatures 1/r* and l/r„ are the principal curvatures of 
the middle surface of the plate. They can readily be calculated 
from Eqs. (37) and (38) if the bending moments M, and M v are 
given. The curvature in any other direction, defined by an angle 
a, can then be calculated by using the first of the equations (36), 
or it can be taken from Fig. 17. 

Regarding the stresses in a plate undergoing pure bending, 
it can be concluded from the first of equations (d) that the 
maximum normal stress acta on those sections parallel to the 
xz- or yz-phmes. The magnitudes of these stresses are obtained 
from Eq. (6) by substituting z — h/2 and by using Eqs. (37) and 
(38). In this way we find 

, , 6ilf* , . 6 M, . 

<*•>-- - ~JT‘ W— - - -jr- (44) 


If these stresses are of opposite sign, the maximum shearing 
stress acts in the plane bisecting the angle between the xz- and 
3/2-planes and is equal to 


t— = V 9 ’ ' '•> 


3 (M, - 3/,) 
A* 


(45) 


If the stresses (44) are of the same sign, the maximum shear acts 
in the plane bisecting the angle between the xy- and rz-ptanes or 
in that bisecting the angle between the xy- and j/r-planes and is 
equal to \(a y )— or depending on which of the two 

principal Stresses (<r„)— ^ or (o-,),^. is greater. 

il. Particular Cases of Pure Bending; — In the discussion of 
the previous article w c started with the case of a rectangular plate 
along the edges of which uniformly distributed bending moments 
act. To obtain a general case of pure bending of plates, let us 
imagine that a portion of any shape is cut out from the plate 
considered above (Fig 19) by a cylindrical or prismatical surface 
perpendicular to the plate. The conditions of bending of tliis 
portion will remain unchanged provided that bending and twist- 
ing moments that satisfy Eqs. (39) and (40) arc distributed along 
the boundary of the isolated portion of the plate. Tlius we 
arrive at the case of pure bending of a plate of any Bhape, and 
wc conclude that pure bending of a plate is always produced if 
along the edges of the plate bending moments M. and twisting 
moments Af. t are distributed in such a manner as given by 
Eqs. (39) and (40). 
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Let us take, as a first example, the particular caw in which 
Mt — *= 3/. It can be concluded, from Eqs. (39) and (40), 

that in this case, for a plate of any shape, the bending moments 
arc uniformly distributed along the entire boundary and twisting 
moments vanish Prom Eqs (37) and (38) we conclude that 


i i _ il 

T, Ty 0( i + *y 


(46) 


i e., the plate in this case is bent to a spherical surface the curva- 
ture of which is given by Eq. (4fi) 

In the general case, when ilf» is different from M„ we put 
M. = 11/ 1 and M, <= Jf,. 


Then, from Eqs (37) and (38), we find 


d*w 

dx* 

- M, 
0(1 - *’)’ 

d’te = 

M, - rM, 

dy* ” 

0(1 - ,*) 


We have also 


(a) 


d*tc 

dx dy = °* 

Integrating these equations, wc find 
Mi ~ ejr, 


Ml - vMi , 
0 20(1 - v-f 


20(1 - »*)■ 


4zV 7 + C\X + Cty + C», (c) 


where Ci, C* and C s are constants of integration. These con- 
stants define the plane from which the deflections w arc measured. 
If this plane is taken tangent to the middle surface of the plate 
at the origin, the constants of integration must be equal to zero, 
and the deflection surface is given by the equation 


Afi — vMx , Mi — vMi , (a\ 

" - ~ 2D(1 - .■) * - 20(1 - >■) »’• W 

Let us consider the particular case w’here Mi = — Jl/i. In this 
case the principal curvatures, from Eqs (a), are 


o(i- ,y 
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and we obtain an antielastic surface the equation of which is 


2i>(l - y) 


if) 


Straight lines parallel to the *-axis become, after landing, para- 
bolic curves convex downward (Fig 24), whereas straight lines 
in the p-direetion become parabolas convex upward Along the 
lines bisecting the angles be- 
' tween the x- and y-axes we havte 
2 = y, or x — — y; thus deflec- 
tions along these Vines, as is seen, 
from Eq. (/), are zero. All lines 
parallel to these bisecting lines 
before bending remain straight 
during bending, rotating only 
by some angle. A rectangle abed bounded by such lines will l>e 
twisted, as shown In Fig 2-1. Imagine normal sections of the 
plate along the lines ab, be, cil and ad From L’qs. (30) and 
(40) we conclude that bending moments along thc-c sections 
are zero and that twisting moments along sections ad and be are 
equal to Mi and along sections nl» and al arc equal to —Afi 
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width of the rectangle, the corresponding twisting couple « 
M iA and can be formed by two vertical forces equal to Aft acting 
along the vertical sides of the rectangle. This replacement of the 
distributed horizontal foices by a statically equivalent system 
of two vertical forces cannot cause any sensible disturbance in the 
plate, except within a distance comparable with the thickness of 
the plate, 1 which is assumed small Proceeding in the same 
manner with all the rectangles, we find that all forces Afi acting 
along the vertical sides of the rectangles balance one another 
and only two forces Af i at the comers a and d are left. Making 
the same transformation along the other edges of the plate, we 
conclude that the bending of the plate to the anticlastic surface 
shown m Fig 25a can bo produced by forces concentrated at the 
comers* (Fig 25c) Such an experiment is comparatively simple 
to perform, and was used for the experimental verification of 
the theory of bending of plates discussed above.* In these 
experiments the deflections of the plate along the line bod (Fig 
24) were measured and were found to be in very satisfactory 
agreement with the theoretical results obtained from Eq (/)• 
Some discrepancies were found only near the edges, and they 
were more pronounced in the case of comparatively thick plates, 
as would be expected from the foregoing discussion of the trans- 
formation of twisting couples along the edges. 

As a last example let us consider the bending of a plate (Fig 
19) to a cylindrical surface having its generating line parallel to 
ttie y-axis. In such a case d-w/dy* = 0, and we find, from 
Eqs (37) and (38), 


Af, 


Af, — — vD 


d\v 

dx 1 ' 


(?) 


It is seen that to produce bending of the plate to a cylindrical 
surface wo must apply not only the moments Af, but abo the 
moments Af,. Without these latter moments the plate will bo 


•This folios 8 from the eo-eaUcd Saint lVrujnf* principle; acc author's 
“Theory of Elasticity,” p 3t, 1034 

•This transformation of the force sjatern net ini; along the edges was first 
suggested by Lord Kelvin and 1*. C. Tail. See ‘'Treatise on Natural 
Philosophy," vol 1, part 2, p 203, 1883. 

•Such experiments were made by Dr. A. Nadai, Fortehungtarbnl'*. 
vo!a 170, 171, Berlin, 1915; see also his book “EbistLscho Flatten,” p 
Berlin, 1923 



PURE BEND! KG OF PLATES 


19 


bent to an anticlastic surface. 1 The first of the equations (g) 
have already been used in Chap I in discussing bending of 
long rectangular plates to « cylindrical surface Although in 
that discussion we had bending of plates by lateral loads and 
there were not only bending stresses but also \crtical shearing 
stresses acting on sections perpendicular to the z-axis, it can be 
concluded from a comparison with the usual beam theory that 
the effect of the shearing forces is negligible in the case of thin 
plates, and the equation developed for the ease of pure bending 
can be used with sufficient accuracy also for lateral loading 
12. Strain Energy in Pure Bending of Plates. — If a plate js 
bent by uniformly distributed bending moments M L and M, 
(Fig. 19) bo that the zz- and ys- planes are the principal planes 
of the deflection surface of the plate, the strain energy stored in 
an element, such as shown in Fig. 20, is obtained by calculating 
the work done by the moments A/, dy and M„ dx on the clement 
during bending of the plate. Since the sides of the element 
remain plane, the w ork done by the moments Jlf, dy is obtained 
by taking half the product of the moment and the angle between 
the corresponding sides of the element after bending. Since 
— dhv/dx 1 represents the curvature of the plate in the arz-plane, 
fho angle corresponding to the moments M* dy is — (dhn/dxtydx, 
and the work done by these moments is 


An analogous expression is also obtained for the work produced 
by the moments if r dx Then the total work, equal to the 
strain energy of the element, is 

or - 

Substituting for the moments their expressions (37) and (39), 
the strain energy of the elements is represented in the following 
form: 

. w 

* We always assume very small deflections or else bending to a developable 
surface The case of bending to a non-developable surface when the deflec- 
tions aTe not smalt will be discussed later; see p. 61. 
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Since in the case of pure bending the curvature is constant 
over the entire surface of the plate, the total strain energy of the 
plate will be obtained if we substitute the area A of the plate 
in place of the elementary area dx dy in expression (o). Then 

’’-H(5)' + (v) ,+2 ^$} (47) 

If the directions x and y do not coincide will the principal planes 
of curvature, there will act on the sides of the element (Fig 20) 
not only the bending moments M, dy and M v dx but also the 
twisting moments M n dy and M„, dx The strain energy due to 
bending moments arc represented by the expression (a). 1° 
deriving the expression for the strain energy due to twisting 
moments dy we observe that the corresponding angle of 
twist is equal to the rate of change of the slope 0\c/dy, as x varies, 
multiplied with dx; hence the strain energy due to il/« dy is 


which, applying Eq. (43), becomes 


io(i - dy. 

The same amount of energy will also be produced by the couple* 
M„t dx so that the strain energy due to both twisting couples is 


D(1 “ ^{srs}) 'k' ® 

Since the twist does not affect the work produced by the 
bending moments, the total strain energy of an element of a 
plate is obtained by adding together the energy of bending (<*) 
and the energy of twist (6) Thus we obtain 


it' 1 nIY d !u ’Y ( d*wY i 


, dho 0 5 ig 
^ dx"- dy s 


|dx dy 
D(1 - v) 


& 


‘(4S) 
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case the arc OB must be equal to the initial outer radius a of the 
plate The angle <p and the radius 6 of the plate after bending 
are then given by the following equations: 



It is seen that the assumed 1 lending of the plate implies a com 
pressivc strain of the middle surface in the circumfcrentia 
direction The magnitude of this .strain at the edge of the plate is 

a ° ~ h _ rp — r sin <p (a)' 

a rip 

For small deflections wo can take 


sin ip — 


<£_ 

6 


which, substituted in Eq (a), gives 


(h) 


To represent this strain as a function of the maximum deflection 
S, we observe that 


Hence 


« = r(l - eos ip) « — 



Substituting in Eq. (b), we obtain 

, = ± (49) 

3r 

This represents an upper limit for the circumferential strain at 
the edge of the plate. It was obtained by assuming that the 
radial strain is zero Under actual conditions there is some 
radial strain, and the circumferential compression is soraewha 
smaller* than that given by Eq (49). # . 

From this discussion it follows that the equations obtained in 
Art 10, on the assumption that the middle surface of the ben 
plate is its neutral surface, are accurate provided the strain given 
by expression (49) is small in comparison with the maximu m 
1 This question is discussed later; see Art 67. 
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bending strain h/2r, or, what is equivalent, if the deflection 4 is 
small in comparison with the thickness h of the plate A similar 
conclusion can also be obtained in the more general rase of 
pure bending of a plate when the two principal cunatures are 
not equal. 1 Generalizing these conclusions wc can state that 
the equations of Art. 10 can always be applied with sufficient 
accuracy if the deflections of a plate from its initial plane or from 
a true developable surface arc small in comparison with the 
thickness of the plate. 

14. Thermal Stresses in Plates with Clamped Edges— Equa- 
tion (46) for the bending of a plate to a spherical surface cau be 
used in calculating thermal stresses in a plate for certain cases of 
non-uniform heating. Assume that the variation of the tempera- 
ture through the thickness of the plate follow s a linear law and 
that the temperature does not vary in planes parallel to the sur- 
faces of the plate. In such a case, by measuring the temperature 
from the temperature of the middle surface, it can be con- 
cluded that temperature expansions and contractions are propor- 
tional to the distance from the middle surface Thus wc base 
exactly the same condition as in the pure bending of a plate to a 
spherical surface. If the edges of the non-uni formly heatet 
phte arc entirely free, the plate will bend to a spherical sur ace. 
Let « be the coefficient of linear expansion of the material of the 
plate, and let l denote the difference in temperature of t W upper 
and lower faces of the plate. The difference between t c 
mum thermal expansion and the expansion at the middle surt 
i* at/2, and the curvature resulting from the non-uniform heat! g 
can 1 m* found from the equation 

at = h_ f (fl) 

2 “ Sr 

1 at 
r " h 


from which 


(SO) 
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Assume, now, that the middle plane of the plate is fre® 
expand but that the edges are clamped so that they cannot 
rotate In such a case the non-uniform heating will produce 
bending moments uniformly distributed along the edges of the 
plate. The magnitude of these moments is such as to eliminate 
the curvature produced by the non-uniform heating (Eq 
since only in this way can the condition at the clamped edge be 
satisfied Using Eq (46) for the curvature produced by the 
licnding moments, we find for determining the magnitude M 
of the moment per unit length of the boundary the equation 
.V at 

D { I + r) “ h’ 

from which 

M = atPq + »■) (&) 

The corresponding maximum stress can be found from Eqs. (*M) 
and is equal to 

_ 6 M datD(l + ») . 


h- 




Substituting for D its expression (3), we finally obtain 

, <51) 

It is seen that the stress is proportional to the coefficient of 
thermal expansion or, to the temperature difference i between the 
two faces of the plate and to the modulus of elasticity E. The 
thickness h of the plate does not enter into formula (51); but 
since the difference t of temperatures usually increases in pro* 
portion to the thickness of the plate, it can be concluded that 
greater thermal stresses arc to be expected in thick plates than 
in thin ones. 

It will be shown later (sec Art. 86) that the simple formula (51) 
ran be also used in calculating thermal stresses in non-uniformly 
heated thin shells, such as thin cylindrical lubes or thin spherical 
containers. The change in curvature during non-uniform heating 
of such shells is prevented by the shape of the shell Itself, and 
the maximum bending stresses (5j) are produced. Since the 
temperature difference I is usually proportional to the thickness 
of the shell, it becomes evident that thin glass containers will 
prose more satisfactory than (luck ones in cases where thermal 
stresses are Iho controlling factor. 



CHAPTER III 

SYMMETRICAL BENDING OF CIRCULAR PLATES 


IB. Differential Equation for Symmetrical Bending of Laterally 
Loaded Circular Plates. 1 — If the load acting on a circular plate 
is symmetrically distributed about the axis perpendicular to the 
plate through its center, the deflection surface to which the middle 
plane of the plate is bent will aUo be 
symmetrical In all points equally 
distant from the center of the plate 
the deflections will be the same, and 
it is sufficient to consider deflections 
only in one diametral section 
through the axis of symmetry (Fig 
27), Let us take the origin of co- r 
ordinates 0 at the center of the 
undeflected plate and denote by r 
the radial distances of points in the 
middle plane of the plate and by w 
their deflections in the downward direction The maximum slope 
of the deflection surface at any point A is then equal to — dw/dr , 
and the curvature of the middle surface of the plate in the 
diametral section rz for small deflections is 



Pi a 27 


jL — d* 10 _ dp 

r, ** dr* *" dr’ 


(«) 


where ip is the small angle between the normal to the deflection 
surface at A and the axis of symmetry OB. From symmetry we 
conclude that 1 /r» is one of the principal curvatures of the 
deflection surface at A. The second principal curvature will be 
in the section through the normal AB and perpendicular to the 
rz. plane. Observing that the normals, such as AB, for all points 
of the middle surface with radial distance r form a conical surface 

1 The solution of l here pmb!cmfo? heading; o! nrcul.tr pastes nwpira by 
Fonsoq; see “Memoirs of the Academy," \o! 8, Pans, 1829 
55 



56 


THEORY OF PLATES AND SHELLS 


with apex li, we conclude that the length AH is the radius of 
the second principal curvature which we denote by r». Then, 
from the figure, we obtain 

L = l liZ « t . (6) 

r, r dr r 

Having expressions (a) and (b) for the principal curvatures, we 
can obtain the corresponding values of the bending moments 
assuming that relations (37) and (38), derived for pure bending, 
also hold between these moments and the cunatures. 1 Using 
these relations, we obtain 



where, as before, M r and M, denote the bending moments per 
unit length M, along circumferential sections of the plate, such as 
the section made by the coni- 
cal surface with the apex at B, 
and M, along the diametral 
section rz of the plate. 

Equations (52) and (53) con- 
tain only one variable w or <p, 
which can be determined from 
the consideration of equilib- 
rium of an element of the plate 
such as element abed in Fig 28 
cut out from the plate by two 
cyhndrical sections ab and ed 
and by tw o diametral sections ad and be. The couple acting on 
the side ed of the element is 

M,r dO. (c) 

1 The effect on deflections of shearing stresses acting on normal sections 
of the plate perpendicular to meridians, such as the section cut by the conical 
surface with the apex at B, is neglected here. Their effect is small in the 
case of plates the thickness of which is small in comparison with the diameter. 
Further discussion of this subject will be given in Art. 20. The stresses 
perpendicular to the surface of the plate are also neglected, which is justifiable 
in all cases when the load is not highly concentrated (see p 76). 
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The corresponding couple on the side ab is 

(.1/, + ^fr)(r + *),(». (,i) 

The couples on the sides ad and fee of the element are each M, dr, 
and they give a resultant couple in the plane roz equal to 

Mi dr d9. (e) 

From symmetry it can be concluded that the shearing forces 
that may act on the element must vanish on diametral sections 
of the plate but that they are usually present on cylindrical 
sections such as sides od and ab of the element. Denoting by Q 
the shearing force per unit length of cylindrical section of radius r, 
the total shearing force acting on the side ctl of the element is 
Qr do, and the corresponding force on the side ab is 

[Q + @)*] ( r + *)*>. 

Neglecting the small difference between the shearing forces on 
the two opposite sides of the element, we can state that these 
forces give a couple in the rz plane equal to 

Qr dO dr (/) 

Summing up the moments (c), (d), (e) and (/) with proper signs 
and neglecting the moment due to the external load on the ele- 
ment as a small quantity of a higher order, we obtain the fol- 
lowing equation of equilibrium of the element abed * 

+ ^dy(r + dr)dB - Ms dO - M, dr dO + Qr d$ dr = 0, 

from which we find, by neglecting a small quantity of higher 
order, 

SI, + - SI . + Qr - 0 (a) 


Substituting expressions (52) and (53) for M , and Mi, Kq. (g) 


becomes 

rfV , I dtp __ _£ __ _ Q 

dr * + r dr r* D’ 


(54) 


or, in another form, 


tPw , 1 dhe 
dr* f dr * 


_1 dw 
r* dr 


Q 

D 


( 55 ) 
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In any particular case ot a symmetrically loaded circular plate 
the shearing force Q can easily be calculated by dividing the load 
distributed within the circle of radius r by 2xr; then Eq. (54) or 
(55) can be used to determine the slope <p and the deflection w 
of the plate The integration of these equations is simplified 
if we observe that they can be put m the following forms : 



If Q is represented by a function of r, these equations can be 
integrated without any difficulty in each particular ease. 

Sometimes it is advantageous to represent the right side of 
Eq. (57) as a function of the intensity q of the load distributed 
over the plate. For this purpose we multiply both sides of the 
equation by 2rr Then, observing that 

Q2rr = J*\j2rr dr, 

we obtain 

Differentiating both Bides of this equation with respect to r and 
dividing by r, we finally obtain 



This equation can easily be integrated if the intensity of the 
load q is given as a function of r 

16. Uniformly Loaded Circular Plates. — If a circular plate of 
radius a carries a load of intensity q uniformly distributed over 
the entire surface of the plate, the magnitude of the shearing 
force Q at a distance r from the center of the plate is determined 
from the equation 

2irrQ ~ rr*q, 

(a) 


from which 


«-¥■ 
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Substituting in Eq. (57), we obtain 


d\ldj dw\\ 

dr^r dr\dr/ J 


By one integration we Gad 


2D 


(b) 


Id / du>\ 
r dr\ dr) 


(e) 


where C i is a constant of integration to be found later from the 
conditions at the center and at the edge of the plate Multiply- 
ing both sides of Eq (c) by r, and making the second integration, 
we find 


and 


du> __ qr* 
r dr " 16D 


C,r» 

2 


+ C, 


dw _ qr* Cir C, 
dr ~~ 1GD ' 2 + r 


(59) 


The new integration then gives 


■im + ^T + C'icsi + c. 


(60) 


Let us now calculate the constants of integration for various 
particular cases 

Circular Plate mlh Clamped Edges . — In this case the slope of the 
deflection surface in the radial direction must be zero for r = 0 
and r = a. Hence, from Eq (59), 


(se.csc,} 

\1GD ’ 2 T r/_, 
(jrl + C 1 r C,\ 
\160 ‘ 2 T r/r^ 


« 0, 
=-- 0. 


From the first of these equations we conclude that C* = 0. 
Substituting this in the second equation, w e obtain 


Ci 


go' 
8 d' 


With these values of the constants, Eq. (59) gives the following 
expression for the slope: 




(00 
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Equation (CO) gi\os 


a 3!L _ ? a *l* 4 . r 

w OIL) 32i> T ** 

M) 

At the edge of the plate tlic deflection i» rero. Hence. 

.3 Cl _ .221 j- Ci =■ 0 

Mf> 32i> + * ' 

and mo ohtam 

C ' $W 


Substituting in E<| (r/), we find 


"• - d>’ - 

(62) 

The maximum deflation is at the center of the plate 
Eg. (62).. is equal to 

and, from 

— fl«* 

~ G4 D 

<e) 

Tills deflection is equal to tliree-eigiiths of the deflection of a 
uniformly loaded strip with built-in ends having a flexural 
rigidity equal to D, a width of unity, and a length equal to the 
diameter of the plate 

Having expression (61) for the slope, we obtain now the bend- 
ing moments Af, and .tfi by using expressions (52) and (53) from 
which wc find 

Mr - ^j[o’(l + >) - r’<3 + »)], 

(63) 

M. - i(o'(l + -) - r’(l + 3.)) 

(64) 

Substituting r *= n in these expressions, we find for the bending 
moments at the boundary of the plate 

<«,)_« -H*!. 

(65) 

At the center of the plate where r = 0, 



M, = M t = ^(1 + *). 


( 66 ) 
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and we obtain the bending of a plate supported at the edge. 
The deflection surface in the case of pure bending by the momenta 
go*/ 8, from Eq. (46), is 

" " iod(i + ~ r ' ) - 

Adding this to the deflections (62) of the clamped plate, we find 
for the plate with a simply supported edge 

Substituting r >= 0 in this expression we obtain the deflection of 
the plate at the center* 


(5 + Qga* 
" 64(1 + r)D 


(6S) 


For v = 0.3 this deflection is about four times as great as that for 
the plate with clamped edge. 

In calculating bending moments in this case we must add 
the constant bending moment go*/ 8 to the moments (63) and 
(64) found above for the case of clamped edges Hence in the 
case of supported edges 

M, - ^(3 +,)(„>- r>), (69) 

M, - i(a'(3 + .) - r>(l + 3.)]. (70) 


The maximum bending moment is at the center of the plate where 

m, - u. - 2-i-V- 


The corresponding maximum stress is 


_ /_» 6 Mr ,3(3 + »<)ga* 

- W)~. = -jr - — s ¥ 


(71) 


To get the maximum b tress at any distance r from the center we 
must add to the stress calculated for the plate with clamped edge 
the constant value 
* 6 go* 

h>' 8 
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corresponding to the pure bending 6hown in Fig. 30i>. The same 
stress is obtained also from Fig. 29 by measuring the ordinates 
from the horizontal axis through 0 ». It may be seen that by 
clamping the edge a more favorable stress distribution in the 
plate is obtained. 

17. Circular Plate with a Circular Hole at the Center. — Let us 
begin with a discussion of the bending of a plate by the moments 
Mi and Mt uniformly distributed along the inner and outer 



Fio 31. 


boundaries, respectively (Fig. 31). The shearing force Q 
vanishes in such a case, and Eq (57) becomes 



By integrating this equation twice we obtain 

-s-'-ir + r <“> 

Integrating again, we find the deflection 

i» - - C, tos \ + Cl- d) 

The constants of integration are now to be determined from the 
conditions at the edges. Substituting expression (a) into Eq. 
(52), we find 

This moment must be equal to M t for r = 6 and equal to M * for 
r «= a. Hence equations for determining constants C\ and Cj are 

«[§(! + .) -§r’(l - ’>] - 
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„ 2 ( 0 % - 6W.) „ _ - MO /, n 

C 1 " (T+ K)D(a' - f)' 1,1 (l - - 1=) W 

To determine the constant C* m Eq (6), the deflections at the 
edges of the plate must be considered Assume, for example, 
that the plate in Fig 31 is supported along the outer edge. Then 
w = 0 for T — a, and wo find, from ( b ), 


a*(o*J/* - 6Wj) 

= 2(1 + e)D(a* - 6 s ) 


In the particular case when M t — 0 wo obtain 

r _ »U/,_ r 

* (1 + rTO*' - h 1 ) 

r _ aVJf 
* 2(1 + *)% 

and expression*, (n) and (6) for the sIojm* and t he deflection become 


a*b*M x 

'(1 - *)Z>(o* - ft 1 )’ 


• vy 


rftr 
dr m 


2(1 + r)I>(o* - b'-y 


;(«* - r*) 


, trb.l/ , r 

+ (1 - v)Z>(n» - {,’) 10,5 a 


(73) 


As a second example we consider the case of landing of a plate 
by shearing forces Q, uniformly distributed along the inner edge 
(Fig 32) Tlie shearing force 
per unit length of a circumference 
of radius r is 

n - 2* JL. 


r « * • n 


where V = 2rbQ, denotes tin- 
total load applied to the inner Itoiindary of the plate. Sulisti- 
tuting this in Eq (57) ami integrating, we obtain 


dr br/>\ K a J 2 


w 
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The constants of integration will now be calculated from the 
boundary conditions. Assuming that the plate is simplv sup- 
ported along the outer edge, we have 

For the inner edge of the plate we have 

-0. (A) 

Substituting expressions (e) nnd (fl in Eqs (j) nnd (A), we find 

C/J 


Cl 4 tO\ 1 + » o’ - A’ 6 0 / 


a + >)p „ 

(1 - »)4eZ) o’ - b’ 


(0 




With these values of the constants substituted in expressions (c) 
and (/), we find the slope and the deflection at any point of the 
plate shown in Fig. 32 For the slope at the inner edge, which 
wall be needed in the further discussion, we obtain in this way 

+^**•0 +$■£*)] « 
In the'limiting case whore b is infinitely small b’ log (b/o) 
approaches zero, and the constants of integration ecome 

c. = rTVC5- c ” 0 ' c ’-sii( 1 + 3-f+-:) 

Substituting these values in expression (f), we obtain 
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This coincides with the deflection of a plate without a hole and 
loaded at the center [see Eq (89), page 74]. Thus a very small 
hole at the center does not affect the 
deflection of the plate. 

Combining the loadings shown in 
Figs. 31 and 32, we can obtain the 
solution for the case of a plate built 
in along the inner and uniformly loaded 
along the outer edge (Fig 33). Since 
the slope at the built-m edge is zero in this case, using expressions 
(72) and (j), we obtain the following equation for determining 
the bending moment Afi at the built-in edge - 



+ 4(1 + ,)|( loaf]- (74) 


Having this expression for the moment M u ne obtain the deflec- 
tions of the plate by superposing expression (73) and expression 
(/) in which the constants of 
integration are given by expres- 
sions (i). 

By using the same method 
of superposition one can obtain 
also the solution for the case 
shown in Fig 34 in which the plate is supported along the outer 
edge and carries a uniformly distributed load. In this case we 
use the solution obtained in the previous article for the plate with- 
out a hole at the center. Considering the section of this plate 
cut by the cylindrical surface of radius 6 and perpendicular to the 
plate, we find that along this section there act a shearing force 



F«o. 34. 



Fj a 33 
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Q = irg6*/2x& = qb/2 and a bending moment of the intensity [see 
Eq. (69)] 

M, = ^(3 + v)(a' - ft*) 

Hence to obtain the stresses and deflections for the case shown in 
Fig. 34, we have to superpose on 3 b T 

stresses and deflections obtained f* 0 ' A~ 

for the plate without a hole the O|0 7v 

stresses and deflections produced I tI f 

by the bending moments and 'ig‘ 3+ *^ 0 ' 

shearing forces Bhown in Fig. 35 Fl ° 35 

These latter quantities are obtained from expressions (72), (73), 
Cose 1 Cose 5 j 
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depending on whether the applied load is uniformly distributed 
over the surface or concentrated along the edge. The numerical 
% allies of the factor L, calculated * 1 for several values of the ratio 
a/b and for Poisson’s ratio v — 0 3, are given in Table 3. 

The maximum deflections in the same eases arc given by 
formulas of the t%pe 


(76) 


The coefficients k\ are also given m Table 3 


Table 3 — Coirnuisn k and k, iv Eqh (75) and (70) roa the Eight 
Cases Shown is Fio 3G 


341 1 20 0 510 1 43 0 071 I 83 
2U2 I 19 |0 491 2 04 [o 902 3 34 
00231 0 410 0 0183 I 04 0 0918 2 IS 


1 10 0 341 
0 SO 0 
0 135 0 
0 122 0 0034 3p 330jd 


|0 672 |l 88 |0 734 2 17 0 724 1 
1 2204 30 1 300 
0 29 J. 2 99 0 448 
0 74 0 12SO l 21 0 291,1 45 0 417 


0 00077p 271p 0002.0 71 p 0329 1 54 'o 110'2 23 >0 179p 

p 115p 00129 0 220 0 0004 0 405 0 0237p 703 0 002'o 933 0 

‘ 970 0 414 11 440 0 604 1 880,0 824'2 08 \o 

P 327p OOolO 0 428 0 0249 0 7 m‘q 0877|l 205j0 209|l 514 0 


When the ratio a/b approaches unity, the values of the coefficients 
i Ub*i a nd k, m Eqs (75) and (76) can bo 

a I t '~ f 0 * , *' alllc< i with hiifficicnt accuracy by 

♦ I 1* I o- -i considering a radial strip as a beam 

| ' z | (a) with end conditions and loading as 

i | in the actual plate The effect of the 

A ]J (r K moments M , on bending is then 

TO, Q| t fW entirely neglected 
M, iM| 18. Circular Plate Concentrically 

n r\ ^ c j Loaded. — We begin with the case of a 

^ Fn, 37 ^ 61 m ply supported plate in which the 

load is uniformly distributed along a 
circle of radius b (Fig- 37a) Dividing the plate into two parts 
as shown in Figs. 375 and 37c, it may be seen that the inner por- 
tion of the plate is in the condition of pure bending produced by 
1 These calculations were made by A M. Wahl and G Lobo, Trans Am 
Soc Jfech. Eng , vol 52, 1930 
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the uniformly distributed moments Mi, while the outer part is 
bent by the moments A/, and the shearing forces Qt. Denoting 
by P the total load applied, we find that 


(«) 


The magnitude of the moment Af, is found from the condition of 
continuity along the circle r = b, from which it follows that both 
portions of the plate have, at that circle, the same slope Using 
Eqs. (72) and (J) of the previous article, we find the slope for the 
inner boundary of the outer portion of the plate equal to 


&L 


' D( 1 - «0(a* - 6*)' 


T 1+ FflV 


a~ l 'TTr 


26 s 

i* - 6* *' 




(b) 


Tlic inner portion of the plate is bent to a spherical surface, the 
curvature of which is given by expression (40). Therefore the 
corresponding slope at the bound iry is 


fdu\ -lf.fr 

V D(l + >)' 

Equating expressions (fr) and (c), we obtain 


(c) 


")r(a- - b>) 

Sra 1 


(] +r)P 

— 


(d) 


Suiwtituting this expression for Mi in Eq (73), we obtain deflec- 
tions of the outer part of the plate due to the moments Af t . 
The dcllcctions due to the forces Q, are obtained from Eq. (f) of 
the previous article. Adding together both these deflections, we 
obtain for the outer part of the plate 
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(w)f. 


P 

' SxD\ 


_ 6*)(, +|-r+-;- 5 V ! ) + =*’ >■*;]■ 


To find the deflections of the inner portion of the plate, we add 
to the deflection (e) the deflections due to the pure bending of 
that portion of the plate In this manner we obtain 

» - sslr - K 1 + rrrf + 2t! '<* I] 


' 22) (1 + ») 


(1 - 


>)P(q« ~ b*) 


(I + w)p log : 


(6* + r l ) log£ + r* - b* + (a* - r J ) ■ 


(3 + »)a» - (1 - r)b» l 


2(1 + »)a* 


- + (.■ - f>a + g,r >)! 


4 


-j 

(78) 


If the outer edge of the plate is built in, the deflections of the 
plate are obtained by superposing on the deflections (77) and 
(78) the deflections produced 
by the bending moments Mt 
uniformly distributed along the 
outer edge of the plate (Fig 38) 
M 2 £ 'M 2 ttn d of such a magnitude that 

the slope of the deflection sur- 
face at that edge is equal to 
zero From expression (77) the slope at the edge of a simply 
supported plate is 


(dw\ P i_ q. - 

\dr/_ 4ir D 1 + y' a 

The slope produced by the moments M t is 

f dw\ _ Mjg 

~ X>(1 + y) 

Equating the sum of expressions (f) and (g) to z> 


(/) 
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Deflections produced by this moment are 

M, r* - n* P a* - b * 


' D( 1 + v) 2 


' 8rD(l + v) a ! 


(r s — a 2 ) (A) 


Adding these deflections to deflections (77) and (78), \ 
for the outer portion of a plate with a built-in edge 


„JL. 

8ir/>| 




and for the inner portion, 


’-saslr 


+ *•*) log - + r* - 6* + 


(a- - r T ) (a 8 4- 6») I 


P f fr . . -v, 6 . (a* + r*)(o»- 6 l )j 

. g^[(6* + r 1 ) log- + g? J 


( 80 ) 


r C ~1 , 

» , a~i * . 




Having the deflections for the case of a load uniformly distrib- 
uted along a concentric circle, any case of bending of a circular 
plate symmetrically loaded with respect to the center can be 
solved by using the method of superposition. Let us consider, 
for example, the case in which the 
load is uniformly distributed over the 
inner portion of the plate bounded by 
a circle of radius c (rig. 39). Expres- 
sion (77) is used to obtain the deflec- 
tion at any point of the unloaded 
portion of the plate (a > r > c). The deflection produced j an 
elementary loading distributed over a ring surface of ra ius an 
width db (see Fig. 39) is obtained by substituting P - 2x&fl db >« 
that expression, where q is the intensity of the uni orm oa 
Integrating the expression thus obtained with respect to 0 , wc 
obtain the deflection 


i.* 1 

Fia 39 


4 D, 

, (1 ~ 


£{■ 


(« 5 - r'U 


... 3 + x 


I l' 2(1+*) - - , 


+ r* log 




log - 


2(1 + »)a’ 


12(1 + r) 

iSM-i 


a - (** ~ r -l>]i, 

2Tl + r) if 
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or, denoting the total load xc'-q by P, 


(«* - r*) + 2r 2 log - 


P (3 + 


<81 > 

Expression (78) is used to obtain the deflection at the contei 
Substituting r = 0 and P = 2xbqdb in this expression and inte- 
grating, we find 

«- - ,|J 0 [v log \ + 5 l i A, (f^)]‘ * 

-iso[r^“’ + c!|os s-r(r+V]' (82) 

where P = xc*q 

The maximum bending moment is at the center and is found by 
using expression (d) Substituting 2 xbq db for P in this expres- 
sion and integrating, we find 


Mm. 




db 




(1 + y) log- + l 


. C 1 ~ >)c* 


(83) 


w here, as before, P denotes the total load xc 7 q 1 

Expression (81) is used to obtain the bending moments M r and 
Jl/i at any point of the unloaded outer portion of the plate. 
Substituting this expression in the general formulas (52) and 
(53), we find 


Mt 


■b\ (* + -) log^ + l-e 




(85) 


16ir \r> 

The maximum values of these moments are obtained at the circle 
■here 

(1 - y)P(a t + c*) 
lfira* 


M r *= i 






(1 4- y) log - + 1 




(87) 


* This expression appl res only when e is at least several tr 
The case of a 'try small c is discussed in Art. 19 


i the thickness 
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The same method of calculating deflections and moments can he 
Used also for any kind of symmetrical loading of a circular plate. 

The deflection at the center of the plate can easily be cal- 
culated also for any kind of unsymmetrical loading by using the 
following consideration: 

Owing to the complete symmetry of the plate and of its bound- 
ary conditions the deflection produced at its center by an isolated 
load P depends only on the magnitude of the load and on its 
radial distance from the center. This deflection remains 
unchanged if the load P is mot ed to another position provided 
the radial distance of the load from the center remains the same. 
The deflection remains unchanged also if the load P is replaced by 
several loads the stun of which is equal to P and the radial dis- 
tances of which arc the same as that of the load P. From this 
it follows that in calculating the deflection of the plate at the 
center we can replace an isolated load P by a load P uniformly 
distributed along a circle the radius of w hich is equal to the radia 
distance of the isolated load. For the load uniformly distributed 
along a circle of radius b the deflection at the center of a p ate 
supported at the edges is given by Eq (78) and is 


This formula gives the deflection at the center of the plate pro- 
duced by an isolated load P at a distance b from t c cen er o 
the plate. Having this formula the deflection at the center for 
any other kind of loading can be obtained by using the method o 

superposition. 1 , x . c 

19. Circular Plate Loaded at the Center.— The solution for a 
concentrated load acting at the center of the plate can >c o 
from the discussion of the previous article by assuming 
radius c of the circle within which the load is distributed become, 
infinitely small whereas the total load P remains mi . , 

this assumption the maximum deflection at the center of a simplj 

supported plate, by Eq (S2), i. i 

(3 + -)P«' (SS) 

“ 10.(1 + ")D 

1 Thb method of calculating deflection* at ‘he ‘J* rfcSttat 6 
indicated by Saint Venant in In* transit! ion rt we 
tics corps solides,” by detach, P 3R3, ISS3, Pans 



74 


THEORY OF PLATES AND SHELLS 


The deflection at any point of the plate at a distance r from the 
center, by Eq. (81), is 

“-5ra-[rT->’-^ + 2r ’ Ioe s} < so) 

The bending moment for points with r > c may be found by 
neglecting the terms in Eqs. (84) and (85) which contain c*. 
This gives 


M. -L (l + i. 

(90) 

M, “s[ 0 + ' , I°B° + 1 - 1 '} 

(91) 


To obtain formulas for a circular plate with clamped edges we 
differentiate Eq (89) and find for 
the slope at the boundary of a 
simply supported plate 

Pa 


M2 


M 2 


-(£).. 


(a) 


4(1 + v)*D 

Fi ° * 0 ' The bending moments Af* uni- 

formly distributed along the clamped edge (Fig. 40) produce a 
bending of the plate to a spherical surface the radius of which is 
given by Eq (46), and the corresponding slope at the boundary is 


(1 + *)D 


(b) 


Using (a) and (b), the condition that the built-in edge does not 
rotate gives 


(.«,)„ - Mi - - f- (c) 


Deflections produced by moments AI, by Eq (A) of the preceding 
article are 

P(r* - a*) 

8xD(l + »)' 

Superposing these deflections on the deflections of a simply sup- 
ported plate in Eq. (89), we obtain the following expression for 
the deflections of a clamped plate loaded at the center: 

Pr* i r , P 
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Adding Eq. (c) to Eqs. (90) and (91) for a simply supported 
plate, we obtain the following equations for the bending moment 
at any point not very close to the load : 


M, = £[(1 + ») log P - l]. (93) 

Mi = ~[(1 + y) log p - -]■ < 94 > 

When r approaches zero, expressions (90), (91), (93) and (94) 
approach infinity and hence are not suitable for calculating the 
bending moments. Moreover, the assumptions that serve as the 
basis for the elementary theory of bending of circular plates do 
not hold near the point of application of a concentrated load 
As the radius c of the circle over which P is distributed decreases, 
the intensity P/jrc* of the pressure increases till it can no longer 
be neglected in comparison with the bending stresses as is done 
in the elementary theory. Shearing stresses which are also 
disregarded in the simple theory likewise increase without limit 
as c approaches zero, since the cylindrical surface 2 rch over whic 
the total shear force P is distributed approaches zero. 


& body all three dimensions o 



Discarding the assumptions on which the elementary theory is e , 
may obtain the stress distribution near the point of application o 
by considering that portion of the plate a' * “ ,I 'hr** mensi 

which are of the same order of magni- 
tude. To do this imagine the central 
loaded portion separated from the rest 
of the plate by a cylindrical surface 
whose radius 6 is several times as large 1 
as the thickness h of the plate, as shown 

inFig'41. It may be assumed that the 
elementary theory of bending is accu- . li tion c f the load P and 
rate enough at a distance b from the point by meotla of Eq 

that the corresponding stresses m»y ^ , h entcr c f the plate is thus 
(90) The problem of ««» distribution nr.rtte , ri „ v] „ 

reduced to the problem of a symmetrical 8 , „ j^ tn buted over a 

cylinder of height h and radius 6 acted upon i y ^ boundary.* Tho 
small circle of radius e and by reactions along 

* Several examples of symmetrical caw shown in Fig 

tbo .othods '‘Theory Plsttm." r *») ."d 


also by Dr. S Woinowsky-Kneger (sec his paper 
p 305, 1933). The results given *■ “** Tnm ' 


from the latter paper. 
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solution of this problem shows that the maximum compressive stress at the 
center A of the upper face of the plate can l>e expressed by the following 
approximate formula 1 


(» 5 > 


in which ffiis the value of the compressive bonding stress 1 obtained from the 
approximate theory tay, by using Eq (S3) for the case of a sunply sup- 
ported plate, and a is a numerical factor depending on 2e/h, the ratio of the 



diameter of the loaded area to the thickness of the plate Several values of 
this faetorare gnen tn the table below- Its sanation with the ratio 2c/k is 
shown also in Fig 42 When e approaches tero, the stress calculated by 
Eq (93) approaches infinity 


Table 4 — ValCES or Factor a in- Eg (95) 


2c/h = 0 10 0 25 0 50 0 75 


100 150 


0 01060 04660 1234 0 200 


0 263 0 34S 


The maximum tensile stress occurs at B, the center of the low er surface 
of the plate (Fig 41) When e is very small, » t , for a strong load concen- 
tration, th» tensile stress is practically independent of the ratio 2 c/h and 
for a simply supported plate is gn en by the follow ing approximate formula:* 



SYMMETRICAL BENDING OF CIRCULAR PLATES 77 


a Eq (95) by an amount equal to 
P 6 3 P 

4t * ft’ = 2r A* 




on account of the action of the moments 3/* = — P /4r The maximum 
tensile stress at the center of the low er surface of a clamped plate for a strong 
concentration of the load (e ~ 0) is found by subtracting Eq (d) from Lq 
(96). Itis 


-s (1 + 


>)(» 


485 log - + 0 52 ]• 


(97) 


The Btress distribution across a thick circular plate (h/a - 0 4) with 
built-in edges is shown in Fig 43 These stresses arc calculated for e *■ 0 lo 
and r - 0 3 For this case the maximum compressive stress » 
r»0 


normal ti 


-100 -n 3 -281 

A 


2 V 

* Middle phne^ \ 

l 

V 

j-f- 

f A 



— * w 

230 26.1 


the surface of the plate is larger than the maximum compressive ilmi n 
bending given by Eq (95). The maximum tensile stress is calculated by 
means of F.q (07). It u smaller tlian the tensile stress given by the fK”™- 
tary theory of bending The value of the latter across the thickness of the 
plate is shown in the figure by the dotted line It was calculated from the 
equation for bending moment 


- f- (! + r) log - - 


(1 - »)c* 


(98) 


obtained by addin* the moment Jf. — — !'/•!* to lid (83) 

In detommm* the rt. d.mera.oa. ol a e.toulat plate Wed a he 
•enter, tee e.n inally lnmt onr inve.t,*aUon. tn the ,.leuL,t,nn ol the 
maximum tensile bending stresses at the bottom of the p ate y 
Eqs. (96) and (97) Although the compressive stresses at the op .of ne 
plate may be many times as large as the tensile stresses at the bottom u the 
case of a strong roneentrat.on of the load, they do no “ Jroct 

danger because of their highly located character The local ‘ 

case of a ductile material will not affect the clefonn.it ion of the plate in 
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general if the tensile stresses at the bottom of the plate remain within safe 
limits The compressive strength of a brittle material is usually many 
times greater than Us tensile strength, so that a plate of such a material mill 
also be safe if the tensile stress at the bottom is within the limit of safety 
The local disturbance produced by a concentrated load in the vicinity of 
its point of application must also be considered if we want on exact descrip- 
tion of the deflection of the plate This disturbance is mainly confined to a 
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The lateral pressure acting on the plate produces a negative 
curvature, convex upward, similar to that which occurs in a 
uniformly loaded beam 1 The pressure q per unit area produces 
a radial elongation of vq/E at the upper surface of the plate. At 
the middle surface of the plate this elongation is »q/2E, and at 
the bottom of the plate it is zero Assuming a straight-line rela- 
tion to hold, an approximate value of the radius of curvature R 
can be found from the equation 

vq h 

2 K “ 2 It' 

from which 

1 vg 

2 It ~ 2hE’ 

and the negative deflection is 

- -4 ( “' £&* - '■> <«> 

Adding Eqs. (c) and (e) to Eq (67), a more exact expression 
for deflection is found to be 


* 64 z> (a ‘ ri) C + y 


-) 


?hl * + v 

8/J ‘ 6(1 - r 1 ) 


(o’ - r 1 ) 


At the center of the plate this becomes 


qa* f 5 -I 
* G4DVi H 


± 0 - 


The second term in Eq (f) represents the correction for shear- 
ing stresses and lateral pressure. This correction is seen to be 
small when the ratio of the thickness of the plate to its radius is 
small. The value of this correction given by the exact solution is* 


qa 4 2 8 + v + v'- h* 
G4D 5 1 - ^ 'a' 


(?) 


For v = 0 3 the exact value is about 20 per cent less than that 
given by Eq (f). 

In a uniformly loaded circular plate with clamped edges the 
negative deflection u> s due to pressure cannot occur, and hence 
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only the deflection tcj due to shear need be considered Adding 
this deflection to Eq. (62), we obtain as a more accurate \ aluc of 
the deflection 

It is interesting to note that this coincides with the exact 
solution. 1 

Consider next the deflections produced by shearing stresses in 
the annular plate loaded with shearing forces uniformly dis- 
tributed along the inner edge of the plate as shown in Fig 32 
The maximum shearing stress at a distance r from the center is 

/ X . 3 P 

2 2rrh 


where P denotes the total shear load. The corresponding shear 
strain is 


dwi 

dr 


3 P 
2 2*rhG 


Integrating, we obtain for the deflection produced by shear 


3 P . a 
” 4 vhS ° S r ~ 8r(I 


Ph 1 


- y)D 


log ~ 


This deflection must be added to Eq (!•) on page 65 to 
get a more accurate value of the deflection of the plate s ou n in 
Fig 32. When the radius b of the hole is very small, the expres- 
sion for the total deflection becomes 


The deflection at the edge of the hole is 

„ - AV_*±JL + ^_.^iog?Y (0 

“* 8tD\ 2(1 + r) ^ 1 - »- o* bj 

The second term in this expression represents the correctio 
due to shear. It increases indefinitely as b approac fs z » 
as a consequence of our assumption that the load 13 a ' v . 
finite Thus when b approaches zero, the correspon mg e 
stress and shearing strain become infinitely large. 

1 See titd , p. 485 
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The term la Eq (J> which represents the correction for shear cannot be 
applied to a plate without a hole The correction for a plate without a 
hole may be expected to be somewhat smaller because of the wedging effect 
produced by the concentrated load P applied at the center of the upper 
surface of the plate Imagine that the central 
portion of the plate is removed by means of 
a cylindrical section of small radius b and 
that its action on the remainder of the plate 
is replaced by vertical shearing forces equiva- 
lent to P and by radial forces S representing 
the wedging effect of the load and distributed 
along the upper edge of the hole as shown m 
Tig 45. It is evident that the latter forces 
produce stretching of the middle surface of the plate together with some 
deflection of the plate in the upward direction This indicates that we 
must decrease the correction term in expression (fc) to make it apply to a 
plate without a hole To get an idea of the magnitude of the radial forces 5, 
let us consider the plate under the two loading conditions shown in Fig 46. 


S S 
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! i- 
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Fid 45 


F t 1 

ri* 


\t= 

U r-f-r 4 


-T-J 


(O) (b) 

Fig 46 


In the fust case the plate is compressed by two equal and opposite forces P 
acting along the axis of symmetry z In the second case the plate is sub- 
jected to uniform compression in its plane bv a pressure p uniformly dis- 
tributed over the Cylindrical surface bounding the plafe As a result of 
lateral expansion these pressures produce an increase of the thickness of the 
plate by the amount 

. 

We can now obtain from this expression the increase Ar in the radius r of the 
plate due to the action of the forces P (Fig 46a) by applying the reciprocal 
theorem to the two conditions of loading shown m Fig 46 This gives 
P AA “ 2 rrhp Ar, 
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A r 


l + > P& 

r. ' r ' 


(») 


Comparing expressions (m) ami (n), we conclude that the radial expansion 
which the forces V In Fig. 46a produce in the piste has the same magnitude 
as the radial expansion produced m a plate w ith a small cylindrical hole at 
the center (Fig 45} by internal pressure pi whoso magnitude is given by the 
equation 


From this we obtain 


2 »P 1 -f- r p. 6 * 

E2rr E ’ f 


(o' 


Returning to the case of one concentrated force at the center of the upper 
Burfacc of the plate, the action of which is illustrated by Fig 45, wc conclude 
that the force 5 per unit length of the circumference of the hole must be equal 
to the pressure pi A/2. Using the value of p, from Eq (o), wo obtain 


5 - 2(1 + r)»b»* 

These forces applied in the upper plane of the plato produce upward 
deflections in, the magnitudes of which are found by substituting 


SA _ rPA« . 

1 " 2 “ 4(1 + p)wb * 

in Eq. (73) and neglecting 6* in comparison with a* In this manner sc 
obtain 

«- *PA* a* — r 1 ^ »PA* a 
U ' ” ~8>r(f + ,)’D ' a» 4(1 - r')*D lDt! 7 P ’ 

Adding this to expression (A), ne obtain the following more accurate 
formula for the deflection of a plate without a hole and carrying a load P 
concentrated at the center of the upper surface of the plate. 


■S5[^5^j <a ’ ,og ; 


This equation can be used to calculate the deflection of all points of the 
plate that are not very close to the point of application of the load. When r 
is of the same order of magnitude as the thickness of the plate, Eq (?) is no 
longer applicable; and to obtain a satisfactory solution the central portion 
of the piate must be considered as was explained in the preceding article. 
We can get an approximate value of the deflection of this central portion con- 
sidered as a plate of small radius 6 by adding the deflection due to local 
disturbance in stress distribution near the point of application of the load 
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to the deflection given by thr elementary theory 1 The deflection due to 
local dirturbancc near the center u affected rerj little by the conditions at 
the edge of the plate and hence can be evaluated approximately by meant 
of the curves in Fig. 44 The dotted-line cun e in this figure us obtained by 
using Kq (92) The additional deflections due to locil stress disturbance 
are equal to the differences between the ordinates of the full lines and tho’-c 
of the dotted line 

As an example, consider a plate the radius of the inner jiortioii of which 
is 6 — 5b. The defleetion of the inner portion calculated from Kq (02) and 
taken as unity in Fig. 44 w 


n • 

16 rlt 


Using the curve h/a •■02 m Fig 44, the additional deflection due to 
local stress disturbance is 


i. -0 2U, ” 02l I^f7> , ' 5A> *- 


« 


If nc consider a plate for which b - 2 M and use the curve tor h/a — 0 4 
in Fig 44, we obtain 

*• -° 81 5M*. <*) 


which differs only slightly from that given in expression (r) for 6 — flb, It 
will lie unsatisfactory to take b smaller than 2 M, sinre for smaller radii tho 
edge condition of the thick plate become* of imi>ortanrc and the curses in 
Fig 44, Calculated for a built-in edge, mxy not Ik* accurate enough for our 

Finally, to obtain the deflection of the plate under the load wc proceed as 
follows: We calculate the deflection at a radius r - b — 2 5b by using 
J>j It) To this deflect ion we add ihe deflection of the central portion of 
the plate which consist* of two parts the first part, equal to 


ft'/ 3 ~h> 
S*/J\2ii + •) 


M calculated by using the first term of expression (fl); and the second part is 
given by expression (•). 


‘In the ease under consideration this deflection can lie calculated by using 
the first term in expression (<j) and sulistituling b for a. 



CHAPTER IV 

SMALL DEFLECTIONS OF LATERALLY LOADED PLATES 

21. The Differential Equation of the Deflection Surface.— Me 
assume that the load acting on a plate is normal to its surface 
and that deflections are small in companion with the thickness 
of the plate (see Art. 13). At the boundary we assume that 
the edges of the plate are free to move in the plane of the plate, 
thus the reactive forces at the edges are normal to the plate 
With these assumptions we can neglect any strain in the middle 
plane of the plate during bending. Taking, as before (see Art 
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equilibrium of the element, tnke into consideration the small 
changes of these quantities when the coordinates x and y change 
by the small quantities dx and dy. The middle plane of the 
element is represented in Figs. 48a and 48b, and the directions 
in which the moments and forces are taken .is positive arc 
indicated 

We must also consider the load distributed over the upper sur- 
face of the plate The intensity of this load «c denote by q, so 
that the load acting on the element 1 is q dx dy 



I lb 48 

Projecting all the forces acting on the element on the z-axis ' 
i\e obtain the following equation of equilibrium. 


from which 


-* dx dy 4- -jrjdy dx + q dx dy = 0, 


3Q. , <5Q» 

dx dy 


+ q = 0. 


(*») 


Taking moments of all the forces acting on the element with 
respect to the x-axts, we obtain the equation of equilibrium 

~?dxdy- Q,dxdy = 0 (c) 

1 The weight of the plate itself may be considered as included in the load fl 
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Using x- and ^-directions instead of n and t, which we had in 
Eqs (41) and (43), we obtain 

- -u„ - Dll - .)^ ( 100 ) 


Substituting these expressions in Eq ( g ) , w e obtain 

3*10 , - 3*10 , 3Ho q _ , 

dz 4 + Vx* dy* + 3y 4 “ D 


( 101 ) 


It is seen that the problem of bending of plates by a lateral 
load q reduces to the integration of Eq (101) If, for a par- 
ticular case, a solution of tlus equation is found that satisfies 
the conditions at the boundary of the plate, the bending and 
twisting moments can be calculated from Eqs. (99) and (100). 
The corresponding normal and shearing stresses are found from 
Eqs (44) and (45) Equations (d) and (c) are used to determine 
shearing forces Q, and Q, from which 



dM, _ dM*, = _ d ±(Fw , 
dy dx dx i ay’/ 


( 102 ) 

(103) 


The shearing stresses r,« and r„, can now be determined by 
assuming that they arc distributed across the thickness of the 
plate according to the parabolic law. 1 Then 


.30, 
2 k’ 


(r,.)~, 


3Q, 
2 k ' 


It Is seen that the stresses in a plate can be calculated provided 
the deflection surface for a given load distribution and for given 
boundary conditions is determined by integration of Eq. (101). 

‘This equation was obtained by Lagrange in 1811 when he was examining 
the memoir presented to the French Academy of Science by Sophie Germain 
The history of the development of this equation is given in Todhunter and 
Pearson, “ History of the Theory of Plasticity," vol. 1, pp. 147, 247, 348, and 
vol. 2, part 1, p 263 See also the note by Saint Venant to Art. 73 of the 
French translation of “Thforie de I7lasticit6 ties corps Bolides," by Clebsch, 
Paris, ASS?. 

•It will be shown in Art. 25 that m certain cases this assumption is In 
agreement with the exact theory of bending of plates. 
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22. Boundary Conditions. — We begin the discussion of bound- 
ary conditions with the case of a rectangular plate and assume 
that t be x- and y-axes are taken parallel to the sides of the pfatc 

liuiU-in Edge . — If the edge of a plate is built in, the deflection 
along this edge is zero, and the tangent plane to the deflected 
middle surface along this edge coincides with the initial position 
of the middle plane of the plate Assuming that the x-axis 
coincides with the built-in edge, the boundary conditions arc 

(»>-. - 0. fe) - 0 <1M) 

Simply Supported Edge . — If the edge y = 0 of the plate is 
simply supported, the deflection u> along 
this edge must lie zero At the same 
time this edge can rotate freely with 
respect to the x-axis; f c., there arc no 
landing moments M v along this. edge. 

This kind of support is represented in 
Fig. 49. The analytical expressions 
of the lxmndnry conditions in this case am 

<“•>-. - 0. + 4^)._ “ O' <"»» 

free Edge . — If an edge of a plate, say the edge x = « (Fig 50), 
is entirely free, it is natural to assume that along this edge there 
arc no bending and trusting moments and also no vertical 
shearing forces, that 

(.if,)— - o, (.v„)^ - o. «?,)_ - o 

'Flic boundary conditions were expressed by Pot-son 1 in tins 
form. But later on, Kirchhoff* proved that three Inmndary 
conditions are loo many and that too conditions are sufficient 
for the complete determination of deflections tc satisfying Eq. 
(101). He bhoMcd also that the two requirements of Poison 
dealing with the twisting moment Mr, and with the «.hearing 
force Q, must be replaced by one boundary condition. The 



Fxu. S9 
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physical significance of this reduction m the number of boundary 
conditions has been explained by Thomson and Tait. 1 These 
authors point out that the bending of a plate mil not be changed 
if the horizontal forces giving the twisting couple M„ dy acting 
on an element of the length dy of the edge x = a are replaced by 
two vertical forces of the magnitude M„, dy apart, as shown in 
Fig 50. Such a replacement docs not change the magnitude 
of twisting moments and produces only local changes m the stress 
distribution at the edge of the plate, leaving the stress condition 
of the rest of the plate unchanged We have already discussed 
a particular case of such a transformation of the boundary force 
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system in considering a pure bending of a plate to an anticlastie 
surface (page 47). Proceeding with the foregoing replacement 
of twisting couples along the edge of the plate and considering 
two adjacent elements of the edge (Fig 50), we find that the 
distribution of twisting moments M„ is statically equivalent to 
a distribution of shearing forces of the intensity 



Hence the joint requirement regarding twisting moment M n 
and shearing force Q. along the free edge x — a becomes 



Substituting for Q, and M„ their expressions (102) and (100), 
we finally obtain for a free edge i = a; 

+ = oob 

1 Bee “Natural Philosophy,” vol. 1, part 2, p. 188, 1883 Independently 
the same question was explained by Boussmeeq, J. Math , Ser. 2, vol 16, 
1871, pp. 125-274; Ser. 3, vol 5, pp. 329-344, Paris, 1879 
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The condition that bending momenta along the free edge arc 
zero requires 

fdho , d’-w\ „ , _ 

“ "• < 10,) 

Equations (106) and (107) represent the two necessary boundary 
conditions along the free edge x = a of the plate 
Transforming the twisting couples as explained in the fore- 
going discussion and as shown in Fig 50, we obtain not only 
shearing forces Q' x distributed along the edge x — a but also two 
concentrated forces at the ends of that edge, as indicated in Fig 
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51. The magnitudes of these forces are equal to the magnitudes 
of the twisting couple* M n at the corresponding corners of the 
plate. Making the analogous transformation of twisting couples 
AT*, along the edge y = b, we shall find that in this case again, 


in addition to the distributed 
shearing forces Qi, there will be 
concentrated forces at the 
comers. This indicates that a 
rectangular plate supported in 
some way along the edges and 
loaded laterallj' will usually pro- 
duce not only reactions dis- 
tributed along the boundary but 
also concentrated reactions at 
the corners 

Regarding the direct ioas of i 
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concentrated reactions, a 


conclusion can be drawn if the general shape of the deflection 


surface is known. Take, for example, a uniformly loaded square 


plate simply supported along the edges. The general shape of 
« Usted in Fig. 52a hvr dotted lines 
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representing the section of the middle surface of the plate by 
planes parallel to the xz- and ^-coordinate planes Consider- 
ing these lines, it may be seen that near the corner A the deriva- 
tive dio/ftr, representing the slope of the deflection silrface in 
the x-dircction, is negati\e and decreases numerically with 
increasing y Hence d'w/dz dy is positive at the comer A. 
From Eq (100) we conclude that il„ is positive and M„ is nega- 
tive at that corner From this and from the directions of M„ 
and Myx in Fig 48a it follows that both concentrated forces, 
indicated at the comer A in Fig 51, have a downward direction 
From symmetry we conclude also that the forces have the same 
magnitude and direction at all four comers of the plate. Hence 
the conditions are as indicated in Fig 52b in which 

R - - 20(1 - 

It can be seen that, when a square plate is uniformly loaded, 
the comers in general ha\ e a tendency' to rise, and this is pre- 
vented by the concentrated reactions at the corners as indicated 
in the figure. 

Elastically Supported and Elastically Buili-in Edge — If the 
edge x = a of a rectangular plate is ngidlv joined to a supporting 



beam (Fig. 53), the deflection along this edge is not zero and is 
equal to the deflection of the beam. Also rotation of the edge 
is equal to the twisting of the beam Let B be the flexural and 
C the torsional rigidity of the beam The pressure in the 
z-direction transmitted from the plate to the supporting beam, 
from Eq. (a), is 



and the differential equation of the deflection cur\ e of the beam is 
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<r» = fft cos 1 a + <r, sin* a + 2r tf sin a cos «, 

Tut — T tu (cos* a — sin* a) + (o'* — tr z ) sm a cos a, 
we can represent expressions (b) in the following form : 

AX* = AX, cos* a + AX, sin* a — 2AX W sin a cos a, ) , » 

M„t = AX„(cos* a — sin 1 a) + (AX, — A/,) sin a cos a / 

The shearing force Q» at point A of the boundary will be found 
from the equation of equilibrium of an element of the plate shown 
in Fig. 54b, from which 

Q* ds = Q.dy — Q v dx, 


Qn = Q, cos a + Q, sm a. (d) 

Having expressions (c) and (d), the boundary condition in each 
particular case can be written without difficulty 

If the curvilinear edge of the plate is built in, we have for such 


»-»■ ST’ 0 ' 

In the case of a simply supported edge we have 


(e) 


w = 0, AX, - 0 <J) 

Substituting for AX. its expression from the first of equations (c) 
and using Eqs (99) and (100), we can represent the boundary 
conditions (f) in terms of to and its derivatives 

If the edge of a plate is free, the boundary conditions are 


AX. = 0, V. = Q, - - 0, (£7) 


where the term — 3AX.i/0s is obtained m the manner shown in 
Fig. 50 and represents the portion of the edge reaction which is 
due to the distribution along the edge of the twisting moment AX„«. 
Substituting expressions (c) and (d) lor A/., A/„, and Q, and 
using Eqs. (99), (100), (102) and (103), we can represent bound- 
ary conditions (p) in the following form: 


v Aw + (1 — *) ^cos 4 + sin 4 + sin 2a^ 


dy 3 ra “ L “ u 6xdy) ” 

„ O 4 !!! 
cos 2 a - — — 

J dsf_ dx dy 


(no) 
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. d 3 to . d 3 uf 

a ” - is- + w 

Another method of derivation of these conditions tvill be shown 
in the next article. 


23. Alternate Method of Deri ration of the Boundary Conditions.— The 
differential equation ( 101 ) of the deflection surface of a plate and the 
boundary conditions can be obtained by using the principle of virtual dis- 
placements together with the expression for the strain energy of a bent plate ' 
Since the effect of shearing stresses on deflections was entirely neglected in 
the derivation of Eq (101), the corresponding expression for the strain 
energy will Contain only terms depending on the action of bending and 
twisting moments as in the case of pure heading discussed in Art 12. 
Using Eq (48) we obtain for the strain energy in an infinitesimal element 




The total strain energy ol the plato is then obtained by integration as follows: 

- w J{(S - $)■ - « - -fes - (£)’]}* * 


where the Integration is extended over the entire surface of the plate 

Applying the principle of virtual displacement, we assume that an infi- 
nitely small variation tuf of the deflections wt of the plate is produced Then 
the corresponding change in the strain energy of the plate must be equal to 
the work done by the external forces during the assumed virtual displace- 
ments. In calculating this work we must consider not only the lateral load 9 
distributed oxer thr surface of the plate but also the bending moments .!/« 
and transverse forces Q. — (t> If ,r/d.i) distributed along the boundary of the 
plate. Hence the general equation, given by the principle of virtual dis- 
placements, is 

iV - j"? Juj dr d<j — ^d» + ^0. iJ*)*' 1 ’ ^ 

The first integral on the right side of this equation represents the w ork of the 
lateral load during the displacement tie. The second, extended along the 
boundary of the piste, represents the work of the binding moments due to 
the rotation 9 tir/i In of t he edge of the plate. The minus sign follow a from 
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the directions chosen lor 3f» and the normal » indicated in Fig 54 The 
third integral represents the work of the transverse forces applied along the 
edge of the plate 

In the calculation of the variation Si' of the strain energy of the plate we 
use certain transformations which we shall show in detail for the first term 
of the expression (111) The small variation of this term ia 


In the first two terms after the last sign of equality in expression (c) the 
double integration can be replaced by simple integrals if we remember that 
for any function F of x and y the follow ing formulas hold 

COS a ds, 

SS% d ‘ 

In these expressions the simple integrals are extended along the boundary, 
and a is the angle betwreen the outer normal and the x-axis, as shown in 
Fig 54. Using the first of the formulas (d), we can represent expression (e) 
as follows 

Advancing along the boundary in the direction shown in Tig 54, we have 

3 iw 3 its dn ^ 3 Sv> ds 3 tw 3 Sic 

3x 3n dx 3s 3 x dn ° 3s SU1 ** 





With this transformation, expression (e) becomes 

/ (i?) ^ “ 2 // IS’ 8 " "S' 

, C She/ 3 tur 3 Jot \ , „ C 3‘ts 

+ 2 I — - 1 — — cos a — sin a j cos ads —2 I — -4u> cos a 

J dx 3 \ 9n 3t / J 3i* 


rrf*. (/) 
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Integrating by parts, »e have 



The first term on the right side of this expression is zero, since we are inte- 
grating along the closed boundary of the plate Tlius v\ e obtain 


J a** 41 


f dfd'w \ 

— 1—1 — am arena Id it 

J 3s\a** ) 


Substituting this result ia Eq (/), we finally obtain the vanation of the first 
term in the expression for the strain energy in the follow mg form : 


' J/fe) * * - 2 J /s?*** ■ *> + 2 /S "*' ^ 

+ 2 /[s(j? ™ " “• ■) - B c “ ’]*” * w 

Transforming in similar manner the variations of the other terms of expres- 
sion (111), we obtain 


*/ J * ■ 2 / Js? " ■ + 2 /s? 


+ *JsV— 


2 r 

j j *»•«»* 

1 iir ff jT f 

dn* + J \<>*L dz 




ajtif dt. 
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By using these formulas the \ anation of the potential energy will be repre- 
sented in the following form: 1 


•H/J 


AAw iu> didy + 


+ /{“ - ’> i[(£ ST5 <“*' “ - *>] 

- (S + sv) ™ - - (5 + sir,) "" *| 11,21 


Substituting this expression in Eq (6) and remembering that Sic and Sdw/Sn 
are arbitrary Final! quantities satisfying the boundaty condition?, »e con- 
clude that Eq (6) will be satisfied only if the follow ing three equations are 
satisfied: 


JT< 


+ r Au>j 


(DA A «■ — <j)lw dx d’j “ 0, (*) 

am or cos a + 

+ - 0 , (0 

sin* a) 


/|4->£[(S-S)* 

(she dV \ ( dhe Shi \ . \ 

\0** * Sx «(•/ COS ** \3y* + Ox 1 Sy) * ,n J 


dx 0y 


- [q. - | itc <f» = 0 (m) 


The first of these equations will be satisfied only tf in every point of the 
middle surface of the plate we have 


DAAte — q «= 0 

which represents the differential equation (101) of the deflection surface of 
the plate. Equations (f) and (m) give us boundary conditions 
If the plate is built in along the edge, itc and Si to fin are tero along the 
edge; and Eqs. (f) and (m) are satisfied In the case of a simply supported 
edge, Jib “ 0 and if. ** 0 lienee Eq (») is satisfied, ard Eq (1) will he 
satisfied if 

•The symbols A Au> stay for the left-hand side of Eq (101). 
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u "*)(0*°** +a srs a 

Bx By 


In the particular case of a rectilinear edge parallel to the y-axis, a •» 0; and 
we obtain from Eq. (n) 

d 3 w d*w p 

Bx 1 'By 1 

as it should be for a simply supported edge. 

If the edge of a plate is entirely free, the quantity iw and B tw/Bn in Eqs 
(I) and (m) arc arbitrary; furthermore, if. = 0 and 0. — (BMu/Os) «* 0. 
Hence, from Eqs. (1) and (m), for a free edge vs e have 


•> 


“ + 2 r 


By 3 / 


Ate *=> 0, 


4(- 

a»L\a* 


fir). 

w 

/a'ie 

\Bx> 


Bx By 


- sin 1 a) I 


Bx By' 


) (dHu Bhff \ 

c08 “ W +4f, w 


These conditions arc in agreement with Eqs (110) which were obtained 
previously (see page 91). In the particular case of a free rectilinear edge 
parallel to the y-axis, a “ 0, and we obtain 


Bx‘ 


Bhr 
Bx * 
( 2 -. 


Bht 

‘ V * 

3*w 
'Bx By 1 


These equ.tton. «ilb &)<• <«») “ d < 107 > ■ obt.mri Pjm”*; 

to th.es. • hen ■» U. ."d tmav.r*. forces V" - («■ 

ore distributed alone the edge of . plate, the eorreapotutorg boundary conrh- 
tions again can be easily obtained by using Eqs. (1) and (mb 

24. Reduction of the Problem of Bending of a Plate to That of 
DeHection of a Membrane.-There are cases in winch l it ; a 
advantageous to replace the differential equation (101) of the 
fourth order developed for a plate by two equations of the second 
order which represent the deflections of a membrane Tins 
replacement can easily be done if we write Eq. (101) in the 
following form: 

a*te\ 


/a* a* Van® , 

Vdx 1 + dy* ')\dx* 


dy V D 


(«) 


i This method of investigating bending of plates VU 

H Marcus in his book “Die Tbeone elaatischer Cewebc, Berlin, 1923. 
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and observe that by adding together the two expressions (99) for 
bending moments (see page 88) we have 

"■ + ' >(£?+$)■ <» 

Introducing a new notation 

+ (m, 

Uie two Eqs. (a) and (b) can lie represented in the following form: 


o*M aw 
ax' + ay * 

dhn , dhg _ 
dx' + by' - 



(114) 


Both these equations are of the same kind as that obtained for a 
uniformly stretched and laterally loaded membrane 1 
The solution of these equations is very much simplified in the 
case of a simply supported plate of polygonal shape, in which 
ease along each rectilinear portion of the boundary we have 
d'w/ds' = 0 since iff — 0 at the boundary Obsening that 
Jl/„ = 0 at a simply supported edge, we conclude also that 
t Vw/dri* — 0 at the boundary. Hence we have [see Eq (34)] 


0 , w , d'w _ d'w d 2 W _ At 
da* + In 1 ~ dx* + HP 7) 


(c) 


at the boundary. It must lie seen that the solution of the plate 
problem reduces in this case to the integration of the two Eqs 
(114) in succession. We begin with the first of these equations 
and find its solution satisfying the condition At — 0 at the 
boundary. 1 Substituting tlus solution in the second equation 
and integrating it, we find the deflections u\ Both problems are 
of the same kind as the problem of the deflection of a uniformly 
stretched and laterally loaded membrane having zero deflection 
at the boundary. This latter problem is much simpler than the 
plate problem, and it can always be solved with sufficient accuracy 
1 See author’s “Theory of Elasticity,” p. 239, 1931. 

' lttfcc ttnA i'i ffoAt vs mA i. jx7.ygOT,a.'i shape, ’,{ atty doeswst 
vanish at the boundary when Al, = 0. 
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by using an approximate method of integration such as Iiitz s or 
the method of finite differences. Some examples of the applica- 
tion of the latter method will be discussed later (see page 180) 
Several applications of Ritz’s method are given in discussing 
torsional problems. 1 

A simply supported plate of. polygonal shape, bent by moments 
M n uniformly distributed along the boundary, is another simple 
case of the application of Eqs. (114). Equations (114) in sue a 
> case become 


d*M dm _ 
dx* + sy* 
3ho , dho m 
dx * + 3y* ’ 


J1 

D I 


(115) 


Along a rectilinear edge wc have again d'w/ds- - 0. Hence 


-D% 

dri* 


and we have at the boundary 


d*w , d*w 
dx* dy* 


d*W 
= dn * 


I) 


M 

"7T 


Thi, boundary condttion and the first of the equation, 0 5) ™U 
bo satisfied if we tale for the quantity SI the cons ant value 
U - St. at all point, of the plate, which mean, that the sum of 
the bending momenta SI. and St. remain, constant over he 
entire surface of the plate. The deflection, of the plate will then 
tie found from the second of the equation., (115), ■ which becomes 


3*tr d*ic _ 
dx * + dy* ' 


D‘ 


(d) 


It may be concluded from this that, m the case of !»«*"* of 
simply supported polygonal plate by moment, .tf. un.fo™b 
distributed along the boundary, the deflection uriacc p 

l, the same as that of a uniformly stretched membrane wall a 
uniformly distributed load. There are many case, for .hi* 
the solutions of the membrane problem arc know n. The** 
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immediately applml m discussing the corresponding plate 
problems 

Take, for example, a simply supported equilateral triangular 
plate (Fig 55) bent by moments uniformly distributed along 
the boundary The deflection surface of the plate is the same as 
that of a uniformly stretched nnd.unifonnly loaded membrane. 



The latter can he easily obtained experimentally by stretching a 
soap film on the tnnngular boundary and loading it uniformly 
by air pressure 1 

The analytical expression of the deflection surface is al-o 
comparatively simple m this case. We take the product of the 
left sides of the equations of the three sides of the triangle! 


H)(: 


,V3 


3V5AV3 


3V3/ 

' - •!»'. ntt 1 + »■) , In 1 
3 3 • 27 


Thw expression evidently becomes zero at the boundary. Hence 
the boundary condition ic = 0 for the membrane is satisfied if i\o 
take for deflections the expression 


» - *1 


3 


ofr* + p'-) , 4a 1 1 
3 ^ 3 ■ 27J 


W 


where N >s a constant factor the magnitude of which we choose 


1 Such experiments are u<e*t in solving torsional problems; see author’s 
‘Theory of Elasticity," p 200. 
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in such a manner as to satisfy Eq. (d). In this way we obtain 
the required solution: 


4aDL 


- a(x* + V *) + 


H- 


(/) 


Substituting* = v - 0 in this expression, we obtain the deflec- 
tion at the centroid of the triangle 

M,a* (ff) 

Wt “ 27 0 

The expressions lor the bending and misting moments, from Eqs. 
(99) and (100), are 


M, 

21/„ 

Mn 


■x[ 


- (1 - >)' 

, <1 


j03x| 


B 3(1 - y)M*y . 


2 a 


Shearing forces, (rom Eqs. (102) and (103), are 

0 , - Q. - 0 . 

Along the boundary, Iron, Eq. (d) (ArL M), the .hearing force 
Q. - 0, and the bendmg moment » eqnal , > if. Tta « 
moment along the side BC (Fig. 55) from Eqs. (s) 

^Wlr^-fir-VSn). 

The vertical reactions acting on the plate along the side 
(Fig. 55) are 

dM.t 3(1 (*) 


= Q- 


2a 


reactions also act along the ^ reactions at the corners 

forces arc balanced by the concen «ted jo ^ 

of the triangular plate, the magnitude of which 
was e xplained on page 90 and is cqua o 
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The distribution of the reactive forces along the boundary is 
shown in Fig 555 The maximum bending stresses are at the 
corners and act on the planes bisecting the angles. The magni- 
tude of the corresponding bending moment, from Eqs. ( h ), is 

(«.)_ = fit.) , - "■ ( 1 ~ v) - m 

*“5* z 

This method of determining the bending of simply supported 
polygonal plates by moments uniformly distributed along the 
boundary can be applied to the calculation of the thermal stresses 
produced in such plates by non-uniform heating In discussing 
thermal stresses in clamped plates it was shown in Art. 14 
[Eq (b)] that non-uniform heating produces uniformly dis- 
tributed bending moments along the boundary of the plate which 
prevent any bending of the plate The magnitude of these 
moments is 1 

M. - 2 (I) 


To get thermal stresses in the case of a simply supported plate we 
need only superpose on stresses produced m pure bending by 
the moments (f) the stresses that arc produced in a plate with 
simply supported edges by the bending moments — a<D(l + v)/h 
uniformly distributed along the boundary. The solution of the 
latter problem, as was already explained, can bo obtained without 
much difficulty in the case of a plate of polygonal shape.* 

Take again, as an example, the equilateral triangular plate. If 
the edges of the plate are clamped, the bending moments due to 
non-uniform heating are 


M' z = M 


«fP(l + >-) 
h 


(m) 


To get the bending moments M x and M„ for a simply supported 
plate we must superpose on the moments (m) the moments that 
will be obtained from Eqs (A) by letting .!/„ = — <*fD{ 1 + v)/h. 
In this way we finally obtain 

» It ia assumed that the upper surface of the plate is kept at a higher tem- 
perature than the lower one and that the plate thus has the tendency to bend 
convexly upward. 

* See dissertation by J.L Maulbetsch, J. Appl. AF tch , vol. 2, p 141,1935. 
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„ _ °'D(1 + ») _ «tP(l + -> j\ + ,_(!- of] 


M v : 


at DQ. + v) 
h 


1 afEfty 






,f "“5 „ 

The reactive forces can now be obtained from Eqs. (0 an( * ^ 5 
substitution of M - -atD(l + v)/h. Hence «e find 

The results obtained for moments and reactive forces <j U g 
non-uniform heating are represented in Figs, 
respectively. 
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26. Exact Theory of Plates.— The deflection if; plates wu 

together with the boundary conditions, e bendmg 0 f normal stresses 

derived (see Art 21) by neglecting e ^ that m , he derivation each 

a. and shearing stresses r,. and r,.. . wa3 considered to be in a 

thin 1.J e, .1 th. plat. parallel to tbt t ».* £»" ™ ““ „ d may 
state of plane stress in a hich only the 8 re kind is that of 

b. different tom On. ot th, .rap Jf > “** “ , ire „d f™«- 

pure bendmg The deflection surface in tms The stre33 

tion in z and V (see Eq (0. Art. 1 dependent oi !« and * 

components a„ and r„ are propor . „ 8tre8g distribution takes 

There are other eaaea of b<nd,n S u. trtoh i » . elreul.r plate 
place and Eq (101) holds rigorously. Take, tor 
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w ith a central circular hole bent by moments ,11 r uniformly distributed along 
the boundary of the hole (Fig. 57) Each thin layer of the plate cut out by 
two adjacent planes parallel to the middle plane is in the same stress condi- 
tion as a thick-walled cylinder subjected to a uniform internal pressure or 
tension (Fig 675). The sum a, + *, of the two principal stresses is constant 
in such a case, 1 * * * and it can be concluded that the deformation of the layer in 
the ^-direction is also constant and docs not interfere with the deformation 
of adjacent layers Hence we haic again a planar stress distribution, and 
Eq (101) holds 

Let us discuss now the general question regarding the shape of the deflec- 
tion surface of a plate when bending results in a planar stress distribution. 
To answer this question it is necessary to consider the three differential 
equations of equilibrium together with the six compatibility conditions. If 
body forces are neglected, these equations are 1 


F H 


■li®. “ — — — — • 1 


Adding Eqs (5), we find that 


0 S 9 3*9 3*9 

3r* + 3/ + 3? 


W 


i e , the sum of the three normal stress components represents a harmonic 

function. In the case of a planar stress r„ — r,, — a, — 0, and it can be 
concluded from the last two of the equations (c) and the last of the equations 
(t) that 39/3* must be a constant, any 8. Hence the general expression 
for 9 in the ease of planar stress w 


9 - ». + ft*. («) 

r fiee author's "Theory of fJaaticity," p. 57, 1031. 

* Sec pp 10o and 19* 
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where B, m a plane harmonic function, t r , 

£*t + . M - 0 

dx* By* 

W, « tot in th, e»e of planar .trr.a to fanr>™ 

9, independent of i and $z proportional to z. The P ^ jon q( {h| . piate 
through the thickness of the plate. It depends bending of 

,a its own plane and can be omitted A we are interested only in bending 
plates. Thus we can take in our further discussion 

Equations of equilibrium (a) will be satisfied in the ease of a planar stress 
distribution if we take 

*. , _*£, (I) 

•• ■ ■>«'■ ■■ 

where , in .to .tree, function Lot », cooeider now th, *.»«.» Ion* •< 
function 

Substituting expressions (?) in Eq (/)> * e 0 

av sv _ W 

Bx * By* 

Furthermore, from the tot of the ertu.tion, <« .. eou.lud. **<• 

.!i.O or 

which, by tun»K O,. (M, c«u bo put ui the folioo mj form: 

Wfv\ 0 <•> 

trW/ . 

, j ,„h the third of the equations (6J. 

In the same manner, from the second and the 

«e find . /,. \ , , 

5?V?/ ' 3SVa 

Ftom Eqe <0 end «, .t f*' “! 

r.,'rrmpo^ro^.oo (,)■ * - “» 

expression of the stress function is 

where „ fa . pto. to™- <'oe".i« tod w', <*” 

SV, fV.,,, <*’ 

ax* 
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Substituting this in Eqs (y), the stress components can now l« calculated, 
and the displacements can be found from the equations 

au x ’ )ff V . !> ' r ", . „ i 1 

Bit do 1 ** + 'b p g lb air p t 

Oy ^ Bx g'"’ Bt Bx ' dz tty I 

For the displacements «c perpendicuhr to the piste « e obtain in this « ay 1 

*- "4 1 ’’ + »■ + “’' + 

and the deflection of the middle surface of the plate is 

, 1 + * ,„v 


2 E 


r,<*’ + »•) + - 


E 


The corresponding stress components, from Fqs (y) and (1), ** 
a — j dV» a __ avi 

a/’ ' 0l> T " “ ~% Z By 

and the bend mg and twisting moments are 

1/ - f * „ z dz ~ \ if P j *1 ®V* ) 

J-* ' 12 a v » * " * “ 12 Bx* / 

,, f* , h* aVi 

— - I .r .,lds — 

J-j 12 Ac By 

For the curvatures and the twist of a plate, we find from Eq (n) 

, 1 + " 3 >i a*w a i +'r a v 




' «*’ 

a’w _ i_+r av, 

9x By E Bx By 
from which, by using Eqs (A) and (o), wo obtain 
•* aVi 




ay* 


a»« 

.» avi 


ay* 


a*to I2(i + f) \ 

Bx By Eh* " “ (1 - * D J 

• Several examples of calculating u, e, an d to from Eqs (m) a 
the author's “Theory of Elasticity.’’ 
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From this analysis it may be concluded that, m the case of bending 


plates resulting in a planar stress dis- 
tribution, the deflections to (see Eq («)] 
rigorously satisfy Eq. (101) and also 
Eqs. (99) and (100) representing bend- 
ing and twisting moments. If a solu- 
tion of Eq (Jfc) h taken in the form of a 
function of the second degree in * end 
V, the deflection surface (n) is also of 
the second degree which represents 
the deflection for pure bending. Gen- 
erally we can conclude, from Eq (k)> 
that the deflection of the plate in the 
case of a planar stress distribution is 
the same aa that of a uniformly stretched 
and uniformly loaded membrane. The 



plate shown in Fig 57 represents a Tio 57. 


particular case of such bending, vtz , 

the case for which the solution of Eq (k). E ,vcn 1 


polar coordinates, is 


where A, B and C are constants that roust be chosen so as to satis y 

boundary conditions nn j v, en . by moments 

Plates of a polygonal shape ® imply BUP f ^ e Art 2 t) represent another 
uniformly distributed along the boui **“** * rface haa a form satisfying 
example of bending in which the deflect , j n all these cases, 

Eq. (n), and Eqs. (99), (100) and (101) hold rigorously, 
as we may see from Eqs. (k) and (o), we a 


h'fo'vi , a vA _ £*!. 
M. + t'.-fAj? + W 12 


constant over the entire plate. 



Fio 68. 
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deflection of r rectangular plate damped along one edge and uniformly 
loaded along the opposite edge (Fig 68} represents an exampte of such a 
bending From the theory of bending of rectangular beams »c know that 
in this case a, — 0 at all points of the plate and r„ is rero on the surfaces of 
the plate and vanes along the depth of the plate according to the paraliolic 



Using again general Lqx (a), (t>), and (c) and proceeding as in the previous 
case of a planar stress distribution, we find 1 that the general expression for 
the deflection surface in this ease has the form 


(?) 


in which v> is a planar harmonic function of * and y, and vu satisfies 
the equation 

dVi d’fi 1 — r 

Or* + »]/• ’ “l + / 

It can be concluded that in (his case again the differential equation (101) 
holds with q ■> 0 

The equations for the landing and twisting moments and for the shearing 
forces in this ciw arc 



It can be seen that the expressions for the shearing forces coincide with 
expressions (102) and (103) given by the approximate theory but thst the 
expressions for moments are different, the second terms of those expressions 
representing the effect of the shearing forces 

1 The rigorous solution for this ease was given by Saint Venant, see b»s 
translation of Clebsch's book: “Throne de 1’ Elasticity dcs corps solides,” 
p. 337. A general discussion of the rigorous theory of bending of plates 
was given by 3 H. Michell, Proc London Moth Soe , vol. 31, p 100, 1900 
See also the book by A E H borne, “The Mathematical Theory of Elas- 
ticity,” p 473,1927. The results given in our further discussion are taken 
from the latter book.- 



These correction terms 
same reasoning an in the 1 
ture m the arc-plane, we 


SMALL DEFLECTIONS OF LATERALLY LOADED FLATFS 1 1 1 

be obtained in an elementary way by using the 
of bending of beams Considering the eurva- 
lure hi me TT-jrm r-, m um state that the total curvature is produced b> 
two factors, the bending moments Mi, M , and the shearing force Q, The 
curvature produced by the bending moments is obtained by subtracting 
from the total curvature -dho/Oz* the portion -d(fc(?,/fcG?)/a* produced 
by the shearing force 1 Substituting -(d'w/dx') + MkQ,/hG)/ax 1 and 
-(«■»/«•> + \3(kQJhG)/ay\ for -d'w/dz' and » 

and 'using the last two equations of the system (r), we find for the bend g 
moments the expressions 

/ dHo a 1 tc\ k DM a* 

A5? + vJ + ~rv“’’ 

( a»u> a*w\ , k Dh 1 a 1 

These equations coincide with the °< « te W" <rt 

if we take 


Fo ;^- s: TJyZ i'J™' b— i 

to the action of the shearing force is small and can e neg conclusion 

.. umll in comparison with the .pan of the beam The same Dooclnaion 
also holds in the case of plates 

The exact expressions for stress components ar- 


Ex 

’ahv 

1 - r 

Vdx* 

Ex 

(a'w 

1 - » 

\ay' 

Ez 

a*u> 

1 +v 

ax dy 

E(h* 

4 **) 


»V E (>*_*ZZ* 1^-at 
„) + r - ~\t o >»■ 

iu»\ , e A; _ ;_r_v l-ii a, 
wj + r^r\4 e )** 




6 fax ay 
£(h» - 4* 1 ) 

~ 8(1 - ►’) ay 


" 8(1 - *•) ax 

The second term, on the right side, of tho “jj 

the corrections due to the effect of *hcanng “ oM , (Q thc distance * 
that the stresses <r„ *, and r„ arc no 1 g £ tio nal t0 r », Sheanng 

from the middle plane but contain a te P ’ P* f rcetsngu- 

stresaes r„ and vary accordmg to the same P^ohclaw Ml ^ ^ 
lar beams. In the case of a plane stress d 
formulas (i) coincide with those g 

* Us a numerical factor that in the case ol 
the cross section 


Shearing 

e same j>»> r rrctangu- 

distribution, A<° u a constant, ami 
n t, v the approximate theory. 

„ Of beams depend. <• ,he ol 
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The problem of » uniformly loaded plate ean n!*o l*> treated rigorously m 
the fame way. Thus it ran |jr shown that the general rx prey ion for deflec- 
tions in this rase t* obtained by mid mg to expression (qi the term 


l < 7 

m n 


<*’ + 




</) 


which again satisfies I!q (101) of the approximate theory The equations 
for 1 lending moments do not coincide with bp (99) of the approximate 
theory hut contain some additional rorreetion term*. If the thickness of 
the plate is small in comparison with the other dimensions, these terms arc 
small and ran lie neglected 

In all previous rases general solutions of plate 1 lending problem* were 
discussed without considering the Loundsn conditions There exist also 
rigorous solution* of several probhma in which boundary conditions are 
also considered All these solutions mdiente that the elementary theory 
of plates is tuvurato enough for pnrlirnl apphratmn* 1 

1 In recent times the rigorous theorx of plates ha* attracted the interest 
of engineers, and several important papers m this fit hi hate Itcen publLshetl 
We shall mention here the following jwpers 8. \\ oinow rhy-Kncgcr, 
Ingeninir-Archtr, vol 4, pp^ 203 and 30.3, 1033 It Galcrkm, Com pi. rend 
ocod tti Pont, vol 100. p 1017 \ol 103, p 60S vol. 101, p 1110. G. D. 
ItirkhofT, Phil Mat . 'fl 13, p 9.*>3. 1022 C A Oaraliedian. Tram. Am 
Math Soe , vol 23, p 313, 1023. Compt ren/f . Pans, vols 178 (1021), 1P0 
(1923), 180 (1928). 103 (1032) II Archie Higdon and I). U Hntl, Duke 
Moth J , vol 3, p 18, 1037 



CHAPTER V 

SIMPLY SUPPORTED RECTANGULAR PLATES 

26. Simply Supported Rectangular Plates under Sinusoidal 
Load.— -Taking the coordinate axes as shown in Fig. 59, we assume 
that tho load distributed over the surface 
of the plate is given by the expression t 

. tX . IT)/ f , b 

q = qt sm — sin W ; 

in which qt represents the intensity of the 
load at the center of the plate. The , 
differential equation (101) for the deflec- y. 
tion surface in this case becomes 


a«tu „ d*w = qt j *£ sm 

~ + 2 ax* ay* + dy* D a 


W 


The boundary conditions, for simply supported edges are 
tc = 0, M, = 0 for x = 0 and X y, 
w=0, = 0 for V = 0 and V - * 

Using expression (99) for bending moments andobsemngthat 
since * = 0 at the edges, dhv/dx' - 0 and 
edges parallel to the x- and y-axes, respectively, we ca p - 
the boundary conditions in the following form: 


(1) w « 0, 

(3) w = 0, 


and 

and 


(c) 


It may be seen that ell M«r conditio,,, .1 »■ 

take for deflections the expression 

^ « . ry (d) 
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in which the constant C must be chosen so as to satisfy Eq. (6). 
Substituting expression {d) into Eq (6), we find 


'{h + pj c -v 


and we conclude that the deflection surface satisfying Eq ( b ) 
and boundary conditions (c) is 




Try 


Having this expression and using Kqs (99) and (100), we find 
,, ?o /I . >>\ tx tu ' 

“ ~T\ f\»( n + r; ) wn T am X' 

Jr 9* / V I 1\ vx 

god - »■) 






It is seen that the maximum deflection and the maximum bending 
moments are at the center of the plate Substituting x = a/2, 
y — 6/2 in Eqs (e) and (f), we obtain 


-@ + pr 






(116) 






In the particular cose of a square plate, a = 
going formulas become 

... _ 9#5l. r*r \ _ 


6, and the foro- 


(1 + v)fioa t 
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We use Eq«. (102) and (103) to calculate the Mieanug forces and 
obtain 


flo tX . iry 

W’" T ' 

+ ?) 
supported ci 
>2 Tor the 


To find the reactive forces at the supported edges of the Pj a ‘* 5 
proceed as was explained in Art. 22 Tor the e ge r =* 


In the same manner, for the edge y - 

V , 


« 


From , it may bo concluded hot fomulao <»_»*_« 

y . distributed pi»ure, is 

4 ^)/: 


sin -~dx 1 — i ^ 

o J T ir*oi 


Observing that 

4qoab . 

it can be concluded that the sum rf «* “j“ 

larger than the total load on the plate given y 


/»« r» . tx 
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This result can be easily explained if ne note that, proceeding as 
was described in Art. 22, we obtain not only the distributed 
reactions but also reactions concentrated at the corners of the 
plate. These concentrated reactions arc equal, from symmetry; 
and their magnitude, as may be seen from Fig 51, is 




27,(1 - y) 



(D 


The positive sign indicates that the reactions act downward. 
Their sum is exactly equal to the second term in expression (j )• 
The distnbuted and the concentrated 
reactions which act on the plate and 
keep the load defined by Eq (a) in 
equilibrium are shown graphically in 
Fig. 60 It may be seen that the 
corners of the plate have a tendency 
to rise up under the action of the 
applied load and that the concen- 
trated forces R must be applied to prevent this. 

The maximum bending stress is at the center of the plate. 
Assuming that a > b, nc find that at the center > M m - 
Hence the maximum bending stress is 



R R 

Flo 60 


6(a/.w 



The maximum shearing stress will be at the middle of the longer 
sides of the plate. Assuming that the total transverse force 
F, = Q, — is distnbuted along the thickness of the plate 
according to the parabolic law and using Eq (t), we obtain 



If the sinusoidal load distnbution is given by the equation 


(») 



SIMPLY SUPPORTED RECTANGULAR PLATES 


117 


where »i and n are integer numbers, we can proceed before, and 
we shall obtain for the deflection surface the follow ing expression 



(119) 


from which the expressions for bending and twisting moments can 
be readily obtained by differentiation 
27. Navier Solution for Simply Supported Rectangular Plates. 
The solution of the previous article can be used in calculating 
deflections produced in a simply supported rectangular plate by 
any kind of loading given by the equation 

g - f{x,y). («) 

For this purpose we represent the function f(x,y) in the form of a 
double trigonometric series: 1 


/(*, if) - 22°“ >in sln TT' <H 

To calculate any particular coefficient a«v of this series we 
multiply both sides of Eq (6) by sin — and integrate from 
0 to b. Observing that 

J* sin cjn ^-j^dy — 0, when n ^ n', 

f sin ^ sin ^-r^dy — "hen n — ri, 

Jo o o A 

we find in this way 

f(x,y) sin ^dy = a sin W 


*The first solution of the problem of bending of simply supported rec- 
tangular plates and the use for this purpose of double trigonometric scries 
is duo to Xavier, who presented a paper on this subject to the French 
Academy in 1820 The abstract of the paper was published mBuU. toe. 
phil-math , Pans, 1823 The manuscript is in the library of 1 tcole des 
Ponts et Chaussces. 
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Multiplying both sides of Eq (c) by sin m T% dx and integrating 

from 0 to o, we obtain 

n h f , . . m'rx . niry. , ab 

/<*'»> an — mn-ydtdv - jtun 

from which 

fl«v = J o f(x,y) sin sin ~^dxdy. (120) 

Performing the integration indicated in expression (120) for a 
given load distribution, t e., for a given f{x,y), we find the coeffi- 
cients of senes (i>) and represent in this way the given load as a 
sum of partial sinusoidal loadings The deflection produced by 
each partial loading was discussed in the previous article, and the 
total deflection will be obtained by summation of such terms as 
are given by Eq (119) Hence we find 



Take the case of a load uniformly distributed over the entire 
surface of the plate as an example of the application of the general 
solution (121). In such a case 

/(*.!/) = 9o 

where (fo is the intensity of the uniformly distributed load. From 
formula (120) we obtain in tills case 




16? n 

x*mn 


where m and,n arc odd integers If « or n or both of them 
are even numbers, = 0 Substituting in Eq (121), we find 



m = 1, 3, 5, . . - and n = 1, 3, 5, . . . . 


( 122 ) 


where 
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In the case of a uniform load wc have a deflection surface 
symmetrical with respect to the axes x = a/2, y = 6/2, and quite 
naturally all terms with even numbers for m or n in senes (122) 
vanish, since they are unsyrametrical with respect to the above- 
mentioned axes. The maximum deflection of the plate is at its 
center and is found by substituting x = a/2, y = 6/2 in formula 
(122), giving 



This is a rapidly converging senes, and a satisfactory approxima- 
tion is obtained by taking only the first term of the series which, 
for example, in the case of a square plate gives 



or, by substituting expression (3) for D and assuming v «* 0.3, 
uw = 0.0454g|- 

This result is about 2\ per cent in error (see table on page 133) 

From expression (123) it may be seen that the deflections of 
two plates that have the same thickness and the same value of the 
ratio a/b increase as the fourth power of the length of the 
sides. 

The expressions Tor bending and twisting moments can be 
obtained from the general solution (122) by using Eqs. (99) and 
(100). The series obtained in this way are not so rapidly 
convergent as series (122), and in the further discussion (sec 
Art. 29) another form of solution will be given more suitable for 
numerical calculations. Since the moments are expressed by the 
second derivatives of series (122), their maximum values, if we 
keep and D the same, are proportional to the square of linear 
dimensions. Since the total load. on the plate, equal to q<#b, 
is also proportional to the square of the linear dimensions, we 
conclude that, for two plates of equal thickness and of the same 
value of the ratio a/b , the maximum bending moments and hence 
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the maximum stresses are equal if the total loads on the two 
plates are equal. 1 

By using the general expression (120) for the coefficients of the 
trigonometric senes (b), Navier also obtained solutions for the 
case where the load is uniformly distributed over a rectangle with 
sides parallel to the sides of the plate and for the case of a con- 
centrated load The corresponding senes are not com enient for 
numencal calculations, and another form of solution of these 
problems wall be discussed later. 

28. Application of the Strain Energy Method in Calculating 
Deflections. — From the discussion in the previous article it is 
seen that the deflection of a simply supported rectangular plate 
(Fig 59) can always be represented in the form of a double 
trigonometric senes 




« ry 
b 


(«) 


The coefficients a„ may be considered as the coordinates defining 
the shape of the deflection surface, and for their determination 
the principle of virtual displacements mav be u-od In the appli- 
cation of tliis principle we need the expression for strain energy 


Substituting senes (a) for w, the first term under the integral 
sign in (6) becomes * 




wnrx 

a 


b _ 


dx dy. 


(c) 


Observing that 



SIMPLY SUPPORTED RECTANGULAR PLATES 121 

if m y* to' and n ^ n'^ve conclude that in calculating the integral 
(c) we ha\ e to consider only the *-quares of terms of the infinite 
series in the parentheses. Using the formula 

JJ •toutin' =***-?. 

the calculation of the integral (c) gi\ os 

From the fact that 

n . . mrz . . nxy , , 

— dTdy 

n h . m-rx . nry ab 

it can be concluded that the second term under the integral sign 
in expression (b) is zero after integration. Hence the total strain 
energy in this case is given by express-ion (c) and is 

,m) 

Let U9 consider the deflection of the plate (Fig 59) by a con- 
centrated force P perpendicular to the plate and applied at a 
point x = £, y = 17 To get a virtual displacement satisfying 
boundary conditions «e give to any coefficient a*v of series (a) 
an infinitely small variation So«v. As a result of this the deflec- 
tion (a) undergoes a variation 

. . . tn’rr . n'ry 

iw = S a m v t-in si u — r- > 

a b 

and the concentrated load /’ produce® a virtual work 
. n'-ry 

/ sin sm — r — * 

a b 

From the principle of virtual displacements it folkmx that this 
work must be equal to the change in potential energy (12f) due 
to the variation So«v- Hence 
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uxjj 

“T 


ar . 

a — * i( 

da«v 


Substituting expression (124) for V, we obtain 


P Sa m% > mn 
from which 


ajl Bi „ 'If _ on 


Substituting this into expression (n), we find tlie deflection of the 
plate in the following form: 

. _ . mrt nnj 

... sin — 1 sin —7- 

41’ viVi 0 *> • mm . nry /t _,v 

<I25 > 

b + EV 


The senes converges rapidly, and we can get the deflection at 
any given point with sufficient accuracy by taking only the first 
few terms of the senes Ix*t us, for example, calculate the 
deflection at the middle when the load is also applied at the 
middle. In such a case { = x = a/2, n = V ~ b/2, and scries 
(125) gives 



where »i = 1, 3, 5, . , n = 1, 3, 5, . In the case of a 

square plate, exp region (<) becomes 


_ -lPa J 'S2'S? 1 

i r*D (m 1 + «*)*' 

Taking the first four terms of the series, we find that uw 
= 0 01121Pa*/O which is about 3j per cent less than the correct 
value (see table, page 158). 

Having expression (125) for the deflection under a concentrated 
force, we can get tfie deflection of the plate under any kind of 
loading by using the method of superposition. Take, as an 
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example, a uniformly loaded plate. The load distributed over 
an infinitely small element d£ drj of the plate is qdi dij, and the* 
deflection produced by this elemental load is obtained by sub- 
stituting $d£ dij, in place of P, in Eq (125). To get the deflec- 
tion of the plate under the action of the total load w e have on!} 
to form the summation of the deflections produced by elemental 
loads. Hence we obtain 


>1X122 


i /m* , n*\* 


mrz . n»u( 

sin -jp sin ~ > d( dn (J) 

After integration we obtain formula (122) of Xavier’s solution. 

Instead of using the principle of virtual displacements in cal- 
culating coefficients a« in expression (a) for the deflection, we 
can obtain the same result from the consideration of the total 
energy of the system. If a system is in a position of stable 
equilibrium, its total energy is a minimum. Applying this 
statement to the investigation of landing of plates, we obsene 
that the total energy in such eases consists of two parts, the 
strain energy of bending, given by expression (5), and the poten- 
tial energy of the load distributed over the plate. Defining the 
portion of the element q dx dy of the load by its vertical distance 
«e from the horizontal plane xy, the corresponding potential 
energy may bo taken equal to — irqdzdy, and the potential 
energy of the total load is 


| trq dx dy. 
The total energy of the system then is 


-//- 


■//{${(£ +£)* 
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The problem of bending of a plate reduces in each particular 
case to that of finding a function ic of x and y that satisfies the 
given boundary conditions and makes the integral (g) a mini- 
mum If no proceed with this problem by the use of the calculus 
of \ariations, we obtain for w the partial differential equation 
(101) which was derived before from the consideration of the 
equilibrium of an element of the plate. The integral (g), how- 
ever, can bo used advantageously m an approvimatemvrstigation 
of bending of plates For that purpose we replace the problem 
of variational calculus nith that of finding the minimum of a 
certain function by assuming that the deflection w can be repre- 
sented in the form of a series 

tc * ajv»i(x,j/) + a*pj(x,y) + a»*>*(x,!/) + • • + a*v.(x,y), (t) 

in which the functions <p u <pt, , *>» arc chosen so as to be 
suitable 1 for representation of the deflection surface to and at 
the same time to satisfy boundary conditions Substituting 
expression (») in the integral (0), we obtain, after integration, a 
function of second degree in the coefficients a>, a t , ... ■ 
These coefficients must now be chosen so as to make the integral 
(y) a minimum, from which it follows that 


0) 


— 0, . . . , = 0. 

da j da. 

This is a system of n linear equations in a h a 2 , . . . , a., and 
these quantities can readily lie calculated in each particular case 
If the functions <p are of such a kind that senes (1) can represent 
any arbitrary function within the boundary of the plate,* this 
method of calculating deflections if bnngs us to a closer and 
closer approximation as the number n of the terms of the series 
increases, and by taking n infinitely large we obtain an exact 
solution of the problem 


1 From experience we usually know approximately the shape of the deflec- 
tion surface, and we should be guided by this information in choosing suit- 
able functions is. 

* We have seen that a double trigonometrical genes (a) possesses this 
property with respect to deflections to of s simply supported rectangular 
plate. Hence it can be used for obtaining an exact solution of the problem 
The method of solving the bending problems of plates by the use of the 
integral ( 2 ) was developed by W. Riti, see J mne anqeic. Math , vol. 135, 
1908, and dan Phytih (4), vol. 2$, p 737, 1909 
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- Applying the method to the ca.se of a •■imply supported rec- 
tangular plate, we take the deflection in the form of the trigo- 
nometric series (a). Then by using expression (124) for the 
strain energy, the integral (g) is represented in the following 
form: 


and Eqs (J) have the form 


J o j a *•»» ~ Mn ^r<f* <ly, (A) 


ir*abD ( m* , »»*\* f ' f 6 mxx wry . , _ . 

— °"U + E T j r fm i ■<"'» = " (0 

fn the ease of a load P applied at a point with the coordinates 
t, «j, the intensity q of the load N zero in all points except the 
point £, 17 , in which we have to put q dx dy = P. Then Eq (/) 
coincides with Eq (if) previously derived by the u-c of the 
principle of virtual displacements. Several further applications 
of this method of calculating deflections will lie given later in the 
discussion of plates with boundary conditions other than those 
of simply supported edges. 

29. Alternate Solution for Simply Supported and. Uniformly 
Loaded Rectangular Plates. — In discussing problems of 1 lending 
of rectangular plates that have two opposite edges simply sup- 
ported, M, Levy 1 suggested taking the solution in the form of n 
series 


tc 


Vl • mrT 

> 1 - *m — — » 
sLJ n 


(«) 
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3*10/62* = 0 at these two sides. It remains to determine Y m 
m such a form as to satisfy the boundary conditions on the sides 
y = ±b/2 and also the equation of the deflection surface 


6*10 , 0 6*10 6he ^ 

61 4 6 j* dy* dy* D' 


(&) 


In applying this method to uniformly loaded and simply sup- 

. ported rectangular plates, a further simpli- 

f " fication can l»e made by taking the solution 

r of Eq. (6) in the form 1 

a 

Z Id 53 Vi 1C} to 

? and letting 

2 tr, - 24 D* X * ~ 2aX ' + ^ 

x 

i*., te> represents the deflection of a uni- 
y Fio 81 formly loaded strip parallel to the r-axi? 

It satisfies Eq (6) and also the boundary 
conditions at the edges x *= 0 and x = a 
The expression u>* evidently has to satisfy the equation 


6*tc < g 6*u~i d 4 u?t 

dx* "dx* dy* ' dy 4 


0 


to 


and must be chosen in such a manner as to make the sum (c) 
satisfy all boundary conditions of the plate Taking ici in the 
form of the series (a) in which from symmetry m = 1, 3, 5, . . • 
and substituting it into Eq. (e), tve obtain 


2(* 


This equation can be satisfied for all values of x only if the 
function F* satisfies the equation 


’ This form of solution was used by A. Nadat, Fortchungsarbetfen, Nos. 170 
and 171. Berlin, 1015, see also his book “Haatisclie Platten,” Berlin, 1925. 
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The general integral of this equation is 

r. = &(a, cosh ^ + bJZL 

+ C. s mh'^+D.VSL cosh mn) () 
n a a / 

Observing that the deflection surface of the plate is symmetrical 
with respect to the ar-axis (Fig. 61), we keep in the expression 
(ff) only even functions of y and let the integration constants 
C„ ~ D. = 0 . 

The deflection surface (e) is then represented by the follow- 
ing expression: 

w “ “ 2ar * + 

which satisfies Eq. (6) and also the boundary conditions at the 
sides i = 0 and x = a. It remains now to adjust the constants 
of integration A m and B m in such a manner as to satisfy the 
boundary conditions 

„- o , £-0 (0 

d Sf 

on the sides y = ±6/2. We begin by developing expression (<f) 
in a trigonometric series, which gives 1 


jfgCC - 2«' + O'*) 



where n * 1, 3, 5, ... . The deflection surface (h) will now 
be represented in the form 
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boundary conditions (t) and using the notation 
tnvb 


(*> 


we obtain the following equations for determining the constants 
An and B m : 

k 4- Am cosh a„ + n.Dx sinh a m ~ 0, 

(.1* + 2/J„) cosh a„ -f ctmlim fiinh ~ 0, 
from which 

2(a„ tanh am + 2) 


Am - 


Bm - 


r*m* cosh a 


(D 


* cosh a. 

Substituting these values or the constants in I)q (j), we obtain 
the deflection surface of the plate, satisfying Eq (6) and the 
boundary conditions, in the following form 1 


4ija A 
' t*D 


2 


(am tanh ft. + 2) 


•am’J 




(126) 


from which the deflection nt any jHiint can be calculated by using 
tables of hyperbolic functions 1 The maximum deflection is 
obtained at the middle of the plate (x - a/2, y = 0), where 


—% 2 


5 *> 


The summation of the first scries of terms represents the deflec- 
tion of the middle of a uniformly loaded stnp Hence wc can 
represent expression (m) in the following form : 

_J_ 2® f _ 4i7a* X) (“D" 2 " a. tanh «. + 2 
384 D *>D 2 



SIMPLY SUPPORTED RECTANGULAR PLATES 


129 


cient accuracy is obtained by taking only the first terra Taking 
a square plate as an example, ne have from Eq (k) that 



and Eq. (127) gives 

«W - 3§iT5- - 68562 - 0 ™X>25 +•■•)- o 00106®- 

It is seen that the second term of the series in the parentheses is 
negligible and that by taking only the first term the formula for 
deflection is obtained correct to three significant figures 
Substituting expression (3) for D in formufa (127), ne can 
represent the maximum deflection of a plate in the form 



where « is a numerical factor depending on the ratio b/a of the 
sides of the plate and on Poisson’s ratio v. Values of a calcu- 
lated for v = o 3 are given in Table 5 To obtain a for a mate- 
rial with a different value of v the values of a given in the table 
must be multiplied by (1 — r*)/0.91. 

The bending moments M, and M, are calculated by means of 
expression (ft). Substituting the algebraic portion of this expres- 
sion in Eqs. (99), we find that 

Mi = e<£fL>, Mi . .VLifJl. {„) 


The substitution of the scries of expression (ft) in the same 
equations gives 


.If',' «= (l — v)gfiV t '^ | m^/l, r'osh 

+ Bj(ZZ sinh ^)] sin 

M't - —(1 — eo^h | 

+ sinh 2* + ,4- r eosh =^)] era ^ 


<«*) 
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The total bending moments are obtained by summations of 
expressions (n) and (o). The maximum values of these moments 
are at the center of the plate (a: = o/2, y — 0), for which 
point we obtain 

(M.)_ - &’ + u - - r?h B ")' 

(«,)«. = Jj- - (1 - + !—-«.)• 

m-t 

where Am and B m are given by expressions (l) Again we have 
series that converge very rapidly We can represent the maxi- 
mum moments in the form 

(Af.W = fiqa*, (W,)— = hqa*. (p) 

The numerical factors 0 and {S\ depending on the ratio a/b of 
the sides of the plate and on the magnitude of v are given in 
Table 5 for v = 0 3. From the table it is seen that, as the ratio 
b/a increases, the maximum deflection and the maximum 
moments of the plate rapidly approach the values calculated for 
a uniformly loaded Btrip or for a plate bent to a cylindrical 
surface obtained by making b/a — oo . For b/a = 3 the dif- 
ference between the deflection of the strip and the plate is 
about 6J per cent. For b/a = 5 this difference is less than 
\ per cent. The differences between the maximum bending 
moments for the same ratios of b/a are 5 and J per cent, respec- 
tively. It may be concluded from this comparison that for 
b/a > 3 the calculations for a plate can be replaced by those for a 
strip without substantial error. 

Expression (A) can be used also for calculating shearing forces 
and reactions at the boundary. Forming the second deriva- 
tives of this expression, we find 


Aw 


d*w dhy 
Ac* + dy> 
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Substituting this in Eqs. (102) and (103), we obtain 


Q. - cosh =» cos ns, 

m-1 

Q, — ~2T 8 gg^ mlB. sinh sin , ~- 
For the sides * «* a and y = b/2 we find 


(Qx)_ a - cosh ^ 


qa 4qa 


2 

' . niT . r 


li? ^ 


S . , . nir. 

tn*B. sinh a- «n — 

4ga tanh a m s j n 

T -us.-- 


These shearing forces have their numerical maximum value at 
the middle of the sides, where 


«?.)- 




qa , 4 qa ‘ST 1 
2 ‘ r 1 m* 


■ - 1.3.3. • • 


1 j 
cosh o«- 


_iS2 "S! <zil J- tanh a. - 
T t jZu m 5 
»— 1,3.5. • - • 



(?) 


The numerical (actor* 7 and 7, am also eiven in Tabic 5 
The reactive forces along the side s •» a are gi>en >„ > 

expression 
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The maximum numerical value of this pressure is at the middle of 
the side ( 1 / = 0) at which point we find 



where 3 is a numerical factor depending on v and on the ratio 
b/a, which can readily be obtained by summing up the rapidly 
converging series that occur in expression (r). Numerical values 
of 8, and of i l( which corresponds 
to the middle of the sides parallel to 
the x-axis, arc given in Table 5. The 
distribution of the pressures (r) along 
the sides of a square plate is show n in 
Fig 62 The portion of the pressures 
produced by the twisting moments 
Mr, is also shown These latter 
pressures arc balanced by reactive 
forces concentrated at the comers of 
the plate The magnitude of these 
c -- forces is gi\ en by the expression 

r - m „). — i - 2»d - '>(3!%).-..-! 

_ 4(1 - >>4°' V 1 — [(1 + ta nh aInh 

ir* m* cosh a„ 1 

--1 35. . 

— a„ cosh a*] — nga*. 
The fore*.?, directed. dws.a>stwsd wod present. the. twiners. of w 
plate from rising up dunng bending The values of the coeffi- 
cient n are given in the last column of the Table 5. 
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The values of the factors a, 0, Pi, & as functions of the ratio 
b/a are represented by the curves in Fig. G3. 

30. Simply Supported Rectangular Plates under Hydrostatic 
Pressure. — Assume that a simply supported rectangular plate 
is loaded as shown in Fig 64. Proceeding 
as in the case of a uniformly distributed 
load, we take the deflection of the plate in 
the form* 


M 


t + t r,. 


(*) 




7ax*j 


2 <7»o 4 

‘ Dr 1 


5 




ties the differential equation 

dho 4 - 1 ^' w * 4- 
3r‘ ^ dx 1 dy * + fly* = 

and the boundary conditions 

_ d*u? 


represents the deflection of a strip under 
the triangular load This expression satis- 


g oa 

T) aD 


for i = 0 and 
The part tc* is taken in the form of a series 


where the functions F«, ha\e the same form as in the previous 
article, and tn = 1,2,3, ... . Substituting expressions (6) and 
(d) into Eq. (a), we obtain 

•This problem w discussed by E Estanave, toe. of, p. 125. Tho 
numerical tables of deflections and moments were calculated by B. G. 
Galerkin, Bull. Pobjtech. I ml , St. Petersburg, vols 26 and 27, 19lS 
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D ir‘m 


- + Am c 




n?-?] B-r « 


where .the constants d„ and B. are to be determined from the 
conditions 

tv « 0, - 0 for » - ±a 

From these conditions we find 

+ d. cosh «. + B.a. sinh «. - 0, 

•> , __ n 

(2B„ + A.) cosh <r. + B-“' “ nh 
In these equations we use, as before, the notation 

_ mrb 

a-~ 2 a' 


Solving them, we find 

(2 + a- tanh n,)(- 

A " “ T*m‘ cosh n- 

The deflection of the plate along the z-a^is is 


f \ _ r + a 

K w )r-° — J) jLiy T ‘m 


1 . mvx 

-J s,n "T 


For a square plate a - b, and we’ find 

2rx 

(*)_ = M.‘( 0 002055 sin 2 - 0 000177 »n fl 

D ' . 3zz . \ (») 

+ 0 000025 sin — — * / 

The deflection at the center of the plots is 

-0 1® 203 TT W 
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which is one-half the deflection of a uniformly loaded plate (see 
page 129) as it should be. By equating the derivative of expres- 
sion (g) to 2 ero, we find that the maximum deflection is at the 
point x = 0.557a This maximum deflection, which is 0 00206 
differs only very little from the deflection at the middle as 
given by formula (A). The point of maximum deflection 
approaches the center of the plate as the ratio 6/a increases. 
Tor 6/a — », as for a strip (see expression (6)1, the maximum 
deflection is at the point z = 0 5193a. When b/a < 1, the 
point of maximum deflection mo\ es aw ay from the center of the 
plate as the ratio 6/a decreases The deflections at seieral 
points along the x-axis (Fig 64) are gh cn in Table 6 It is seen 


TaiileG — Numerical Factor « for Deflections of a Simply Supported 
Rectangular Plate Pressure q - qafa 
- 0 3, b > a\ 



b/a 

x - 0 2So i 

x - 0 50a 

x - 0 60n 

x - 075<i 

1 

0 0143 

0 0221 

0 0220 

0 0177 

1 l 

0 0173 | 

0 02fi5 

0 0204 

0 0210 

1 2 

| 0 0203 ] 

0 0308 

0 0303 

0 0211 

1 3 

0 0231 

0 0348 

0 0344 

0 0271 

l 4 

0 0257 

0 0385 

0 03 SO 

0 0298 

1 5 

0 0281 1 

0 0121 

0 0414 

0 0323 

1 6 

0 0303 

0 0453 

0 0444 

0 031(3 

1 7 

0 0323 ! 

0 0182 

0 0472 

0 0300 

1 8 

0 0312 

0 0508 

0 0497 

0 0385 

1 9 

0 0358 

0 0532 

0 0519 

0 0102 

2 0 

0 0373 

0 0553 

0 0539 , 

0 0417 

3 0 

0 0151 

0 0008 

0 0047 ! 

0 019-8 

4 0 

0 0477 

0 0700 

0 0079 

0 0521 

5 0 

0 0482 

0 0708 

0 00.87 

0 0327 

" 

0 OtSI 

, 0 0711 

0 0690 

0 0529 


that, as the ratio b/a increases, the deflections approach the 
i dues cxleulstc<l for a strip. Tor b/a «= 4 (he differences in (hew 
values are alwut 1) per cent. We can always calculate the 
deflection of a plate for which 6/a > 4 with satisfactory accu- 
racy by luring formula (6) for the deflection of a strip under 
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triangular load. The bending moments M x and M y are found 
by substituting expression (e) for deflections in Eqs. (99). 
Along the x-axis (y = 0) the expression for AT* becomes 


w,.. = » — 


+ cjooV^m’K 1 - »)<U - 2.BJ — (i) 

The first sum on the right side of this expression represents the 
bending moment for a strip under the action of a triangular load 

and is equal to — 20. Using expressions (f) for the con- 
stants and B m in the second sum, \\e obtain 

- + (1 - >)<■- ‘oefe “•Inn U) 

The series thus obtained converges rapidly, and a sufficiently 
accurate value of M x can be realized by taking only the first few 
terms. In this way the bending moment at any point of the 
x-axis can be represented by the equation 

(.lf,),_n — ft) 

where 0 is a numerical factor depending on the abscissa x of the 
point. In a similar manner we get 

A (.lf,),_o = frfta*. (0 

The numerical values of the factors 0 and 0i in formulas (A) and 
(0 are given in Table 7. It is «een that for b g 4a the moments 
are very close to the values of the moments in a strip under a 
triangular load. 

Equations (102) and (103) are u<ed to calculate shearing force* 
From the first of there equations, by using expression (j), we 
obtain for points on the x-axis 
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(Q«)»-o 


3 / 0 ? ip , 3 *ip\ 
•x\3z* + 


__ g fl (o* — 3 j*) __ 2i/oa sri 


x 1 m 5 cosh a 


The general expressions (or shearing forces Q, and Q, arc 


Q* 

Q, 


. go(a { — 3x*> 


* (— l )”^ 1 cosh - 
x* m >_ cosh oV 



( — l)"* 1 sinh - 


tnxx 

a 


(m) 


(») 


The magnitude of the vertical reactions V, and V, along the 
boundary are obtained by combining the shearing forces with the 


Table 7 — Numerical Factors 0 and 0, tor Bendimi Moments or 
8 implt Supported Rectangular Plates under Hydrostatic 
Pressure q ~ qti/a 
(r - 0 3, b > a) 
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derivatives of the twisting moments. Along the bides 2 = 0 
and x = a these reactions can be represented in the form 

1 * ■ (°- ~ tt)-.- “ w 

and along the sides y — ±6/2 in the form 

r> " w 

in which J and 5j are numerical factors depending on the ratio 
6/a and on the coordinates of the points taken on the boundary 
Several values of these factors are given in Table 8 


Table 8 — Numerical Factors J and 5 , for Reactions of Simplt 
Sppporteo Rectanoclar Plates trsotR Htdrostatic Press pee 
g “ g*x/a (* — 0 3, b > a) 



Reactions tq*t 

Reactions J,?o6 

b/a 

X 

0 

X 

-• 

V ~ ±6/2 


V = 

v - 

V - 

y - 

x = 

X “ 

x — 

x - 


0 

0 255 

0 

0256 

0 25a 

050a 

060a 

0 75a 

1.0 

0.138 

0 093 

0 294 

0 256 

0 115 

0 210 

0.234 

0 239 

1.1 

0 136 

0 107 

0 304 

0.267 

0 110 

0.199 

0 221 

0 224 

1 2 

0.144 

0.114 

0.312 

0 276 

0 105 

0 189 

0 208 

0 209 

1.3 

0.150 

0.121 

0.318 

0.284 

0 100 

0.178 

0 196 

0 196 

1.4 

0.155 

0.126 

0.323 

O 292 

0.095 

0.169 

0 185 

0 184 

1 5 

0.159 

0.132 

0.327 

0.297 

0.090 

0.1 GO 

0.175 

0 174 

1 6 

0.162 

0.136 

0 330 

0 302 

0 0S6 

0 15! 

0.166 

0 164 

1.7 

0.164 

o no 

0.332 

0 306 

0 0S2 

0 144 

0 157 

0 155 

1 8 

0 166 

0 143 

0 333 

0 310 

0.078 

0 136 

0.149 

0 147 

1.9 

0.167 

0.146 

0 334 

0 '313 

0.074 

0 130 

0.142 

0 140 

2 0 

0 168 

0.149 

0 333 

0 316 

0 071 

0 124 

0 135 

0 134 

3 0 

0.169 

0 163 

0 336 

0 331 

0 04S 

0 0S3 

O 091 

0 0S9 

4 0 

0.16$ 

0.167 

0.334 

0 334 

0.036 

0.063 

0.068 

0 067 

5.0 

0.167 

0.167 

0.334 

0.335 

0.029 

0 050 

0.055 

0 054 


0 167 

0.167 

0 333 

0.333 






The magnitude of concentrated forces that must be applied 
to prevent the comers of the plate rising up during bending can 
be found from the values of the twisting momenta Jf„ at the 
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corners. Sincr the load is not symmetrical, the reactions R> at 
x «= 0 and y =» ±6/2 nrc different from the reaction" /£* at 
i «= o and y — ±bf2 TUt-c reaction" can Iw represented in 
the following form: 

Ri = /£, = nfl-flb ( 9 ) 

The values of the numerical factor** ni and n, are pi von in Table 9. 

Table 9 — S'otERK al Factors m am* m is Jajh. { q ) ron He active Forte." 
R , A vo R\ at the Corners or Siutlt StproETKt* Hectanolmr 
Plates usorn Utorostatit Pntv«rM 9 — 9»x 'n 
(r - 0 3, 6 > fl) 



Since a uniform load is obtained bv «uperpo"ing the two 
triangular loads q «= q*x/a and *7«(a — r)/a, it can lie concluded 


Table 10 — N clerical Factors a ron DrmcnoN* or Simply Hcpported 
lizi-riNoeLAB Plates fm>er JIrpsosTATir Press ire 9 - f *?/« 

(» - 0 3, 6 < o) 


afb \ 


qj>' 
W ~ *Eh* 

v - 0 



r “ 0 25.3 ( 

x - 0 54Vj 

x - 0 CO/i j 

* - 075 a 

» 

0 0?55 

0 0711 

0 0S53 ! 

0 1006 

5 

0 0335 

0 0703 

0 os-30 . 

0 1054 

4 

0 0353 

0 0700 

0 0S20 I 

0 0903 

3 

0 0350 

0 0683 

0 0756 

0 0772 

2 

0 0315 

0 0553. 

0 0592 

0 0537 

I 9 

0 0307 

0 0532 

0 0560 

0 0508 

1 8 

0 0293 

0 0508 

0 0536 

0 0474 

t 7 

0 0235 

0 0482 

0 0500 

0 0441 

l 6 

0 0272 

0 0453 

0 0472 

0 0406 

J 0 

0 0256 

0 0121 

0 0136 

0 0370 

1 4 

0 0238 

0 0385 

0 0397 

0 0332 

1 3 

0 0217 

! 0 034S 

0 0355 

0 0294 

1.2 

0 0195 

1 0 0308 

0 0312 

0 0255 

l l 

0 0107 

j 0 0265 

0 026$ 

1 0 0217 


0 0U3 

0 0221 

0 0220 1 

0 0177 
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that for corresponding values of b/a the sum n* 4- «x of the fac- 
tors given in Table 9 multiplied by bf a roust equal the correspond- 
ing value of n, the last column in Table 5 
If the relative dimensions of the plate are ••iich that « m 
Fig. 64 is greater than 6, then more rapidly contergmg «ene-> 
will be obtained by representing tri and tr* by the following 
expressions: 

' mD lUs ‘ ~ *“ v + 56 ' ) ' <r ' 

w, = '^ l X,^,oos i2m ~ h 1 ) -^- W 

The first of these expressions is the deflection of a narrow Mnp 
parallel to the y-axis, supported at V =° i-b/2 and carrying a 
uniformly distributed load of intensity q»i/a. This expression 
satisfies the differential equation (c) and also the boundary con- 

Tin. 11— »nm Factor t «■ J. ">» ■«'»”» Mo”'-™ ■’ 
S imply Supported Recta vacua Plates under Htdbo'Tatic 
Pressure q = q*t/a 
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ditions w - 0 and Sho/dy* = 0 at y - ±6/2 Expression (s) 
represents an infinite senes each term of which also satisfies the 
conditions at the edges y = ±6/2. The functions Xtm-i of x 
are chosen in such a manner that each of them satisfies the 
homogeneous equation (e) of the previous article (see page 126) 
and so that expression (a) satisfies the boundary conditions at 
the edges x — 0 and x = o. Since the method of determining 


Table 12 — Numerical Factors i and Ji for Reactions in Simply 
Supported Rectangular Plates under Htdrostatic Pressure? ■= ?*r/o 
<- = 0 3, b < a) ______ 




Reactions iqt,a 


Reactions l,qtb 

a/6 

»■ 

0 

«- 



V = 

±6/2 



y - 

V = 

y - 

y - 

x - 

x = 

* - 

* - 


0 

6/4 

0 

6/4 

0 25a 

0 50a 

0 60a 

0 75a 






0 125 

0 250 

0 300 

0 375 

5 0 

0 oos 

0 006 

0 092 

0 076 

0 125 

0 250 

0 301 

0 379 

4 0 

0 013 

0 010 

0 112 

0 093 

0 125 

0 251 

0 301 

0 377 

3 0 

0 023 

0 018 

0 143 

0 119 

0 125 

0 252 

0 304 

0 368 

2 0 

0 050 

0 038 

0 197 

0 106 

0 127 

0 251 

0 29G 

0 337 

1 9 

0 055 

0 041 

0 205 

0 172 

0 127 

0 251 

0 291 

0 331 

1 8 

0 060 

0 045 

0 213 

0 179 

0 12S 

0 249 

0 291 

0 325 

1 7 

0 060 

0 050 

0 221 

0 187 

0 127 

0 248 

0 2.83 

0 318 

1 6 

0 073 

0 055 

0 230 

0 195 

0 127 

0 245 

0 284 

0 311 

1 5 

0 oso 

0 060 

0 240 

0 204 

0 127 

0 243 

0 279 

0 302 

1 4 

0 OSS 

0 067 

0 250 

0 213 

0 120 

0 239 

0 273 

0 292 

1 3 

0 097 

0 074 

0 260 

0 223 

0 124 

0 234 

0 26G 

0 281 

1 2 

0 106 

0 081 

0 271 

0 233 

0 122 

0 227 

0 257 

0 209 

1.1 

0 116 

0 090 

0 2S2 

0 244 

0 120 

0 220 

0 247 

0 255 

1 0 

0 120 

0 090 

0 291 

0 256 

0 115 

0 210 

0 234 

0.239 


Table 13 — Numerical Factors n ( and n« in Lqs (?) for Reactive Forces 
R| AND 7ft AT THE CORNERS OT SlMPLY SUPPORTED RECTANGULAR 
Plates under Hydrostatic Pressure q -> q^x/a 
(* "03, t <«) • 
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Substituting this in Eq («) and using Kq. (d) of the previous 
article, we obtain 

«-$ 2 i 8 ';# 

+ . co ,|, 2!H + !?£» ,;„1, iiffil „„ Hi". w 

a u a J n 

This expression satisfies Eq. (101) and also the boundary’ condi- 
tions at the edges x = 0 and x — a. The constants A m and B « 
can be found from the conditions along the edges y = ±t/2, 
which are the same as in the prc\ ions article and which give 

^ * l *» c0<i ' 1 rt ” + 8 "'b «- “ O.i (c) 

(2fi„ + /t») cosh a„ + B K a m sinh a m = 0,1 
where, as before, we ««e the notation 


Solving Eqs (e), we find 


tntb 
2 a 


A„ 


4(2 + 


a m tanh «,)(-! )"* * 
r*m* cosh a* ’ 


K-ifr 1 

T‘m‘ cosh 


y> 


To obtain the deflection of the plate along the j--axis we put 
y ** 0 in expression (d) Then 


9°£_‘ V f 8( — 1)" 

D [ ir*7n‘ 


The maximum deflection is at the center of the plate, where 

It can be represented in the form 
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in which a is a numerical factor depending on the magnitude of 
the ratio b/a and on the value of Poisson’s ratio v. Several values 
of this factor arc given in Table 14.* 

Using expression (d) and proceeding as in the previous article, 
we can readily obtain the expressions for bending moments Af, 
and A/,. The maximum values of those moments in this case 
are evidently at the center of the plate and can be represented in 
the following form: 


(Af (Af«)k»> = 0iqoa ! 

The values of the numerical factors p and Pi are also given in 
Table 14. In the same table arc given also numerical factors y, 
7i, 5, and n for calculating (1) shearing forces (Q,)d»«. — 7 q<fl, 
(<?„)««. = 7 1 g c h at the middle of the sides x = 0 and y = -b/2 


Table 14 — Numerical Factors a, ft y, *, n pok Simply Suppobted 
Rectangular Plates under a Load in Torm op a Triangular Prism 
(<• -03,1> > «) 



• The tables arc taken from the paper by B. G Gsterkin, lot. nl., p. 134. 
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at the same points and (3) concentrated reactions R — nrjoaft at 
the corners of the plate which are acting downward and prevent 
the corners of the plate from rising All these values arc given 
for b > a. When b < a, a better convergcncy can be obtained 
by taking the portion of the deflection of the plate in the form 
of the deflection of a strip parallel to the y-direction. We 
omit the derivations and give only the numerical results 
assembled in Table 15. 


Combining the load shown in Fig 65a with the uniform load 



of intensity q$, the load shown in Fig. 06 
is obtained. Information regarding de- 
flections and stresses in this latter case' 
can be obtained by combining the data 
of Table 5 with those of Table 14 or 15 



32. Partially Loaded Simply Supported Rectangular Plate.— - 
Let us consider a plate loaded only over the shaded portion 
jirgl (Fig. 67), the sides of which are parallel to the x-axis. 1 
Then tho differential equation for the loaded portion of the plate 


1 'This cm 
>. 26 , mi 


discussed by B, G Galcrlbn, Mtsienprr oj AfaiK, yol SS, 
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d*w n d l w . d l iv _ q („} 

ai* + ax 1 ay 1 aj/‘ 

For the unloaded portions we have the equation 

a*t£ a*w . a^ _ 0 (6) 

ax 4 + ^dx 1 dy* dy* 

The deflection surface of the loaded portion of the plate we 
take again in the form 

tr — toi + t0*, ( c ) 

in which tci satisfies Eq. (a) and 
tc* satisfies Eq. (6). Assuming 
that the intensity of the load q 
is a function of x only, we may 
consider the loaded portion prst 
as a strip and take the deflection 
of the strip for the deflection 101 . 

Representing this deflection by a 
trigonometric series, as was ex- 
plained in the previous article, 
we obtain 


b 

7 


— t — r* 

'h 

1 

p fi 

JL i. 


i 

| 

\ S 



y 

Fig. 67. 



2 mirx (<J) 

sin ”1"' 

where a- are numerical coefficients depending on 
• tribution. For deflections re, we lake ^ ™ 

• .giveninArt.29. Then the total deflections of the loaded portion 

of the plate, represented by Eq. (e), become 
> - 2(»- + ri.cosh =a+ C. =r 

+ C.^rinh^ + />-=? =?) ^ « 

For the unloaded portion of the plate below the h-e <• we can 
- take the deflection surface in the following f 



148 


THEORY OF PLATES AND SHELLS 


_ 2(,i: rosi, 23 + ff„ s -mh 23 + c;23 si „h 23 

+ ff 23 rosh 23\ si „!2I£; y) 

^ “ a a y a 

and, similarly, for the unloaded portion of the plate above the 
line pr we take 


u/> = cosh =2 + *;; sinh + C"^ sinh =tt 

* a “ n a a 

+ BS=3!cM h =3!V»— <») 

"a a / a 

Expression (e) satisfies the differential equation (a), and expres- 
sions (f) and (g) satisfy the differential equation (6). Moreover, 
all three expressions satisfy the boundary conditions u> =* 0 and 
dhe/dx* — 0 for the sides z - 0 and x = a 

It is necessary non to choose the constants A-, . . . ,C„» 

O'- in such & manner that the boundary conditions at y = ±&/2 
and the continuity conditions along the lines Is and pr are satisfied 
To represent all these conditions in a simpler form let us introduce 
the following notations: 


= 23-, 223? = 2 7 ., (A) 

a a 

in which in and tj, are the distances of the edges of the loaded 
strip from the 2 -axis Considering the line Is, we conclude, from 
the continuity conditions along tliis line, that 

, , flip* 3tC . /,n 

vr = te and -r— = -r— for w = n,. \ l ) 

By By 

Since there are no concentrated moments or concentrated forces 
applied along the line si, the bending moments .V, and shearing 
forces 0, must be eontinuous v at this line. Hence 


3*ic 3V * , 3*io _ fl’ic' 

W = ana By* ~ W 


for 


y ** n*- 


<i) 


Substituting expressions (e) and (/) into Eqs {*) and (i).and 
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using notations (fc), we can represent these equations 
following form: 

(A m - A J cosh 2y„ + (B„ - BJ sinh 2y„ 

-f (C„ - CJ2y„ sinh 2y« + (-D- - D'J 2i- cosh 2y^ 

(4. - A J sinh 2y„ + (B. - B'J cosh 2y„ 

+ (C* - Cj(sinh 2y. + 27 . co«h 2y.) 

+ (D- - Dj( C osh 2 t _ + 2y» sinh 2y J - 0 
(A. - Aj cosh 2y„ + (B„ - BJ sinh 2y„ 

+ (C„ - CJ(2 co*h 2y» + 2y„ sinh 2r-) 

+ (Dm -D J(2 sinh 2y. + 2y* cosh 2y»> =“ « 
(A„ - 4 J sinh 2y„ + (B» - BJ cosh 2y« . 

+ (Cm - CJ(3 sinh 2y. + 2y. cosh 2y«) 

4 - {Dm — DJ (3 cosh 2y„ + 2ym sinh 2y-) ■* 

From these equations we find 

Am - A’m =* a-(7- sinh 2 T- “ cosh , ) 

_ ff m e — a-(y- cosh 2y. — sinh 2yJ.| 

C» - Ci. = ^ cosh 2y«, | 

D m -D'm*= s«nh 2y«. I 

We obtain lour similar equations aUo tor the boundary 1 
(y = „). Subtractine them trom Eqs (I), »• «» d 

4; - A'i - 2.. sinh (T- - H->[ sinh <*• + “• ) 

_ X "* . i ^ - cosh (t» + 0-) . 

_ sinh <7. + 0J "> th <»- ' M J [ 

K _ K - a. -ini, (7. - /o[- <™ h < 7 - + w 

7^_+i7 ,i„ h (7. + d J 

+ 2 1 1 
+ ?■ cosh (r- + 0-) c0th (T - ~ ^ J’ ] 

C ' - a « ** fr- + ?- } “j* (Y i « 

D' m — D'm - fl » S ‘ nIi ^ 00511 
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To these four equations containing eight constants A„, ... , 
D'J, we add four equations representing the boundary conditions 
at the edges y = ±5/2. For y = +5/2 we have tc' — 0 and 
dW/dy* — 0, since the deflection and the moment M t along this 
edge are zero Substituting expression (J) in these conditions, 
we obtain 


.41, cosh a m + B!» sinh 


where, as before, 


+ C' m a m sinh } 

+ Dl,a« cosh a* = 0,> («) 
CL, cosh a„ + D' m sinh a n = 0,j 


mrb 
2 a 


Similarly, for the edge y 
A'J, cosh a M — 2?" sinh a 


■ —b/2 we obtain 

+ 6’"a„ sinh a„ 

— £>"«„ cosh a. 
C" cosh a m ~ X)" sinh «* 


S:} 


(o) 


Equations (o) and (n), together with Eqs. (m), are sufficient to 
determine the eight constants A'^, . . , D", and we find for 

them the following values: 


“ " , ~~2 ” cos ^ + (?» + 7*.) 

- - ** 2 - ' 3 " cotii (y„ - 0„) sinh (a* + Pm + 7 -) 

— cos h (7- + P») T 
ai " 2 cosh a* J 


. sinh (y„ — 

— L 811 


— I emh <“* - ~ •>'-) 

■ 7m + 


cosh («„ - 0* - 7 „) 
j' 8 " cotIi fr- ~ 0») sinh (a. - •*„ - fi m ) 

- ct C0S ^‘ fr" 

2 cosh a„ j 
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— £ — sinh (m„ + 0. + Y«0 
+ i "‘ Z ' — c °sh («- + 0-4- 7-) 


- a " (y~ ~ 0’ 

sinh a- 
, 7- + ft 


* cotit (7- — 0«) sinh (a- + 0„ + Y-) 


sinh (y- + 0-1 
" 2 sinh n„ 


• ° - - sinh ( 1 '- - ■ ”-) [ .ml, («. - - r.) 


sinh o'. 

7— + ft. 

2 

7- ~ 0- 


cosh (a- - 0- — Y-) 

coth (y- - 0-) Hnh (a- - 0- — Y-) 


CL » 
c: 


2 cosh < 

a- 

2 cosh i 


. 2 sinh « 

- sinh (y- - 0-) *inh (a- + 0-4 y-), 

- sinh (y- “ 0-) sinlt (n» - 0 - - y«), 


D' m — o ~ ^h a 8 ' ,lh “ t*") 8,n ** (“■ + + 

D: » ~2s fnK~g~ sin{l — ^ ' ,i, ih (a„ — 0- - y-) 

Sulwtituting A' m , JK» CL and Z>L »» (0. <»« 6ntl 


cosh a* |_ 


Y- + 0-) 


- tanh (r- + 0-) <wh («- — >- + 0-) 

U • . , , , v , *inh (t- — 0 i 

- nnii (». - ■>- + a.) + jTsinr; 


«} 


Jim „ (a- - T- + 0-> 

— " with (y- + 0-) s»«h (a. — Y- + 0-) 
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c* -- 

Dm = 


o. cosh {y* + P~) 

2 cosh a„ 
a m btnh (t, + 0 m ) 
2 sinh am 


•sh ( a m 
sinh (a 


- y~ + Pm). 

- 7, + pm). 


Thus si! constants entering in expressions (c), (/) and (p) are 
determined, and we can now calculate the deflection at any point 
of the plate Since the coefficients a m m the series (d) diminish 
rapidly as m increases, only a few terms of senes (e), if) and (g) 
need be calculated to get deflections with a very high degree 
of accuracy 

As an example of the application of our general solution, let us 
consider the symmetrical case in w hich 
"H a uniform load <7 is distributed over the 

rectangle prst (Fig 68). The maxi- 
mum deflection and the maximum 
t bending moment in this case are at 
the center of the plate and are found 
bv using expression (c) for the deflec- 
tion of the loaded portion of the plate. 
From symmetry it may be concluded 
that the deflection surface must bean 
even function of y Hence B m and Dm 
111 expression (c) equal zero, and the deflection surface is 



2 («- + A.co 8 h^ + C-^ s ,nh^) 6 in^, 

(P> 

where, from symmetry, m includes only the consecutive odd 
numbers 1, 3, 5, . . . 

Using Eq (b) of the previous article, we represent the deflec- 
tions uii of the strip [Eq (d)[ m the following form: 


- 

° Dir* 


2 1 . mrx . 

, sin I sin 

m o J ««-•>> 


4i?a 4 ’v 1 ( — 1) 2 . wiroi 

Dr* m i sin 2a 



a 


( 3 ) 
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4ga«(-l) a . m*ai 

Dwhn* 2a ‘ W 

As a particular case, when ai = a, we have a stnp uniformly 
loaded along its entire length, and its deflection is 


_ 4ga* 1 

' “ Dr' ^ m' 


For symmetrical loading, = — ijt = &i/2, and Eqs (h) 
become 

mirbi 


- cosh (a m — 2y m ) 

+ y m sinh («■ — 2y m ) + «» « 


Substituting this and expression (r) in Eq. (p), we obtain 


_ 47a* 
P “ Dir" 


l^cosh (a, - 2 y-) + T*> sinh (a„ - 2y m ) + a ~ ^ cosh ~^ j 

co-h - ly jvny A ggt (m) 

2 cosh a- a a ) a 

From this equation the deflection at any point of the loaded por- 
tion of the plate can be calculated. 

In the particular case where bi <= o and hi — 6 we have, from 
Eq. (0, 7 * = am/2. Expressions (u) become 

- 1 - -ssfnO + t , “' nh “-)■ c - ~ 
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and I'q. (12U) coincides with Eq (120) (page 12S) derived for 
a uniformly loaded reel angular plate 
Tin* maximum defier I ion of the plate is at the renter and is 
obtained by Milwtitiiting y ** 0. x -= n/2 in formula (129), 
» inch gi\ m 


. iSi.‘ nj 1 _ A_ 

Dr* m* 2o ( ci nh n_ 

«n-i*» 

•o*h {«„ — 2y m ) + y» «nh («» - 2y m ) + 


wnh 2 t« 11 

°-2 cwJi a. Jf 

(130) 


As a particular example let in consider the case where ® 
and f>i is scry small This case represents a uniform distribu- 
tion of load along the i-axi* Considering 7- as small in Eq. 
(130) and retaining only smalt terms of the first order, \\c obtain, 
using the notation 96, — 9*, 


tr.... 



(- 1 ) 



?=> 


(131) 


For a square plate this equation gives 


Iht* = 


tr, 9 — . 


In the general ease the maximum deflection can lie represented 
in the forms 


iPmu. = Oi^Tj for a < 6 and ir«„. = *»’ 9 for a > b. 

Lh * th* 

Several values of the coefficient a are given in Table 16. 

Returning to the general case where 61 is not necessarily small 
and a, may have any value, the expressions for the bending 
moments A/* and Jf, can be derived by using Eq. (129). The 
maximum values of these moments oecur at the center of the 
plate and can be represented by the formulas 

(AT,)™*. - 3a,b,7 = PP, (A/,)^ = 13,0,1.17 * pi P, 

where P = 0,6,7 is the total load. The values of the numerical 
factors P for a square plate and for various sizes of the loaded 
* rectangle are given in Table 17. The coefficients Pi can also be 
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Table 10. — DEfT-EcnoNs or Simply Supported Rectangular Plates 
1/niporuly Loaded along the Axis or Symmetry Parallel to tue 


DiutNAtos a 
(» -03) 



Table 17 — Cor.rririevM fi tor (,tf .)••*• in Simply Slpported Partially 
Traded Square Plates 
( r - 0 3) 


0 I 01 ' 02 , 03 ! 04 °H or ' lor 08 

bt/a CopfficiPnts 0 in Kq (.'/«)-»». - fiP 

0 » >0 32l!o 23 1 jo 20ojo 18ojo 158 ! 0 141,0 1230 1 12[o 1020 092 

0 1 0 37ft 0 2S1 0 2320 197.0 1700 iso'o 1310 1200 10SO 0980 OftS 
0 2 0 30.8 0 254 0 214 0 184 0 1610 1420 127.0 lll'o 1Q30 093’0 084 

0 3 0 202,0 2250 19'.'o 1680 151 0 1310 120,0 1080 0980 Osft'o OSO 

0 4 0 232 0 203'0 179 0 158 0 1410 12«|o 113 0 102 0 092*0 084 0 07l» 

0 5 0 2080 1850 164 0 1400 1310 1160 lOfi'o 09G|0 087.0 07o[o 071 

0.6 0 IftSO ICS'O ISO'O 1350 121*0 109 0 099 0 090 0 Oftl 0 074,0 067 

0 7 0 ITo'o 1530 1370 121*0 112,0 101, 1 0 091 0 083 0 076,0 069,'0 002 

0.8 0 155*0 140*0 1200 1140 103 0 0910 085 0 077‘o 070 0 003,0 057 

0 9 0 I4l[0 l2?'o 1150 1010.0910 0S6 0 078 0 070,0 064 0 OW'o 053 

1 0 jp 127j0 lisjp 105*0 Q95|0 QSCO 078,0 07l|p 064 0 0*>8Q 053,0 018 

Table 18. — CormciKXTs 0 am> fit for (.U.l^, *\n (W.Um. i> Pab- 
Tt ALLY LOADED IlErtAYUCLAR PLATES R IT II fc — 1 4 -t (» — 0 3) 
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obtained from this table by interchanging the positions of the 
letters a i and bi 

The numerical factors fi and fii for plates with the ratios 
b = 1.4a and b = 2a are given in Tables 18 and 19, respectively. 


Table 19 — Coefficients 0 and 0! fob ( M ,)***. and I ' 1 ' P< R * 

tially Loaded Rectangular Plates with b ** 2 a. (» “ 0 3) 



° 

0 2 


0 8 

0 8 

.0 

0 

P 

0 4 

0 6 

7? 

1 0 

bt/a 

Coefficient fi In Eo - fiP 

Coefficient fit in Bo ^ 

0 

0 0 

1 2 

1 4 

1 8 

2 0 

0 

0 

0 

0 

0 

1) 

1 

K 

03 

V 

8 

l 

0 280 0 220 0 175,0 144 0 118 
0 252 0 1990 1830 1350 111 
0 2210 181 0 15o]o 12s'o 103 
0 105 0 1M 0 138.0 lis'o 005 

0 174 0 148 0 126 0 106 0 0S9 

0 155 0 134 0 115 0 007 0 OSO 
0 lit 0 172 0 103 0 089 0 07 
0 127 0 ink) 006 0 081 0 OM 
0 115 0 1010 087 0 074;o 082 
0 104 0 091 0 070 0 087 0 05 
0 094 0 083 0 072 0 001j0 05 

» jo 204jo 225(0 179(0 14«(o 123 

0 242 0 203 O 1700 143 0 120 0 099 

D 172 '0 152|o 133 0 114,0 097.0 081 

0 133 0 120 0 lOo’o 093 0 079 0 060 

0 107,0 097 0 087 0 076 0 08s|0 054 

0 089 0 08110 073 0 004 0 055 ( 0 040 
0 074 0 068 '0 001 0 054 0 048.0 039 
0 0040 058*0 052 0 040 0 040 ( 0 033 
0 056*0 051 0 046 0 040 0 035,0 029 
0 049 0 045,0 041 0 038 0 031|0 026 
0 044 0 041 0 037 0 032 0 028 0 023 


33. Concentrated Load on a Simply Supported Rectangular 
Plate. — The solution of the previous article can be used in dis- 
cussing the problem of bending of simply 
supported rectangular plates under a concen- 
trated load. This kind of loading can be 
obtained by making the sides ai and bi of the 
loaded rectangle of the previous article very 
small 1 and taking qajti — P. Let us begin 
with the simple ease in which the load acts at 
a point A on the x-axis, which is the axis of 
symmetry (Fig 69) The deflection of the 
strip along the x-axis in this case is 


J 


2 Pa 3 "NO 1 . mire . mrx 

”” — ““ ~S- 

m-1 


1 The problem of a concentrated force acting on a rectangular plate ha* 
been discussed by several authors See the author’s paper in Damngtnievr, 
p 51,1922. See also A Nadai, BautngenUur, p 11, 1921 j and B G Galer- 
fcm, foe. at , p 146. 
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where c « the coordinate of the point of application of the con- 
centrated load P and Z> t is the width of the strip. From this 
we obtain the following expression for the coefficients in series 
(d) of the previous article: 


Substituting this into Eq. (p) of the previous article and using 
expressions («) of the same article for the constants Am Snd 
C m , lie obtain the following equation for the deflection surface 
of the strip of width bp. 


„ ,, . __sm / cosh —^r 

“ " 5TST'2-S?-{ 1 - 7SiT^r[ co * - 2t -> 


+ Y» sihh (a m — 2r») + o 


- sinh — p cosh (a- - 2y, 


'->}* 


In order to obtain the deflection for the case of a concentrated 
force, h in this expression must be assumed to bo \ery small. 
Then y„, given bj r expression (t) of the previous article, is al-o 
\ery small, and we can put 

cosh (am — 2y„) = cosh a m — 2y m sinh 
sinh (a m — 27.) = sinh a. — 2y m cosh a m , 
sin 2y, = 2y«. 


Substituting these in expression (n) and omitting the terms con- 
taining y„ to poii era higher than the first, wc obtain 


■ -1 

+ -<•; ] -) + Sink =5(1 - 2 t- ta«h «.)] sin 2S. (l) 

COsh* a m / 2 >1 a J a 

Taking y — 0 in this expression, we obtain the deflection of the 
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plate along the x-axis m the following form : 




Pa’- 
‘ 2 Dr‘ 


* «n / 


— \ 8 

** «,/ 


This series converges rapidly, and the first few terms give us the 
deflections with sufficient accuracy. In the particular case of a 
load P applied at the center of the plate, the maximum deflee- 
tiqp, which is at the ccntrr, is obtained by substituting 
x - c — a/2 in expression (c), which gives 


Pa « 

' 2Dk* 


2 




(132) 


Values of the numerical factor a for various values of the ratio 
b/a arc given in Table 20. 


Table 20 — Factor a for Deflection ( 132 ) of a Centrally Loaded 
Rectangular Plate 
(*—0 3 ) 


»/• j 

1 0 

1 1 

1 2 I 

-77 

1 6 

1 8 

20| 3 0 j 

- 

“ 1 

jo 12155 

'o im 

'o itrgj 

0 1621 

0 1714 

0 1709 

0 1803*0 IfUfljo 1849 


It is seen that the maximum deflection rapidly approaches that 
of an infinitely long plate 1 as the length of the plate increases. 
The comparison of the maximum deflection of a square plate 
with that of a centrally loaded circular plate inscribed in the 
square (see page 73) indicates that the deflection of the circular 
plate is larger than that of the corresponding square plate This 
result may be attributed to the action of the reactive forces 
concentrated at the corners of the square plate w hich have the 
tendency to produce deflection of the plate convex upward. 

To determine the bending moments in the loaded portion of 
the plate we calculate the second derivatives of expression (6) 
which, for y « 0, become 

‘The deflection of plates by » concentrated load was investigated experi- 
mentally by M Bcrgstriaser; 8ee For»chune>arbnttn, vol. 302, Berlin, 1928 
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Btantially the same as that near the center of a centrally loaded 
circular plate. The bending stress at a point w ithin this circle may 
be considered as consisting of two parts, one of winch n the same 
as that in the case of a centrally loaded circular plate of radius 
o, while the other represents the difference between the stresses 
in a circular and tlio-e in a rectangular plate As the distance 
r between the point of application of the load and the pom 
under consideration becomes smaller anti smaller, the first par 
of the stresses varies ns log (a/r) and becomes infinite at the 
renter, whereas the second part, representing the effect of the 
difference in the boundary conditions of the two plates, remains 
continuous . , . 

To obtain the expressions for bending moments in the \icim y 
of the point of application or the load we use the first of the 
equations (114) (sec page 100) In the case under consideration 
the entire surface of the plate, with the exception of the point o 
application of the load P, is free from load, and the equation 
becomes 


a*M ■ aw 

c>i* + dy 1 


0. 


c n 


At the boundary the quantity M = (M, + Jlf*)/(l + *) ' s zcr ®' 
since the rectilinear edges of the plate arc simply supported. 
Thus the problem of determining M reduces to one of finding a 
solution of Eq (/) which is zero at the boundary and varies as 
log (a/r) at the point of application of the load. This solution is 
known and for an infinitely long plate can be represented in the 
following form: 


cosh — — cos 
a 

cosh — — cos 
a 


- c) 
a 

ir(j + c) ’ 
a 


to) 


where C is a constant. By calculating the second derivatives 
d*M/dx* and d*AI/dy* it can be shown that expression (g) satisfies 
Eq. (/). It is seen also that for i = 0 and x = a, t.e , along the 
supported edges of the plate, the expression for which the loga- 
rithm is to be taken becomes equal to unity. Hence M is zero 
at the boundary as it should be. For points close to the point of 
application of the load the quantities y and (r — c) are small, and 
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we can take cosh — = 1 + cos — — = 1 — T -- ~ 4 • 

a 2a* a 2a- 

Expression (g) can then be represented in the following form: 



represents the distance of a point under consideration from the 
point of application of the load P. 

In order to determine the constant C, consider the equilibrium 
of a small circular element cut out from the plate by a cylindrical 
surface of small radius r with its axis along the line of application 
of the load. The shearing force <?, along the boundary of this 
dement is found from the condition of equilibrium to be 

2-irrQr = ~P, 

from which 



The shearing force Q, can also be determined from the equation 1 



Substituting for M its expression ( h ), we find 


Qr 


0 ) 


It follows from this equation and from Eq. (») that C — —P, and 
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we obtain for points dose to the point of application of the load 1 
_ „ 2a sin ~ 


M = -?z log - 


(133) 


For the other points, bv using expression (g), wc have 
r(x — c) 


M *= — t— log - 


cosh - — 


cosh — — cos 


<r(x + cj ’ 


(134) 


The expressions for the bending moments M « and can be 
derived by using Eqs (133) and (134). Wc begin with the 
points along the ar-axis For these points M, = My, and by 
using Eq (134) we obtain 


(A/.)v-o » 


A/(l + r) 
2 


v(x ~ c) 


— log - 


x(z + c) 


(136) 


In the particular case of the load applied at the center of the 
plate, c = a/2, and we obtain 


1 . vx 

cim« - - -auui u, (>36) 

1 + T 

To obtain the bending moments at points that are not on the 
x-axis, let us consider the deflection surface of the plate below that 
axi3. The general expression for this surface is given by Eq- (/) 
of the previous article (see page 148). The constants in this 

‘This expression can readily be obtained also by summation of aeries («)• 
For this purpose we replace the products of sines by the differences of cosines 




: the senes — — log 2(1 - 



■•U3,— 
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equation for an infinitely long plate are obtained from the 
general expressions on pages 150, 151 and can be put in the 
following form: 

A' m * a,(l — y m coth 2 7 ,) sinh 2y m , 

■Bi, * —o,(l — 7, coth 2 y„) einh 27,, 

Di, = —C m — $a m sinh 2y, 

With these values of the constants and with the assumption that 
7, = imtbi/4a is infinitely small, the required deflection surface 
of the plate becomes 


L'S’i.,; 


=(1+3)-?. (137) 


The value of a, given on page 157 has been introduced. 
forming the second derivatives of these expressions we find 


M 

We find also 


\dx t ^dy i ) r^LJm ' 


«&■ 


dM 

y dy' 


Hence 

- -<$+ 4?) - if' 1 + ’>" + (I - '>»"]■) 


For points close to the point of application of the load P 
substitute for its expression (133) ; then 


(138) 


we can 


+4io C 

if, - s[(l + •Os >°k 



( 139 ) 
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It is interesting to compare this result with that for a centrally 
loaded, simply supported circular plate (see Art. 10). Taking a 
radius r under nn angle a to the x-axi«, we find, from I-qs. (00) 
and (91), for a circular plate 
.If, «= .If, cos’ a + At t fin 1 a 

-i(l + .)Io S 5 + (l -')££ (l) 

jlf, *=■ .If, sin* a + .If i cos* n 

-£<i + ,>io S s+<i-4£ 

Tlic fir-t terms of cxpresMions (139) and (fc) trill coincide 
if we take the outer radius of the circular plate rqual to 
(2fl/rt am («■/«). 

Under this condition the momenta .If, are the name for both case*. 
The moment it, for the long rectangular plate is obtained from 
that of the eircular plate by subtraction of the constant quantity 1 
(1 — v)P/ir From this it can lie concluded that in a long 
rectangular plate the strev, distribution around the point of 
application of the load is obtained by euperpo«ing on the stresses 
of a centrally loaded circular plate with radius (2a/») sin (icc/a) a 
simple bending produced by the moments M t *»—(]— r)PM r - 
It may lie assumed tliat the same relation l>ctw eon the moments 
of circular and long rectangular plates also holds in the case of a 
load P uniformly distributed o\cr a circular area of small radius 
c. In such a case, for the center of a circular plate w e obtain from 
L’q (83), by neglecting tho term containing c x , 


Hence near the center of the loaded circular area of a long rec- 
tangular plate wc obtain from Uqs. (139) 



observe that ar* *• r* ~ j,t. 
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From this comparison of a long rectangular plate with a circular 
plate it may be concluded that all information regarding the local 
stresses at the point of application of the load P, derived for a 
circular plate by using the thick plate theory (see Art 19), can 
afoo be applied in the case of a long rectangular plate. 

When the plate is not very long, £q*j. (d) should be used instead 
of Eq. (e) in the calculation of the moments Af, and M„ along the 
x-axis. Because of the fact that tanh a m approaches unity 
rapidly and cosh a m becomes a large number w hen m increases, 
the differences between tbe sums of series (d) and the sum of 
series (c) can easily be calculated, and the moments M, and M* 
along the x-axis and close to the point of application of the load 
can be represented in the following form • 


. (1 + 


2 1 . mrc . muz , P 


M, 


P( 1 + r) , 2 ° V , Pi 

• 5- log — — + Tizr’l 

■ 1L±A£^1 sia KT .m + 

2r -Z-hn a a Mir 


(141) 


- log - 


in which ri and y t are numerical factors the magnitudes of which 
depend on the ratio 6/a. Several values of these factors for the 
case of central application of the load arc given in Table 21. 


Tabu 21. — Factors yi and in* I>Qs. (141) 


m 








m 



mm 

iwn-n 




IS 

Em 


Eta 

E23 

my 

Kiiii 



Again the stress distribution near the point of application of the 
load is substantially the same as for a centrally loaded circular 
plate of radius (2a/*-) gin (rc/a). To get the bending moments 




1Gb THEORY OF ELATES AND SttF,LU> 

M, anti M, near the load we have only to superpose oit the 
moments of the circular plate the uniform bonding by the 
moments .1/; = yJP/*r and JtfJ - -(1 - i- - y, )P/4r, A**um- 
ing that this conclusion holds also when the load P is uniformly 
distributed over a circle of a small radius e, we obtain for the 
center of the circle 


it, 

M, 


2a sin — 

(1 + r) log a + } 


2 a sin — 

(1 + ») log — - — + 1 


n r 

r 4r ' 
■ (1 - 



If the load P is applied at a point that is not on the axis of 
symmetry, the general expressions (e), (/), and ((?) of the previous 
article should bo used. As an example, let us determine the 
deflection under a load P applied at a point whose x- and jr-coordi- 
nates are c and ni respectively. The general expressions for the 

constants Am Dm, given on page 151, can be put w 

another form by substituting 


ym + Pm 


tn ttj 
o ' 


Tm - Pm 


mrbi 
2 a 


and treating 6i as very email Then omitting all the terms con- 
taining hi to a power higher than the first and making y — 1 > n 
expression (e) of the previous article, wc obtain the following 
result for the deflection of the loaded Btnp (!/*=»;): 


mwx tm rc 




- Bmh 1 5p(co,l. + ~f~) 

- „ inh 23 ech =5(, arfl - coth «J j. (143) 


By making y =* 0 in this expression we obtain expression (c) 
which was obtained before for the load applied at the axis of 
symmetry. When the plate is very Jong, tanh « noth a m » b 
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ftnd Muli* a m cs cosh* a m become very large; and when n i-> not 
large in comparison with a, Eq (143) gives 


- Pa * ^ 


which can aLso be obtained from Eq (c) for the symmetrically 
loaded plate. 

34. Rectangular Plates of Infinite Length with Simply Sup- 
ported Edges. — In our previous discussions infinitely long plates 
have been considered in several cases. The deflections and 
moments in such plates were usually obtained from the corre- 
sponding solutions for a finite plate by letting the length of the 
plate increase indefinitely. In some cases it is advantageous to 
obtain solutions for an infinitely long plate first and combine 
them in such a way as to obtain the solution 
for a finite plate. Several examples of this 
method of solution will be given in this 
article We begin with the case of an infinitely 
long plate of width a loaded along the x-axis 
as shown in Fig 70 Since the deflection 
surface is symmetrical with respect to the 
x-axis, we need consider only the portion of 
the plate corresponding to positive values 
of y in our further discussion. Since the load 
is distributed only along the x-axis, the 
deflection w of the plate satisfies the equation 



F,o. 70 


<*? + ? J. !*? = o 

dxf T dz* dy* ^ dy* 

We take the solution of this equation in the form 


(«) 


which satisfies the boundary conditions along the simply sup- 
ported longitudinal edges of the plate. To satisfy Eq. (a), func- 
tions 1', must be chosen so as to satisfy the equation 
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Y s - sSK’:: + - o. 

a* a* 

Taking the solution of this equation in the form 

= AS? + Bj'Slc? + (e) 

a « 

and observing that the deflections and their derivatives approach 
zero at a large distance from the x-axis, it may be concluded tliat 
the constants A m and should be taken equal to zero. Hence 
solution (6) can be represented as follows: 

From the condition of symmetry we have 

(£)--«■ 

This condition is satisfied by taking C m = D m in expression (d)- 
Then 

« = 2 o -0 + ? nr- (e) 

IH“1 

The constants C„ can be readily calculated in each particular 
case provided the load distribution along the x - axis is given. 

As an example, assume that the load is uniformly distributed 
along the entire w idth of the plate The intensity of loading can 
then be represented by the following trigonometric series: 


« - U 5, • 

in which q 0 is the load per unit length. Since the load is equally 
divided between the two halves of the plate, we see that 
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Substituting expression (e) for to, we obtain 



from v. hich 



Hence 


C„ 


9«a* 


where m = 


1, 3, 5, ■ ■ ■ 


tfofl* NT’ 1 /, . mry\ . tmrx , . 

“ = pb 2j „.(,> + -ty • »"> — • w 

m-l 3 5, 

The deflection is a maximum at the center of the plate (s = a/2, 
y ~ 0), where 




goQ a "S? (-I)" 8 " forgoa* 

v*D m* 24 ■ &4D 

•>-1.3,5. 


(> y ) 


The same result can be obtained by setting tanh a« » 1 and 
cosh am = « in Eq. (131) (see page 164). 

As another example of the application of solution («), consider 
a load of length 26 uniformly distributed along a portion of tho 
ar-axls (Fig. 70) Representing this load distribution by a 
trigonometric scries, we obtain 



where go is the intensity of the load along the loaded portion of 
the x-aris. The equation for determining the constants C„, 
corresponding to Eq. (/), is 



Substituting expression (e) for to, we obtain 
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t* Dm* a a 

Expression (e) for the deflections then, becomes 

« - A ™ — an 1 + an =E 

v*D^m* a a \ a / a 


The particular case of a concentrated force applied at a distance 
c from the origin is obtained by making the length 2b of the 
loaded portion of the z-axis infinitely small. Substituting 


2bq„ - T 

in Eq (t), \\c obtain 


and 


mxb mxb 


? 1 . imc{ . . mxy\ mxx 

= rjs . »>n — I 1 H )c • sin 

2x*D*Z-im* a \ a / a 


Pa '-' STtJ 


(144) 


an expression that coincides with expression (137) of the previous 
article 

Wc can obtain \ a nous other cases of loading by integrating 
expression (i) for the deflection of a long plate under a load 
distributed along a portion 2b of the x-axis. 
As an example, consider the case of a load 
of intensity q uniformly distributed over a 
rectangle with sides equal to 2b and 2d (shown 
shaded in Fig. 71) Taking an infinitesimal 
element of load of magnitude q2b du at a dis- 
tance tt from the x-axis, the corresponding 
deflection produced by this load at points 
with y > ti is obtained by substituting qdu 
F«o. 7 i. f° r and y — u for y in expression (t). The 
deflection produced by the entire load, at 
points for which y g d, is now obtained by integration as 
follows: 



rl 




Lk/ 


it 

0 / 

rap 


d ' 


Mb 

EL J 

r 


J 




SIMPLY SUPPORTER RECTA KOI LAR PLATES 


171 


fnvc . mrb . mrt 


1 . n jt 

qa 1 1 . imrC . mrb . tnrx 

-r= —7 sjn «n wn 

a a a 


By a proper change of the limits of integration the deflection 
at points with y <d can also be obtained. Let us consider 
the deflection along the z-axis (Fig. 71). The deflection pro- 
duced by the upper half of the load is obtained from expression 
O’) by substituting the quantity d/2 for y and for d. By doubling 
the result obtained in this way we also take into account the 
action of the lower half of the load and finally obtain 


(»)** ■ 


a*^ 1 . mrc . mrb . 

nr i sin sin — - sin 


[i w 


When d = so, the load, indicated in Fig. 71, is expanded along 
the entire length of the plate; and the deflection surface is a 
cylindrical one. The corresponding deflection, from expression 

(*), is 


(w),_o 


4qa , ''0 1 - mrc • nurh . mxx 
— -tk — i sm — — sin — — sin —~— 

T ‘Pwilm‘ a a a 


Making J> — c — a/2 in this expression, w e obtain 




a 


which represents the deflection cun e of a uniformly loaded strip. 
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The following expressions for bending moments produced by 
the load uniformly distributed along a portion 2b of the avaxis arc 
readily obtained from expression (t) for deflection in'. 


- ?° a 'S! 1 J. j n mvC B , n m *b wn mrx 
‘ ~~ it 1 -i-J m* * a a n 

eon's? 1 

ilf, = ~ ; an — 


1 + * + a - k 


(«) 


+ v - (1 - r)~ 

These moments have their maximum values on the x-axis, where 
(M.)_ - (J»/,)_o 

9oo(l + »)'>0 1 . Tnirc . mirb . mxx . \ 

x 1 a a a 

In the particular case when c *= b = a/2, t c , when the load is 
distributed along the entire width of the plate, 

- ^'- + ’> ^ S’. si “ 

■•US 

The maximum moment is at the center of the plate where 

_ goa(l + y) VI (-1)" = Tgoafl + r) . 


(M,U 


■ 


32 


"When b is very small, t.e , in the case of a concentrated load, w'c put 

. mirb mrb , „ 

sin — >» — — and 2bq<, = r. 

Then, from expression (n), we obtain 

fur \ tnr\ P(1 + OV 1 • mjrc . WSJrX / •, 

= (Af*)** — 7i >- sin sin — — » W 

2jt tn a a 

which coincides with expression fe) of the previous article. 
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In the case of a load q uniformly distributed over the area of a 
rectangle (Fig. 71), the bending moments for the portion of the 
plate for which ygrf are obtained by integration of expressions 
(m) as follows: 


iir _ '? a ' s S? I • wire . mrb . tnrz \ 

~j _yjZr-, Bin sin sin \ 

a a a j 

< 7 a''« s x 1 fnre mrb micz I 

sm — sin — sin — I 

+ i (H5) 

-[U + 0-^ + 4-^}/ 

■ f '■/n'S? 1 . nurc . m xb . vitx ' I 

.V. = -,2,-,™ — mo — sm— 1 

{[£- 0-^-4-^ I 

a -.)(» + 4'^}'/ 

The moments for the portion of the plate for which y < d can be 
calculated in a similar manner. To obtain the moments along 
the x-ajds, wo have only to sulwtitute d/2 for d and y in 
formulas (145) ami double the results thus obtained. Hence 

(2a_r2a ( , 

l”» L”» J > \ (HO) 

, 270^0 1 mrc . tnrb . tnrz { 
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When d is very small, Eqs. (146) coincide with Eq. (n)i( we 
observe that 2 qd must be replaced in such a case by ?o- When a 
is very large, we have the deflection of the plate to a cylmdncn 
surface, and Eqs (146) become 


(AM.-. 


4oa*^? 1 mite . mirb - mrx 

: -i— ^ — sm sin — - sin — — » 

•jr* a a a 

m-i 

4 vqa*'^ 1 mire . mirb . mix 

‘ - , sin sin — sin — 

ir 5 -rf-J m z a a a 


The expressions for the deflections and bending moments in 
a plate of finite length can be obtained from the correspon mg 
quantities in an infinitely long plate by using the method oj 
images . l Let us begin with the case of a concentrated force 

applied on the axis of symme- 
try x of the rectangular plate 
with sides a and b in Fig 72a 
If we now imagine the plate 
prolonged in both the positive 
and the negative y-directions 
and loaded with a series of forces 
P applied along the line mn at a 
distance b from one another and 

in alternate directions as shown 

in Fig 726, the deflections of 
such an infinitely long plate are 
evidently equal to zero along 
the lines AiBi, AB, CD, 
CiDi, . . . The bending moments along the same lines are also 
zero, and we may consider the given plate A BCD as a portion o 
the infinitely long plate loaded as shown in Fig. 726. Hence the 
deflection and the stresses produced in the given plate at the point 
of application 0 of the concentrated force can be calculated by 
using formulas derived for Infinitely long plates. From Eq. (144) 
we find that the deflection produced at the ir-axis of the infi- 
1 This method » as used by Dr. A Xadai, see Z. ange to. Math iltch , vol. 2, 
p 1, 1022, and by M. T. Huber, eee Z angite. 3lalh. if ech., vol. 6, P- 228, 
1026 




simply supported rectangular plates 
nitely long plate by the load P applied at the point O is 
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Wi = 


Pa*X? 1 

2 r*D^im s 

m — 1 


mire mvx 

a a 


The two adjacent forces P applied at the distances b from ihe 
point 0 (Fig. 72 b) produce at the x-axis the deflection 



_(1 + 2a „)c — sin - 


^ which, as before, 


The forces P at the distance 2b from the point 0 produce at the 
x-axis the deflection 


ws - 


sin ^ C (l + sin 

v >D^Tn l a 


anil bo on. The total defloct.on at the i-axfa will be given by 
the summation 

(P) 


* tci + te« + + ' 


Observing that 

tanh a„ = 


1 + C~*- 


1_ 


* 1 - 2e~'-’- + 2c“< 
4e _, ““ 


‘ (?’- + e - ””) 1 ( 1 + ' 

- 4<r*~(l - 2c- 1 ' 


*•-)* 

■ + 3c - ,a * - + ‘ 


). 


wc can bring expression (p) into coincidence with expression (e) 

,h I„ P Scula.mftt stresses .round the point oi Mm J» 
the load In the plate of finite length l no nan hq. 
and calculate corrections corresponding o le 
auxiliary forces shown in Fig. 72 1 by using Eqs. (13S) b ™ 
the values of Jf entering into these equation, diminish rap.dl, 
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a, the. distances o! the forces from the point 0 teW# 
be necessary to consider only the Srst fen- forces near the po nt 0. 

The same method can be used when the po^ofapp 
P is not on the axis of symmetry (Fig. 73a). The doflectmns and 
moments can be calculated by introducing a system of ®a y 
forces and using the formulas 
derived for an infinitely long 
plate. If the load is distributed 
over a rectangle, formulas (145) 
and (146) can be used for calcu- 
lating the bending moments pro- 
duced by actual and auxiliary 
loads. . 

36. Thermal Stresses m Sim- 
ply Supported Rectangular 
Plates. — Let us assume that the 
upper surface of a rectangular 
plate is kept at a higher tempera- 
Fia. 73 tu re than the lower surfaceso that 

the plate has a tendency to bend convcxly upward because of non- 
uniform heating Because of the constraint along the simp j 
supported edges of the plate, which prevents the edges r 
leaving the plane of the supports, the nou-uniform heating ot in 
plate produces certain reactions along the boundary of the pa 
and certain bending stresses at a distance from the edges, in 
method described in Art. 24 wall be used in calculating the. 
stresses 1 We assume first that the edges of the plate are 
clamped. In such a case the non-umform heating produces 
uniformly distributed bending moments along the boundary 


whose magnitude is («ee page 54) 
sr 


(«) 


where t is the difference between the temperatures of the. upper 
and the lower surfaces of the plate and a is the coefficient o 
thermal expansion. To get the bending moments Mx and M * ° r 
a simply supported plate (Fig. 61), we must superpose on the 
uniformly distributed moments given by 'Eq. (a) the momen s 
that are produced in a simply supported rectangular plate by tno 
1 See pnpprhy J L. Maitbrbdi, foe. at , p. 104. 
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moments Af' = —atD( 1 + v)/h uniformly distributed along the 
edges. We shall use Eqs. (114) (see page 100) tn discussing this 
latter problem. Since the curvature in the direction of an edge 
is zero in the case of simply supported edges, w e have M\ = vJ/' 
Hence at the boundary 

„ M, + Ml + M\ atD(i + p) 

1 ~ 1 + r - 1 + y ” h W 

Thus the first of the equations (114) is satisfied by taking M 
constant along the entire plate and equal to its boundary \alue 
(6). Then the second of the equations (114) gives 


<3*ii; . dho _ at(l + y) 
dx* + dy* k 


Hence the deflection surface of the plate produced by non-uniform 
heating is the same as that of a uniformly stretched and uniformly 
loaded rectangular membrane and is obtained by finding the 
solution of Eq. (c) that satisfies the condition that w = 0 at the 
boundary. 

Proceeding as before, we take the deflection surface of the plate 
in the form 

w = tui + trj, (d) 

in which iz, is the deflection of a perfectly flexible string loaded 
uniformly and stretched axially in such a way that the intensity 
of the load divided by the axial force is equal to — «t(l + v)/h 
In such a case the deflection curve is a parabola which can be 
represented by a trigonometric series as follows. 


at(l -+ r) x(a - x) 


at( 1 -f y) 4a* 
k ** 




This expression satisfies Eq. (c). The deflection «», which mu«t 
satisfy the equation 

(f) 


dhrt , 
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can bo taken in the form of the Berios 


2 to 

1 1 1 

in which Y m is a function of y only. Substituting ( 5 ) in Eq (/), 
we find 



Hence, 

= A m sinh ^ + li m cosh ( h ) 

From the symmetry of the deflection surface 11 ith respect to the 
X-axis it may be concluded that Y m must be an even function of 
y Hence the constant A.id the expression (A) must be taken 
equal to zero, and we finally obtain 

o I h ir*m* 

m- 135 

+ B . cosh S®] (0 

This expression satisfies the boundary conditions u> = 0 at the 
edges x = 0 and x = a To satisfy the same condition at the 
edges y = ±b/ 2, we must have 


«<(1 + v ) 4 q » _ 

ft 


Substituting the value of B„ obtained from this equation in 
Eq. ( 1 ), we find that 



in which, as before, <*„ — vrrb/2a 

Having tlus expression for the deflections to, we can find the 
corresponding values of 1 (ending moments; and, combining them 
with the moments (a), we finally obtain 
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>) _ ,)( s ’ w 4. , a ’ w \ 

~ J, V5F + ‘V/' 

4D«<( 1 - **) "s? 

rk ^ 


ai(l - v*)D 4Dai(l - *■*) ^ 

“ A rh ^ 


The sum of the series that appears in these expressions can be 
readily found if we put it in the following form 



m — I 3 5. 


The first series on the right side of this equation converges 
rapidly, since cosh ( mmj/a ) and co-h a„ rapidh approat 1 

f? and c~ as m increases The second serins can be represented 
ns follows.* 



■ Sen W. It. Bycrly. “H™W TrcsHs-on F,,«n.r S.'ri™ ."d Spferin.b 
Cylindrical and Ellipsoidal Harmonics," p 100, Hoston, 
can be easily obtained by usm;c the known series ^ 




t-an3r+7«"^ + • 
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The bending momenN .1/, »nd H. have their maximum value* 
at the boundan These values arc 


(M,) h = 


= ~ = Ek' 


12 


(«) 


It n wen that thew moments arc obtained by multiplying the 
\ nine of Jf. in formula (a) by (1 - »). The same conclusion M 
reached if we observe that the moments Ml which were nppuc 
along the boundary produce in the perpendicular direction ic 
moments 

«tP (l 4- >) 

' k 


» rjl/l — ■ 


which superposed on the moment (a) give the value (n). 

36. Application of Finite Differences Equations to the Bending 
of Simply Supported Rectangular Plates— In our previous dis- 
cussion (see Art. 24) it was shown that the differential equation 
for the bending of plates can be replaced by two equations each 
of which has the form of the equation for the deflection of a 
uniformly stretched membrane. It w as mentioned also that this 
latter equation can be solved with sufficient accuracy by replacing 
it by a finite differences equation To illustrate this method o 
solution let us begin with the case of a uniformly loaded long 
rectangular plate. At a considerable distance from the short 
sides of the plate the deflection surface in this ease may be con- 
sidered cylindrical. Then, by taking the x-axis parallel to the 
short sides of the plate, the differential equations (114) become 


dhn = _M ( 

6x ! D ) 

Both these equations have the same form as the equation for the 
deflection of a stretched and laterally’ loaded flexible string. 

Let AB (Fig. 74a) represent the deflection curve of a string 
stretched by forces S and uniformly loaded with a vertical load of 
intensity q. In deriving the equation of this curve we consider 
the equilibrium of an infinitesimal element mn. The tensile forces 
at points m and n have the directions of tangents to the deflection 
curve at these points; and, by projecting these forces and also the 
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load q dx on the z-axis } we obtain 

+ »’ 

from which 

d'-W q ( r \ 

dP S 

Tfiis equation has the same form as Eqs (a) derived for an 
infinitely long plate. The deflection curve is now obtained by 
integrating Eq (c) which gi\es the parabolic curve 

„ „ W) 

n* 

satisfying the condition, to - 0 at the end. and having n dptlrc- 
tion S at the middle. 



Fio. 71. 
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the horizontal projections of these forces are equal to S and the 
sum of their vertical projections is in equilibrium with the load 
q Ax, which pies 


-S Wk ~ tft - 1 + &***- Wt + g A* - 0. to 

Ax Ax 

In this equation to*_i, tr* and tc*+i arc the ordinates corresponding 
to the three consecutive apexes of the funicular polygon, and 
(to* — iCfc_i)/Ar and (tCfc+i — tr*)/Ax arc tho slopes of the two 
adjacent sides of the polygon. Equation (<) can be used m 
calculating the consecutive ordinates toi, to», ...» tr*_j, tr*, 
iCk+ii • • ■ * of the funicular polygon. For tliis purpose let us 
construct Table (/). 


0 

to* 



Ax 

ID, 



] 



(* - DA* 

«•» i I 


kSx 

w* 

A’it* 

(k + l)Ax 



1 



The abscissas of the consecutive division points of the span are 
entered in the first column of the table In the second column are 
the consecutive ordinates of the apexes of the polygon. Form- 
ing the differences of the consecutive ordinates, such as tot — wo, 
• ■ • , to* — to*— i, tOi+i — to*, • • • , tie obtain the so-called 
first differences denoted by A «%, ...» Atc*_i, Ate*, .... which 
we enter in the third column of the table. The second differences 
are obtained by forming the differences between the consecutive 
numbers of the third column. For example, for the point k 
with the abscissa k\z the second difference is 


Abo* = A to* — Ato*_* — to* + , — to* — (to* — to*-,) 

— v>k+i ~ 2 to* + to*— i* (ff) 
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With this notation Eq. (e) can be written in the following form. 


A ? to _ q 

Ar* “ S' 


(*) 


This is a finite differences equation which corresponds to the 
differential equation (c) and approaches it closer and closer as the 
number of division points of the span increase* 

In a similar manner the differential equations (a) can be 
replaced by the following finite differences equations: 


AMf 
Aj 1 
A*tr 
A** ' 


(*) 


To illustrate the application of the.se equations in calculating the 
deflections of the plate let us divide the span, say, into eight 
equal parts, let Ax — {a. Then Eqs («) become 


AM/ 
A*u» ■ 


qa* 

(A 


Afa* 

~(AD 


Forming the second differences for the consecutive division points 
w,, t p t , tr, and tr, in accordance with Eq ( 9 ) and observing 
that in our case tro — 0 and Mt = 0 and from symmetry* ir, «= tr, 
and Jlfj =* ,1/,. we obtain the two following groups of linear 
equations: 


.V, - 2.1/ , = 

01 

tTj — 2 IT! = 

Mt - 2.1/, + .If, - 

y» a , 

(A 

tr* — 2 ir, + tr, = 

- 2.1/, + .1/, - 

q<t* 

<A 

w» — Sir, + «*,»» 

.1/, - 2 .I /4 + .V, - 

qa i 

M 

tr, — 2tr* + «',*■ 


Mta* \ 
WO’] 
.If*’ / 
Mb ’( 
Mta Y 
(AI}\ 

Sf#* ] 
Mb 7 


U) 


Solving the first group, we obtain the following values for Mi 


.V, 


"22? 
2 W 


-V, 






m 


(*) 


15 

2 t>l‘ 
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These values coincide exactly with the values of the bending 
moments for a uniformly loaded strip, calculated from the 
known equation 


M 


2 


Substituting the values (k) for the moments in the second group 
of Eqa U)> we obtain 

«>i — 2tci ~ 

Wj — 2icj + «>i = —6 N, 

104 — 2icj + Wt = —^N, 

tr* — 2ic« + u-'j — —8 N, 


where 


N 


‘ 64’D - 


Solving tlieso equations, we obtain the following deflections at 
the division points’ 

tt’i - 21A r , wi = 38 51V, w, = 50 IV, tc* = 541V. (0 

The exact values of these deflections as obtained from the known 
equation 

” - amt 0 ' - 2 “’ + *■>■ 


for the deflection of a uniformly loaded strip of length a, for pur- 
poses of comparison, are 

u»i *= 20 7N, tt) 2 = 38A r , u'j = 49 41V, tiq = 53 31V. 

It is seen that by dividing the span into eight parts, the error 
in the magnitude of the maximum deflection as obtained from the 
finite differences equations (i) is about 1.25 per cent By increas- 
ing the number of division points the accuracy of our calculations 
can be increased; but this will require more work, since the 
number of equations in the system (j) increases as we increase 
the number of divisions. 

Ixrt us coaside r next a rectangular plate of finite length. In 
this case the deflections are functions of both x and y, and F,qs. (a) 
must be replaced by the general equations (114). In replacing 
then? equations by the finite differences equations wo have to 
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consider the differences corresponding to the changes of both 
the coordinates x and y We shall use the following notations 
for the first differences at a point /I „» with coordinates in Ax and 
nAy. The notation used in designating adjacent points is shown 
in Fig. 75 

A,U)„_i „ = — to A*UV, - Wn+i.a — W m .„, 

A t W„ »_1 = 10 m A„tO m „ = tOm »+l ~ If. n 

Having the first differences, ire can form the three kinds of second 
differences as follows: 


Ai,tP„„ = A ,Wm» — A., 10 — .j » “ Wm+y.» — to*. 

— (to m „ — to«_i, n ) = to m+ i . — 2 io„» + to— I 
A„to m , = A y to„» — A u u‘ m = io„..+i — w mf 

— (to„„ — to„ ■* to„ .+1 — 2w„ n + kv—i. 

A„to»„ “ A v io m » — A v u'„ .] . = to..» + i - 

- (tt— - tO— , B ) - tO„ „+, - Ww, n - W—I..+J + tt’— 1 . 

With these notations the differential equations (114) will be 


„ 

l- 

i 



M 


r- 




r 

L 



0 

, 


z 


1 




I 

4 

4yTA 



w»t,n ; 


— A 


•1 

.t 



2 


1 1 

y 

Fm. 75 

1 

Fic 

’ 

i 70 

5 


replaced by the following differences equations: 



A,M A„M 

At 1 Ay* 

A„i o A„w 
Ax 1 Ay* 



(«> 


In the case of a simply supported rectangular plate Af and to are 
equal to zero at the boundary, and we can solve Eqs. (n) in 
succession without any difficulty. 

To illustrate the process of calculating moments and deflec- 
tions let us take the very simple ease of a uniformly loaded 
square plate (Fig. 76). A rough approximation for Af and w 
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w ill be obtained by dividing the plate into 16 small squares as 
shown in the figure, and by taking Ar = Ay = ^ in Eqs. («)• 
It is evident from symmetry that the calculations need be extended 
over an area of one-eighth of the plate only, as shown in the 
figure by the shaded triangle. In this area we have to make the 
calculations only for the three points 0, 1, 2, for which M and w 
are different from zero At the remaining points 3, 4, 5, these 
quantities are zero fr6m the boundary conditions. Beginning 
with the first of the equations (n) and considering the center of 
the plate, point 0, w e find the following values of the second dif- 
ferences for this point by using Eqs. (m) and the conditions of 
symmetry: 

A „M t - 211/ 1 - 23/#, 

A „3/« » 23/, - 2J»/o, 

in which Mi and 3/o are the values of M at points 1 and 0, 
respectively. Similarlv for the point 1 w’c obtain 

A m M, = 3/, - 2 + Mo = -23/, + M 0 , 

A„3/, = 23/, - 23/, 

The second differences at point 2 can be calculated in the same 
way. Substituting these expressions for the second differences 
in the first of the equations (n), we obtain for the points 0, 1 and 
2 the following three equations: 

43/, - 43/„ = 

23/, - 43/, + Mo - -£?, 

16 

-4M, + 2 sr, = -fi', 

Id 

from which we find 


- 2 2 ^ 
= 2 64’ 


a ^ 

3 2 64’ 


11 qa * 
= 4 64 


Substituting these values of moments in the second of the equa- 
tions (n), we obtain the following three equations for calculating 
deflections ir 0 , u;, and tc,: 
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where 


4u>i — 4w 9 — — | A’, 
2 vs - 4u>, + tc 0 = -^V, 
— 4wj 5 + 2m?i = — 


16 • 64D 

From these equations we find the foliowing values of the deflec- 
tions: 

tr« — N, tr t = ft N, w t = ?$A r 
For the deflection at the center we obtain 


t c 0 


66ya* 

16 • 16 • 64D 


0<XM03&‘ - 0M4l)|j~ 


Comparing this with the value 0 0443ga*/£A* given in Table 5, 
it can be concluded that the error of the calculated maximum 
deflection is less than 1 per cent. For the bending moment at 
the center of the plate we find 


M, = M, 


W + >) 

'2 


1? 2 so! 

2'2M 


0 . 045790 *, 


which is less than the exact value 0.0479<7a* by about 4j per cent. 
It can be seen that in this case a small number of sulxliwMons 
of the plate gives an nccuracy sufficient for practical applications 
By taking twice the number of subdivisions, i e , by making 
Ax = Ay =• la, the value of the tending moment will differ from 
the exact value by Jess than 1 per cent. 

From this simple example it can be seen that the U'-e of the 
differences equations gives us a satisfactory result in the ca-e of 
simply supported and uniformly loaded rectangular plates and 
may be applied in practical cases.* 
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37. Bending of Anisotropic Plates.— In our previous diwu^ 
Mons we have assumed that the elastic properties of the matenai 
of the plate arc the same in all directions. There are, however, 
cases in which an anisotropic material must be assumed if ** 
Wish to bring the theory of plates into agreement with experi- 
ments 1 I/'t us assume that the material of the plate I'M thro 
pianos of symmetry w kill respect to its elastic properties. 1 aktng 
these planes as the coordinate planes, the rclatioas between 
stress and strain components for a case of plane stress in 
xy-plane can be repreM ntrd by the following equations: 


c, ■= + £"•»») 

, r = E’j, + 
r„ = Gt n ) 


(«) 


It is seen that in the ease* of plane stress, four constants h* 
E" and 0 nrc needed to ehararterize the elastic properties o 
material . . 

Considering the bending of a plate made of such a materia > 
assume, as lief ore, that linear elements perpendicular to 
middle plane (xy-plane) of the plate before bending rcm ™’ 
straight and normal to the deflection surface of the plate a 
bonding Hence we can u-c our previous expressions for 
components of strain: 


= 


fl’tr 9’-^— -• 

~ Z W' 7 " " ’9z dy 

The corresponding stress components, from Eqs. (o)i !lrc 


(W 




r - “ I 

With these expressions for stress components the bending and 
twisting moments arc 

•The case of a plate of an anisotropic material has been discussed by J> 
Boussitiesq, J. tnalk , 3d senes, vol. 5, 1879 See also Saint » 8 

translation of the book “Throne de IVlasticit# des corp 8 solides,’ by . 
Clebsch, note 73, p 693 
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".-A**--(*3 +ft S){ (147) 


lf„ - - j\r,J til = 2 D„ 


in which 
»■ = ¥' 


« 


Substituting expressions (147) in the differential equation of 
equilibrium (98), we obtain the following equation for anisotropic 
plates: 

ag + n(i>, + mw 5^ + ftsF-* 

Introducing the notation 

ir - d, + 2i>„. 

we obtain * 

a£ + *»*$fc + *8?- (HS > 

In the particular ease of isotropy we have 


' 12(1 - 

a*/ */; , g i , 

/ - b, + 2D„ - + rrJ 


nnd Eq. (148) reduce* to our previous Kq. (101)- 
Equation (148) on lx- u.od in the tan,UB.t«» of 

of platoa of non-homoecncou, raalori.l, ^ 

rot, .lain, 1 ntich hove iUff«vnl Itora! npd.no, in ton 
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mutually perpendicular directions. The quantities D„ D„ and 
i), can be calculated approximately for a reinforced concrete 
slab by the methods u«od in investigating the bending of rei * 
forced concrete beams, or they can l>o obtained wit K rca * 
accuracy by exjierimcnt. The torsional rigidity D n c * n > 
calculated approximately by taking the concrete on > ia 
account and u«ing its shear modulus G, or a more accurate va u 
i an be obtained by direct test, as shown in Fig 25c. 



liquation (148) can also be applied to the gridwork system 
shown in Fig. 77. This consists of two systems of parallel 
l>eams spaced equal distances apart in the x- and {/-directions 
and rigidly connected at their points of intersection, x c 
beams are supported at the ends, and the load is applied norma 
to the xy-planc. If the distances a, and i»i between the beams 
are Bmall in comparison with the dimensions a and & of 
grid, and if the flexural rigidity of each of the beams para c 
to the 7-axis is equal to and that of each of the beams para e 
to {/-axis is equal to D t, we can substitute in Eq. (148) _ 



The quantity Di in this ease is zero, and the quantity D& can 
be expressed in terms of the torsional rigidities C» and C* of t e 


this subject. See Z OsUrr. Inf. u Archil. Ver., p. 557, 1914 
principal results are collected in hia books: “Teorya Plyt,” L»o«, 19 « 
and “Probleme der Statik technisch with tiger orthotroper Ratten,” Wars- 
rawa, 1929. Abstracts ot his papers are given in Com pit t renrfw v * 
170, pp. 511 and 1305, 1920; and v. 180, p. 1243, 1925. 
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beams parallel to the x- and y-axes, respectively For this 
purpose we consider the twist of an element as shown in Fig 
77 b and obtain the following relations between the twisting 
moments and the twist d i w/dxdy: 




Cl d*w 

hi dx dy 


M tz 


C t 

ai dx dy 


Substituting these expressions in the equation of equilibrium (/) 
on page 87, we find that in the case of the system represented in 
Fig. 77a the differential equation of the deflection surface is 


B,<Pw.(Ct , C»\ d*v> + B,dJw ^ ^ 
bi dx* + \bi ^ cnjdz* dy * ai dy 4 


(148') 


which is of the same form as Eq. 148. 

Equation (148) can be solved by the methods used in the case 
of an isotropic plate. Let us apply the Navier method (see 
Art. 27) and assume that the plate is uniformly loaded. I along 
the coordinate axes as shown in Fig. 59 and representing the 
load in the form of a double trigonometric senes, the differential 
equation (148) becomes 


njr V™ . D — 
2H dx 1 dy » + ‘dy* 


= 


2 


A solution of this equation that satisfies the boundary 
can be taken in the form of the double trigonometrical 


conditions 


2 -sri . TrtTX . nry 

wt — 1.3 S." .*-l.S5,"- 


Substituting this series in Eq. W. t»« tte fo "' roin ' " preS ' 
eion for the coefficients a»»: 


a.* 
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Hence the bolution of Eq (ff) is 

— 4P 2 2 


nnj 

b 




- (0 


In the case of an inotropic material D, ~ D, — U - A WM * t * lH 
solution coincides with* that given on page 118. 

As a second example let us consider an infinitely long P a 
(Fig. 70) and assume that the load is distributed along thei-axis 
following the sinusoidal relation 

. mrx (j) 

q = sin — 

In this caso Eq (148) for the unloaded portions of tho plate 
becomes 

+ 2// - 0. <» 

u ‘dx' ^ dx* dy* T "dy* 

A solution of this equation, satisfying the boundary conditions 
at the bides parallel to the «/-a\is, can be taken in the following 
form: 

«-r.«n525. © 

a 

where l'« is a function of y only Substituting this in Eq. W> 
we obtain the following- equation for determining the function 

r„: 

D.YH - 2 h’*£y" + D?%Y m = 0 . (»»> 

a 1 a* 

The roots of the corresponding characteristic equation are 



We have to consider the following three cases: 

(i) in > d,d„ (2) in = n,o„ (3) in < d,d, (") 

In the first case all the roots of Eq (n) are real Considering 
the part of the plate with positive y and observing that the 
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deflection w and its derivatives must vanish at large distance- 
from the load, we can retain only the negative roofs I^ing the 
notations 



a rrrwibX 

a [H WTSX 

~7\Ds ~ \5j ei 


( p ) 


the integral of Eq. (m) becomes 

Y m = Ajt" + T I 

and expression (I) can be represented in the form 


P-M-T-+*-* *> 


mrx 

a 


From symmetry vve conclude that along the x-axis 

(*!*) - 0, 

\dy / »— o 




The coefficient vl- is obtained from the condition relating to the 
shearing force Q, along the x-axU, which gives 

Sulwtituting for ir its expression ft), we obtain 


' . 4 . - 


j,l irqta 
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and the final expression (?) for the deflection becomes 


' 2r l m 1 D I (a I - 0 s ) 




- * ) sin - 


In the second of the three cases (o) the characteristic equation 
has two double roots, and the function 1'* has the same form 
in the case of an isotropic plate (Art. 34). In the third o ® 
cases (o) the roots of the characteristic equation are imagmarj, 
and y„ is expressed by trigonometric functions. 

Having the deflection surface for the sinusoidal load Oh 
the deflection for any other kind of load along the 2 -axis can 
obtained by expanding the load in the series 



and using the solution obtained for the load (j) for each term of 
this series. Hence, for H* > D,D, the general solution is 


a* ^ <, _22? - 

D,(a l - m ,(aC “ Pe 


' ) sin - 


2 , <«) 


in which a and 0 have the meanings given by Eqs (p)- 

Having th\s solution, the deflection of the plate by a l° a 
distributed over a rectangular area can be obtained by integra- 
tion, as was shown in the case of an isotropic plate (see Art. 3 )• 
By applying the method of images the solutions obtained for an 
infinitely long plate can be used in the investigation of the bend- 
ing of plates of finite dimensions. 1 

38. Rectangular Plate* of Variable Thickness.’ — In deriving the differ- 
ential equation of equilibrium of plates of variable thickness, we assume t 
there is no abrupt variation in thickness so that the expressions for bending 
and twisting moments derived for plates of constant thickness apply W1 
sufficient accuracy to this case also. Then 


1 Several examples of this kind are worked out in the book* by Huber, 
loc. cU., p. 190. 

’ This problem was discussed by R. Oran Olsson, Ingenuur-Arckit, voh 5. 
p 363, 1934; see also M. Eric Reiasner, J. Math. Phyt , voL 16, p. <3, 1637. 
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Substititing these expressions iit the differential equation of eq nlih’ - 1 el 
an element (Eq (j), page 87), 

6 * 31 , _ . 6 * 31 ., aw, _ _ ?i (b) 

dx* 6x dy 3y * 

and observing that the flexural rigidity D is no longer a constant hut a func 
tion of the coordinates * and y, ne obtain 


, joa v. aD a 

DAAw + 2— —in + 2 — — t 
dx dx Oy 3y 


„ J a*D a*v> . 6'D a *g_ , gl£ (i49) 

" r \a z * ay* ~ 2 ax ay a t ay ay* ax* / 


+ AD Aw 

where, as before, we employ the notation 

a * , a * 


Ast 


particular example of the application of Eq (HO) let M rOMjJ« the 
ie in which the flexural rigidity D is a linear function f y P 


where D, and D i are constants. 

In such a case Eq (149) becomes 


(D. + D,y)AAw + 2D, —Aw - ?. 



Let us consider the case in which tl»<* . , 

intensity of the load q is proportional to the flexura 
assume the deflection of the plate (Fig «8) in ® 


and let tc, equal the deflection of a atrip parallel to the M 1 " f ’ 
plate and loaded with a load of intensity . 


+ s') 
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This deflection can be represented, as before, by the trigonometric senes 



By substitution we can readily show that this expression for tci satisfies Eq 
(150) Jt satisfies also the boundary conditions w 0 and QHe/dx 1 — 0 
along the supported edges x = 0 and x »* a 
The deflection u>» jnust then satisfy the homogeneous equation 

•M(D, + Diy)-ltrJ - 0 {/) 

We tale it tn the form of a scries 


v>, •» 


2 


to) 


Substituting this senes in Eq (/), we find that the functions Y m satisfy the 
following ordinary differential equation 

(»7 -”?)[<"• + D '‘"( ! "--v v -)]-° “ 

Using the notationa 

U - (D. + D„)(r: - ~ b) 

wc find, from Eq (ft), 


f m *= A m f-> + /i.r 


Then, from Eq (t), wc obtain 

K - <*LY m 


d-f .► -4- 
D» + D,y 


0) 


<*) 


The general solution of this equation 
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in which E m and F m are /unctions of y. These functions liaie 
mined from the following equations 1 


from which 


£>•-» -j- 


= 0, 

— + RmC~ a - V 

a .(D, + D>y) 


F> „ A - + 

" “ 2 ^.( 0 , + Diy) 

" 2 «,(£>. + D.y) 




Integrating these equations, we find 

f Am + Am 2am 

'■ ' J iZm+m * 1 - lo! !> 7 <d " + '’»> 

“ f e + Da)] 

+ 2a m D, e J 2c, m {D„ + D&) 


-ft 


e’*-' + Bm , R. , 2°m,„ , „ , 

STTSi)* ■ -2.-6 , ,os -B, (ft + 

2o.(0«4Div) 

— 2 a.D« |“ 


A ~ .—£ 
2amDl 


- f « 07 "~dl2 a .(D 0 + p, v : 

J " 2 «.(O u + Z>,y) 


Substituting these expressions in Eqs (I) and (k) and using the notations* 

“ J ^rfu, Et (— «) ~ J ~u <iu ’ 

we represent functions Ym in the following form 
- ,„ S ^ (D . + «.„ - 

+ + 0_e-“.». (w) 

The four constants of integration Am, Em, C m , Dm are obtained from the 
l»oundary conditions along the sides y — 0 and y -= b. In the case of simply 
supported edges these are 

1 E'm and F' m in these equations are the derivatives with respect to y of Em 
and Pm- 

* The integral E,(u) is fhe socaf/ed exponential integral and is s tabulated 
function, see, for instance, Jahnhe-Emde, '‘Tables of functions,” 2d ed , 
p 83, Berlin, 1933. 
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<”>« - 


The numerical results for a simply supported square plate obtained by 
taking only the first two terms of the series (?) are shown jn F)g 79. 1 The 



Momenl My Moment Mx Deflection 


y ■= 0 0163 
y = £t I7S 

y * Q335 

yOW 

y*Q65J 

y=flfl/Z 

y •> Gf 72 


Fia.79 


deflections and the momenta Jf, and if, along the line * — a/2 tar tho 
plate of variable thickness are shown by full lines; the same quantities calcu- 
lated for a plate of constant flexural rigidity D — 1(f), + Di&) are shown by 
dotted lines It was assumed in the calculation that Z>i6 — 7 D, and 


CHAPTER VI 


RECTANGULAR PLATES WITH VARIOUS EDGE 
CONDITIONS 


39. Bending of Rectangular Plates by Moments Distributed 
along the Edges. — Let us consider & rectangular r 
plate supported along the edges and bent by [ 
moments distributed along the edges y = +6/2 
(Fig. 80). The deflections to must satisfy the | 
homogeneous differential equation 




- 0 


dx 4 dx*dy* dy* 
and the following boundary conditions. 



to ** 0, « 0 for x *=■ 0 and x — a\ 

to =* 0 for y = jt|; 


(V 

(c) 

(d) 


in which / t and ft represent the tending moment distributions 
along the edges y ~ ± 6/2. 

We take the solution of Eq. (o) in the form of the series 


S v . mrx . . 

1 « sin — » («) 

each term of which satisfies the boundary conditions (6). The 
functions Y m we take, as before, in the form 

r_ = A. sinh 23 ! + B. cosli + C.22 si „ h SS. 

a a a a 

+ DJ23L cosh^ (/) 


189 


- which satisfies Eq. (a). 
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To simplify the discussion let us begin with the two particular 

1. The symmetrical case in which (Af ,}*_*/* = (Af J* — b/t 
2 The antisymmetrical case in which (Af,)y_i/i = — (3/*)*— »/i 
The general case can be obtained by combining these two particu- 
lar cases. 

In the case of symmetry l'„ must be an even function of y, 
and it is necessary to put A m — D m = 0 in expression (/). 
Then we obtain, from Eq (e), 

» = 2( B " M *? +c ^ stah! ?)’ inS r- w 

To satisfy the boundary condition (c) we must put 
B m cosh a m 4- Cmam smh a m 0, 
where, as before, 

— 

° m= 2 a' 

Hence, 

Bm — tanh a m , 

and the deflection in the symmetrical case is 

tanh cosh ain 22. 

(h) 

We use the boundary conditions (d) to determine the constants 
Cm Representing the distribution of bending moments atong 
the edges y = ±b/2 by a trigonometric series, we have in the 
case of symmetry 

/.(*) - Mr) - 2 £ - rin ■ w 

where the coefficients E m can be calculated in the usual way for 
eaiflx jwwtieu.ls.c case Fm mstaflrca, in \he case of a wnfomt 
distribution of the liending moments we have (see page 168) 
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\ 4 .ilfo 1 mrx , 

^ 8in “* 0) 

2 W=I3S 

Substituting expressions (A) and (t) into condition (rf), wc obtain 

nnVra’l 1 . , . J7JTI ''O „ narx 

—2D >.——C n cosh a„ Kin = >.£\» bin » 

a 1 a a 


a*E m 

2 DmV cosh a* 


" “ ,anh cml ‘ ^ 

-SB (15)) 

In the particular case of uniformly distributed moments of 
intensity Af# wo obtain, by using expression (j), 

* = 2 -^ 2 **•-'* ■=? 

-^ si „h2S)ri„Sf. 


The deflection along the axis of symmetry (y = 0) is 


When a is \cry large in comparison with 6, ire can put 
tanh o n o a m 

am ** I. Then, bv u-ing series (j), wc obtain 

. . MJ>* V I . M f AW>* 
W— “a® S M "-5T”sT)~ 


and co*h 
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This is the deflection at the middle of a strip of length & bent 
by two equal and opposite couples applied at the end3. 

When a is small in comparison with b, cosh a m is a large 
number, and the deflection of the plate along the x-axis is very 
small. 

For any given ratio between the length of the sides of the 
rectangle the deflection at the center of the plate, from expression 

(fc). w 




2 M$a* ^ , , v — 1 a m tnnh a m 

i*D m* cosh a- 

s. 


For a square plate we obtain from this series 

W ,. 0 

It is seen that the deflection of a strip of length a is about three 
and one-half times that of a square plate of dimension a. Having 
expression (151) for deflections, we can obtain the slope of the 
deflection surface at the boundary by differentiation and we 
can calculate the bending moments by forming the second 
derivatives of t c. 

Let us consider now the antisymmctrical case in which 


Mx) = -/,(x) = sin 

In this case the deflection surface is an odd function of y, and 
we must put U* = C„ = 0 in expression (/). Hence, 

“ ■ 2(^- “» h «* “) »» —■ 

From the boundary conditions (c) it follows that 
A m sinh am + D, »a m cosh a m = 0, 

whence 

jf>- ~ tank amA m , 



PLATES WITH, VARIOUS EDGE CONDITIONS 203 

and 

» - 2- A -( ri “ 5 ' =7* - ~ ‘»»h cosh Ha*) an =H 

The constants ri „ are obtained from conditions (d), from which 
it follows that 


2 t WS 
a* • 


. to* . , , , . mrx "'O „ . wttx 

— smh a m tanh «„ sin /",■&-> sin 

m— 1 

w „ o* g. f' 

2r’Z>-*— I to* si nh a«\ " 


Hence, 

and 


2t*# "to* smh «„ tanh o 


, coth a, sinh — — 


_ SS cosh 23?') sin (152) 

a a / a 


We can obtain the deflection surface for the general case 
represented by the boundary conditions (<f) from solutions (151) 
and (152) for the symmetrical and the antisymmetrical cases. 
For this purpose we split the given moment distributions into a 
symmetrical moment distribution M' f and an antisymmetrical 
distribution JU", as follows: 

+/t(*)J, 

(K) » - = *(/•(*) - /*<*>]• 

ir-j * a 


These moments can be represented, as before, by the trigono- 
metric series 


<M» *= 'SE'.sin^ 

•~2 ^ a 

x-1 

(Wr),_ | “ 2"^“ £ ' n ~a~ 


(0 
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and the total deflection is obtained by using expressions (151) 
and (152) and superposing the deflections produced by each of 
the two foregoing moment distributions (I). Hence 


. . mwx 

, . sin r T# / 

“ 2Sd 2 m> [co.lTa..(“" ta ” 1 ' 

_ 23 anh 23) + L . 

a a / sinh a„\ 


. mirx 

a„ COSh 

a 


If the bending moments ill, = E m sin are distributed 
m-l 

only along the edge y =* 5/2, we have /i(x) — 0, E' m = E'J. = hE*, 
and the deflection m this case becomes 


„ mrz 

E. 8'n 0 (• i { 

i -sr— lisro.- ° 

I Mnh 23') + _'(«. colh 

a / sinh «„\ 


, mvy 
a. cosh ■■■ — - 


Solutions (151) to (154) of this article will be applied in the 
investigation of plates with various edge conditions. 

40. Rectangular Plates with Two Opposite Edges Simply 
Supported and the Other Two Edges Clamped. — Assume that 
the edges x = 0 and x = a of the rectangular plate, shown in 
Fig 80, are simply supported and that the other two edges are 
clamped The deflection of the plate under any lateral load can 
he obtained by first solving the problem on tbe assumption that 
all edges are simply supported and then applying bending 
moments along the edges y = ±5/2 of such a magnitude as to 
eliminate the rotations produced along these edges by the action 
of the lateral load. In this manner many problems can be solved 
by combining the solutions given in Chap. V with the solution of 
the previous article. 
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Uniformly Loaded Phtes .— Assuming that the edges of the 
plate are simply supported, the deflection is [see Eq (126), 
page 128] 


4 qa* 'S? _ «» 

v " m* 81 n \ 


tanh g w + _2 wwj/ 

2 cosh c 


mirtA 


+ __f S'rinhS^'), w 

~ 2 cosh a„ n a / 

and the slope of the deflection surface along the edge y = b/2 is 


WA-s _ 


2?o* 

t*D 


1 


* [ am - tanh a„(l + «- tanh «-)) ^ 

To eliminate this slope and thus to satisfy the aetol houndary 
eondilions «e distribute along the edges y - ±b/2 the bending 
moments Jlf* given by the series 




_ mrx 

2 £ -“ n — ■ 


<c> 


and we determine the coefficients E „ so as to make the slope 
produced by these moments equal and oppost e o 
expression <b). Using expression (161)* for «*»*"“?”" 
produced by the moments, wc find that the corresponding 
slope along the edge y = 5/2 is 


mi tx 

n .. 

— £«,[tanh tanh a„ - - 


Equating the negative of this quantity to expression (6), 




’ r’m 3 


find that , . ... _ \ 

- - tanh q,(l + «- ta nhgJ . (e) 

„ — tanh a.(o« tanh a m ) 

* From the symmetry of the deflection surface pranced by 
load it can be concluded that only odd numbers 1, 3, 5, . ■ 
for m in expression (151). 
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Hence the bending moments along the built-in edges are 


(AM,- ±6/2 


2 


* in a a, — tanh o»(l -b o- tanh n.) ^ 

>n* a a — tanh a«(a» tanh a- 1) 


The maximum numerical value of this moment occurs at the 
middle of the sides, where x *= a/2. Series (f) converges rapidly, 


Table 22. — Constants a, B, P\ and p, tor a Rectangclab Plate with 
Two Edges Simply Scppobted and Tw o Edges Clamped; * “ 0.3 


b > a 


b 

f 

‘-’■'-“.I 

EM| 

o b 1 

.V, « Pqa' 

0 

Um - 0.9*’ 

X — -r V =0 

2 9 

3/, - 0«ga* 



P 

Pi 

Pt 

\ 

0 0200 

-0 07 0 

0 024 

0 033 

1 1 

0 0274 

-0 079 

0 031 

0 037 

1 2 

0 0310 

-0 087 

0 038 

0 010 

1 3 

0 0124 

-0 094 

0 045 

0 013 

1 4 ' 

0 0502 

-0 100 

0 052 

0 015 

» 5 

0 0582 

-0 105 | 

0 059 

0 010 

1 6 

0 0658 

-0 109 ' 

0 065 

0 047 

1 7 

0 0730 

-0 112 

0 071 

0 047 

1 8 

0 0799 ! 

-0 115 

0 077 I 

0 048 

1 9 

0 0863 

-0 117 

0 0S2 

0 048 

2 0 

0 09S7 

-0 119 

0 0S7 | 

0 047 

3 0 

0 1276 

-0 125 

0 114 

0.042 

" 

0 1422 

-0 125 

0 125 

0 03S 


b < a 
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and the maximum moment can be readily calculated in each 
particular case. For example, the first three terms of series 
if) give — 0.07Qga* as the maximum moment in a square plate 
In the general case this moment can be represented by the 
formula fiqa 1 , where p is a numerical factor the magnitude of 
which depends on the ratio a/6 of the sides of the plate Several 
values of this coefficient are given in Table 22 
Substituting the values (c) of the coefficients Em in expression 
(151), we obtain the deflection surface produced by the moments 
distributed along the edges 


" • mxX 
®, - -2si‘ y « 

»*/) / m‘-co$h a„ 

m-l »«.••* 

«„ — tanh «„(1 + a* tanh «.) ( mry miry 

— tanh « w (a» tanh -~T) V a ° 

— am tanh a m cosh (ff) 

The deflection at the center is obtained by substituting x = a/2, 
V = 0 in expression (g). Then 


(«i). 


2 qa* 'Sn (-1) 2 am tanh n. 
x‘U J-i m* cosh a m 
... 1 , 3 . 5 ,... 

a m — tanh 0,(1 4 - a* tanh «,) 
a„ - tanh a«(a^Tanh a- - 1) 


This is a very rapidly converging series, and the defection can be 
obtained with a high degree of accuracy by taking only a few 
terms. In the case of a square plate, for example, the first term 
alone gives the deflection correct to three significant figures, and 
"e obtain, for * — 0.3, 

tc, = 0.0234^- 


Sufjtracting this deflection from the deflection produced at the 
center by uniform load (Table 5, page 133), «c obtain finally 
lor the deflection of a uniformly loaded square plate with two 
simply supported and two clamped edges the value . 
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In the general case 
by the formula 


the deflection at the center can be represented 


Several value 5 ) of the numerical factor a are given in Table 22. 

Substituting expression (g) for deflections in the known 
formulas (99) for the bending moments, we obtain 


« . mirx 

2qa l Mn a a- - tan h a-fl -f «■» tanli q») 

M, “ p- wi , cosh • am __ tanh tanh a- - 1) 

m-O.3 5 

| (1 _ F) !^v Rinh ^ 

- [2» + (1 - r)a„ tanh a m ] cosh ~j> ( A ) 
• mrx 

..2qa*^ Sin o a m — tanh a,(l + a. tanli «- ) 

‘ w 53 r* ^ m’ cosh a m a m — tanh a»(«„ tanh a» — D 
• ■It! 

jd-^sinh!^ 

+ [2 - (1 - *)«- tanh a-1 cosh (*) 

The values of these moments at the center of the plate arc 



■-itj, ■ ■ 


a m — tanh a,(l 4- c». tanh a m ) . n 
a m — tanh a_(o_ tanh — 1 )* " '■ 


y)a m tanh a»l> 


M r 


W \ (-D a 

1 m* cosh <r_ 

•-UJ •• 

q. — tanli q.(l + a, tanh q. /,„ , 

a. - tanh a.(n» tanh a m — 1)'* *'* 


tanh <*-]• 


These series converge rapidly so that sufficiently accurate value* 
for the moments are found by taking only the first two terms in 
the series. Superposing these moments on the momenta in a 
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simply supported plate (Table 5), the final values of the moments 
at the center of the plate can be represented as follows: 

M x = 

where fh and fh are numerical factors the magnitude of which 
depends on the ratio b/a. Several values of these coefficients 
are given in Table 22. 

Taking the case of a square plate, we find that at the center 
the moments are 

M x * 0.024450* and M, = 0.03325a 2 . 

They are smaller than the moments M* — M v = 0 047950* 
at the center of the simply supported square plate. But the 
moments M u at the middle of the built-in edges are, as we have 
seen, larger than the value 0.0479?a* Hence, because of the 
constraint of the two edges, the magnitude of the maximum 
stress in the plate is increased. When the built-in sides o a 
rectangular plate are the longer sides (b < a), the bending 
moments at the middle of these sides and the deflections at e 
center of the plate rapidly approach the corresponding va ues 
for a strip with built-in ends as the ratio b/a decreases. 

Plates under Hydrostatic Pressure . — The deflection su ac ® ® 
a simply supported rectangular plate submitted to the ac 1 
of a hydrostatic pressure, as shown in Fig. 64 (Art. 30), is 


£s^r( 3 - 


2 + a m tanh g„ cos j 1 « 
cosh a m 


, US!) gin — ■ 
o / « 

The slope of the deflection surface along the edge y — l 1 /" 


(P) tanh o.(l +«.t»nh«-) 1 - <*> 

This slope is eliminated by distributing the moments ,} lt> 
by gene, (c) along the edge. „ - - 

coefficients £« of that scries so as to make tne 1 



210 THEORY OF PLATES AND SHELLS 

the moments equal and opposite to that given by expression 

(7L) In this way ne obtain 

aToaK-l)"* 1 <*- ~ tanh q,(l + a, tanh ot,) 

Em ~ a m --tanh a.(ot» tanh a„ - 1) 

Substituting this in senes (c), the expression for bending moments 
along the built-in edges is found to be 





a m — tanh a w (l -f tanh am) ^ 
a m — tanh ar„(cr* tanh a m — 1) 


The terms in series (I) for -which m is even vanish at the midd e 
of the built-in sides where x = a/2, and the value of the senes, 
as it should, becomes equal to one-half that for a uniformly 
loaded plate (see Eq. (/)J. The series converges rapidly, and the 
value of the bending moment at any point of the edge can be 
readily obtained. Several values of this moment arc given in 
Table 23. 


Table 23 — Bending Moments M , along the B pilt-in Edges 
bia | * - a/4 | r - a/2 | z " &»/* 

—0 055?ga* 

— 0.053?«a* 

- 0 048? oo’ 

- 0 035? ofl* 

-0 04S?o&* 

- 0 062?o6' 

-0 0625=6* 

Concentrated Force Acting on the Plate. 1 — In this case again 
the deflection of the plate is obtained by superposing on the 
deflection of a simply supported plate (Art. 33) the deflection 
produced by moments distributed along the clamped edges. 
Taking the case of a centrally loaded plate and assuming that 
the edges y — +6/2 are clamped, we obtain the following 
* See authors paper, toe. at , p. 156. 


■ -0 .039?oa* - 0 0C2?yi* 

2 -0 0375=0’ -0 060? =a* 

| -0 032?oa* - 0 0525^’ 

1 -0 0205=0’ 0 035?oa* 

l -0 021?ob’ 0 O41?o6* 

1 -0 02l5ob’ 0 042506* 

0 -0 021506’ -0 042? 06* 
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expression for the deflection under the load 

— Efc 2 £(«•*— sfcD 


The first sum in the parentheses corresponds to the deliection of 
a simply supported plate [see Eq. (132), page 1M1. he 
second represents the deflection duo to the act.on ot the mome s 
along the clamped edges. For the ratios b/a - 2, hi and^ho 
values of the expression in the parentheses m Eq- ( 

0.436, 0.448 and 0.449, respectively. . . to 

To obtain the maximum stress under . the . d platc 

superpose on the stresses calculated for the simp > PP° 
the stresses produced by the following moments: 


N*1J S, • • * 

»r.= - p 2 r« 


tanh c 


ainh cosh a m + o 

[2r + (1 “ *)*- tanh a - ,t ) (n) 

tanhj 

sinh a 


>«h <i„ + o- 

[2 (1 — r)a» tanh n«l / 

For a square plate these moments are 

jr, ~ -0.0505F, .1/, « -0 030SP. 

Tile moment If. at the middle o[ the clomped edge* ot a square 
pistols -O.IOOF. 

The calculation, shorn “ 

the length of the clamped edges mere 

-0.1GSF when a/b ~ 2. Simply Supported 

41. Rectangular Plates «.th rectangular plate 

and One Edge BuUtln. I t ^ supported along the 

buiU in along the edge y oj 
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other edge** (Hr 80). The deflection of the plate under any 
lateral load can Ik* obtained by combining the solution for the 
plate with all aide* Mm ply supported, with solution (154) for the 
case where bonding moments are distributed along one side of 
the plate. 

Uniformly Loaded Plates — 'Hie slope along the edge y *= 6/2 
produced by & uniformly distributed load is 




2 qa* 
x*l) 




l«« — tanh re„(l 4- n_ tanh a*)]. (°) 

The moments M t *• 2E„ sin (mrx/a) distributed along the side 
y ® 6/2 produce the slope* [see llq (154)1 



2 ^ ►"> v®-*”- <“ nh ’ 

m-1 3 3 

— tanh a m + n« coth* a, — cotli a m — 2a m ). (6) 


From the condition of constraint these two slojieq are equal In 
magnitude and of opposite signs Hence, 


8?a* 

T*m* 


«„ tanh 1 u» 


am — tanh 
— tanh a m 


■(1 + «- tanh a,) 
«„ cotli 1 «„ - cotli 


- 2aJ 


to 


and the expression for the bending moments along the side 
y = 6/2 is 


(My) 


8 qa' NTi 1 . 
** 2i m * F,n 


am — tanh a,(l 4- a m tanh a,) 

«- - tanh «„(«» tanh a, - !)+««- coth «„(«,. coth a m -7) 


Taking a square plate, as an example, the magnitude of the 
bending moment at the middle of the built-in edge from expres- 


1 Only odd numbers must be taken for m in this symmetrical case. 
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blon (rf) is found (o be 

(31,) 6 .= -0 0S49a ! 

t “s X ' = 2 

This moment is numerical!}’ larger than the moment -OOlGqa- 
which was found in the previous article for a square plate with 
two edges built in. Several values of the moment at the middle 
of the built-in side for various values of the ratio a/b are given 
in Tabic 24. 


T ablb 24 — Deflections axd Be\di\o Movents in a Rectancpjar 
Plate with Onb Edge Built In and the Three Others Sim pet 
Supported 
>«03 


b/a 




< V,)«„ w 

® 1 

0 142 qa'/Eh’ 

-o 1259a 1 

0 1259a’ 

0 0379a’ 

2 

0 101 qa*/Eh' 

-0 1229<t’ 

0 0949a’ 

0 0479a’ 

1 5 ! 

0 070 qa'/Eh* 

-0 1129a’ 

0 0097a’ 

0 0189a* 

14 1 

0 063 qa'/Eh* , 

-0 1099a’ 

0 0039a’ 

0 0479a* 

1 3 ! 

0 053 qa'/Eh* 

-0 1019a’ 

0 0569a’ 

0 0457a’ 

1 2 1 

0 047 qa'/Eh* 1 

-0 0089a’ 

0 0499a’ j 

0 0449a’ 

1 1 ! 

0 038 qa'/Eh' 

-0 0929a’ 

0 0419a’ 

0 0127a’ 

1 0 

0 030 qa'/Eh* 

-0 0S4ga* 

0 0349a’ 

0 0399a’ 

1/1 1 

0 035 qb'/Eh* 

-0 091g6’ 

0 03396* 

0 04396’ 

1/1 2 

0 038 qb'/Eh} 

j -0 09Sgb* 

0 0329b’ 

0 01776’ 

1/1 3 

0 011 qb'/Eh’ 

1 -0 I03gt>* 

0 03196’ 

0 05076' 

1/1 4 

| 0 044 qb'/Eh* 

| -0 lOSgb’ 

0 0307b’ 

0 05296’ 

1/1 5 

0 046 qb'/Eh » 

-0 lllgb’ 

0 02S7b’ 

0 0547b’ 

0 5 

1 0 053 qb'/Eh * 

-0 12296’ 

0 0239b’ 

0 0009b’ 

0 

0 057 qb'/Eh’ 

-0 12596’ 

0 0197b’ 

0 00296’ 


Substituting the values (c) of the constants E m into expression 
(154), we obtain the deflection surface produced by the moments 
of constraint, from which the deflection at the center of the 
plate is 


(Wl) 


p* V) (— 1) 2 E m a m tanh a» 
4ir*D m* cosh a. 

»-ias,--- 


For a stpiare plate the first two terms of this series give 

o sst 
"UK* 
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Subtracting this deflection from the deflection of the pimply 
supported square plate (Table 5), we find that the deflection at 
tiie center of a uniformly loaded square plato with one edge built 
in is 

W,.|,.o - O'lKMfr.' 

Values of deflection and bending moment for several other values 
of the ratio a/6 obtained in a similar way arc given in Table 24. 

Plates under Hydrostatic Pressure. — If the plate is under a 
hydrostatic pressure, as shown in Fig. 64, the slope along the 
edge y = 6/2, in the case of simply supported edges, is (see page 
209) 

(§£) , - SrS-JP"- - «*»•> -d + - t-wi </> 

The slope produced by landing moments distributed along the 
edge y = 6/2 is 

fe) i ■ I »“ h ’ - <«"'■ «- 

*"5 n-l 

+ a m coth* a, — coth a m — 2a*). (ff) 

From the condition of constraint along this (>dgc, wc find by 
equating expression (g ) to expression (f) w ith negative sign 

Sm „ . (- i )"* 1 

. g, — tanh o^(l -f n. tanli a,) 

a* tanh* g m - tanh a* + a. coth 1 a* - coth a* - 2a-’ 

Hence the expression for the bending moment along the edge 

y = 6/2 is 



«* — tanh a„(l + a, tanh a m ) 

“» - tanh a m {a„ tanh a* - 1) -J- a m - coth a m [a m coth «* — J)* 

<« 





rm'oiiY of plates and smux 


an* 


ip » 0, ^ ; *“ 0 f°f i ■» 0 ntui t -> a; 

Ox* 

xc ■m o, “ «■ 0 for y ** tl ; 


(«) 

(6) 


atul along the free «lgp (set* I 'rj** (100), (107), page 00] 

( d l* + ***\ „ o- [**“■ + (2 - ») 1 = 0. (f) 

\0y 1 + Ox*)^. w ’ Uy* + '** ’’Ox* Oyiy-* K 

I,ct us con-ider the parlirular case of a uniformly distributed 
load In such a ctw* we* proceed ns m Art 20 and assume that 
the total deflection consists of two part*, as follows: 


where irt represents the deflection of a uniformly loaded and 
pimply supjiortcd strip of length a which can lie express'd by the 
senes 


tci 


*3* \ 

t‘/> 

m-MS 


m* 


(cO 


and ip, is represented fiy the senes 


■STt .. nirr , \ 

IP* *= >, I m Pin > V) 

-*■■■■“ a 

H1-IJ5. 

where 

r. - i£(a. c«~h vm + b. 523! ri „H **a 

1)\ a a a 

+ c..M.r2» + B.2a c „ h s') lf ) 

a a a / 

Series (d) and (r) satisfy the boundary conditions (a), and tho 
four constants in expression (/) must be determined so as to 
satisfy the boundary conditions (b) and (c). Using the condi- 
tions (b), we obtain 
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From the remaining two conditions (c) w e find 


(3 + v)(l — v) cosh* ft* -f 2v cosh ft* / 

— v(l — r)/?., s mh ft* — (l — »*) / 
(3 + r)(l - r) cosh* ft. + (1 - ,)*& + (1 + -) 5 A 
3 = / 

(3 + »)(1 — *■) rinh ft* cosh ft* + »-(l + «*) smh ft* \ 
- >(1 - r)ft. cosh ft* ~ (1 - s)»ft, I 
(3 + *)(1 - >) co* h’ A. + (1 - »)'«T r Tr+77 i / 


where ft* •= tmrb/a 

Substituting the constants (?) and ( h ) in Kq (/) and using 
series (e) and (d), we obtain the expression for the deflection 
surface. The maximum deflection occurs in this case at the 
middle of the unsupported edge. If the length 6 is very large 
in comparison with o, if, if the free edge is far away from the 
built-in edge, the deflection of the free edge is the same as that 
of a uniformly loaded and simply supported strip of length a 
multiplied by the constant factor (3 - r)(l -f v)/(3 + i>). 
Owing to the presence of this factor, the maximum deflection 
is larger than that of the strip by 6.4 per cent for » * 0 3. This 
fact can be readily explained if we obsene that near the free 
edge the plate has an anticlastic deflection surface. 

Taking another extreme case, when o is very large in com- 
parison with b, the maximum deflection of the plate evidently is 
the same as for a uniformly loaded strip of length b built in at 
one end and free at the other. Several values of the maximum 


deflection calculated 1 for various values of the ratio b/a arc 
given in Table 26. I if the same table are given ako the maximum 
values of bending moments which can be readily calculated from 
the expression for the deflection surface. The calculations show 

that (.If A occurs at tho middle of the unsupported edge. 

The numerical maximum of the moment M, occurs at the middle 


of the built-in edge. 

If the plate is bent by a load distributed along the free edge, 
instead of by a load distributed over the surface, the second 
of the lioundary conditions (c) must be modified by putting the 


1 This table as calculated by Boobnov, foe, ett, p. 3. 



218 


THEORY OF PLATES AND SHELLS 


intensity of the load distributed along the free edge iastead of 
zero on the right side of the equation The particular case of a 
concentrated force applied at the free edge of a very long plate 
was investigated (Fig 81b). * It was found that the deflection 

Table 26 — Deflections and Bending Moments for a Uniformly 
Loaded Plate with Two Opposite Edges Simply Supported, the 
Third Edge Free and the Fourth Built In 
r - 03 


b/a 


* - a/2, y = b j 

x >» a/2, y — 0 

«. 1 

Jlf, 

0 

1 37 qb‘/Eh‘ 1 

0 j 

-0 5007b* 

1 

1 03 qb*/Eh* 

0 007S$a» ■ 

-0 4287b 1 

1 

0 635 gb*/Eh> 

0 02937a* 

-0 3197&* 

1 

0 366 qb*/Eh> 

0 05587a* ! 

-0 2277b* 

1 

0 123 qb*/Eh' 

0 09727a* 

-0 1197b* 

1 

0 154 qa'/Eh' 

0 1237a* 

-0 1247a’ 

2 

0 164 q a \'Eh‘ 

0 1317a* 

-0 1257a’ 

3 

0 166 qa'/EK’ 

0 1337a* 

-0 12.57a* 

* 

0 166 qa*/Eh> ; 

0 1337a* 

-0 1257a* 


along the free edge can be represented by the formula 


The factor k rapidly diminishes as the distance from the point 
A of application of the load increases. Several values of this 
factor are given in Table 27. 


Table 27 


* 

0 

b/4 

b / 2 

b 

2b 

k 

| 0 527 ! 

0 470 

0 3SO 

0 213 

0 050 


The bending moment M r along the built-in edge is a maximum 
at 0 where its numerical value ia (Af,)_o_o = — 0 508P. 

The case of .a uniformly loaded rectangular plate simply 
supported along three edges and free along the edge y — b (Fig. 


‘See C. W. MacGregor, iftdt. Bngmtenng, 
'■"**’* &. 1*W 


57, p. 225, 1935; also 
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81a) can be treated in the same manner as the previous case in 
which the edge y = 0 was built in It is necessary only to 
replace the second of the boundary conditions ( b ) by the condition 

[(P) + #)L.=°- 

Omitting the derivations, \ve give here only the final numerical 
results obtained for this case. The maximum deflection occurs 
at the middle of the free edge. At the same point the maximum 
bending moment M m takes place. Thc«e values of deflections 
and (If,)™* are given in the second and third columns 
of Table 28. 1 The last two columns give the bending moments 
at the center of the plate. 

Table 2S — Deflections and Bending Moments in Uniformly Lo\dei> 
Rectangular Plates with Tubes Edges Simply Supported and 
the Fourth Edge Free 
r - 03 


b/« 

| * - a/2, y - 6 

* «■ a/2, v - 6/2 

UW 


•U. 

j u. 

1 

0 07759a‘/EA* 

' 0 OCiOpa* 

; o 03v*’ 

j 0 022aa« 

! 

0 1057 q>x'/Eh' 

o 0s3r" 

i 0 055pa* 

1 0 0307,1* 

l/i 4 

0 1117 qa'/Eh* 

0 OS870* 

0 OoOpn* 

1 0 0327a* 

1/1 3 i 

0 1102fa«/EM 

0 QOlpa* 

0 004pa* 

0 0347a* 

1/1 2 , 

0 12(55 ?< P/EA* 

0 lOOpa* 

0 0699a* 

0 036 pa* 

1/1.1 1 

0 13t5 qi*/Eh‘ 

0 107pu* 

0 074pa' 

0 0377a* 

1 

0 HOI pa'/EA* 

0 l«2pn> 

0 0 SOja* 

0 G3&}u* 

1 1 

0 H64pa*/£A* 

0 117po* 

0 0S5pa* 

0 OlOpa* 

1 2 ' 

0 1511 qi'/Ek 1 

0 1217a* 

0 OOOpa*. 

0 0117a* 

1 3 

0 1547 qa*/Eh} 

0 1247a* 

0 OOlpa* 

0 0427a* 

1 4 ; 

0 1575puVEA* 

0 126pa» 

0 09 Spa* | 

0 012pa' 

1.5 

0 1596 9 rtV£fc' 

0 123pa’ 

0 lOlja* j 

0 042pa* 

2 

0 10-16 qa‘/EK‘ 

0 13 2pu' I 

0 1 13pw* | 

O OllTa* 

3 

OJCOOpaVEA* 

0 )33?a* 

0 122po* 

O 039pa* 

- * 

;0 1662pa‘/FM 

0.1337a* . 

0 1257a* 1 

0 0377a* 


43. Rectangular Plates with Two Opposite Edges Simply 
Supported and the Other Two Edges Supported Elastically. — 

‘This table calculated by B C. Galcrkin; sec Bull PolytecK Intt , 
VoLSW, p. I2t, Si IVt*r*burg, 1915. 
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Ix't us consider the caw? where the edges t * 0 anil i ■=■ a 
(Fig 80) are simply supported and the other two edges are sup- 
ported by elastic beams. Assuming that the load is uniformly 
distributed and that the lieam* are identical, the deflection 
surface of the plate will l»e ejmmelricnl with respect to the 
j-ads, and we have to consider only the condition.-* along the 
side y = h/2 Assuming that the Ix-am** resist bending in 
vertical plain's only and do not resist tor-ion, the lioundary 
conditions along the edge y = b/2, by udng I'q (IDS), arc 



where El denotes the flexural rigiditv of the supporting beams. 
Proceeding as in the previous article, wc take the deflection 
surface in the form 

«e « t-** + <r,. (b) 

where 



Prom symmetry it can be concluded that in expression (/) of the 
previous article we must put C K = D- = 0 and take 

V. - ?y(,l. c.wl, !2S + IL— ,inh 2is\ M 
M \ a a a / 

The remaining two constants /t» and £„ are found from the 
boundary conditions (ft) from which, using the notations 

wnrfr El _ 

ST * SB _ 
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vc obtain 

'Ml - p) cosh «„ + B 4 2 cosh a. + (1 ~ »)«„ rinh a m ] -> 
"'MO - y) sinh re* -f m r\ co«h a„] -f- i ?„[(2 + *) smh re„ 
— (I — «»)«» cosh a* — mxXa* sinh a*] = 
Solving these equations, we find 


*(1 + y) sinh «* - f( 1 - cosh «* - m*X(2 cosh a, 

+ a m sinh re*) 

(3 + *)( 1 — y) sinh re* cosh a m — (l ~ *)*<** ’ 

. + 2m rA cosh* a m 

ft — 4 »(1 — y) sinh o, -f* pwX cash re* 

(3 + r)(l — ») sinh a* cosh a* — (1 — »-)*«,* 


(/) 

(?) 


+ 2»wX cosh* an, 

The deflection surface of the plate is found by substituting these 
values of the constants in the expression 


w = t#i + tdt — + 'In cosh 

w-IJS • 

+ sinh ~f) sin 2— ■ (« 

If the supporting beams are absolutely rigid, X «= o° in expres* 
eions (J) and (g) and A m and B m assume the same value as in 
Art. 29 for a plate all four sides of n hich are supported on rigid 
supports. 

Substituting X — 0 m expressions (f) and (g), we obtain the 
values of the constants in senes (h) for the case where two sides 
of the plate are simply supported and the other tw o are free. 

The maximum deflection and the maximum bending moments 
are at the center of the plate. Several values of these quantities 
calculated for a square plate and for various values of X are given 
in Table 29. 1 

1 The table was calculated for the writer by K A Caliiev, Mem I nst 
Engineers of TVayt of Communication, St Petersburg, 1914 More recently 
the problem was discussed by E Mailer, ] ngenieur-Archie, vol 2, 1932, 
p. 606 The tables for non-aymmetncal cases are calculated in this paper 
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Table 2D — Inflections and ISf.ndino Mowevts at the Center or A 
UNIFORMLY LOADED SqCARE PLATE WITH Two EbOES SlMPLT Stjr- 
PORTED AND THE OTHER Two SUPPORTED BT ELASTIC BEAMS 

A - 03 


X «. El/aD 


W.)n~. | 

<Jf,W 

m 

0 0113 qn'/Eh* 

0 017950’ ! 

0 04795a* 

100 

1 0 Oll7 qsi l /Eh' 

0 01815a* , 

0 0177 ja’ 

30 

\ 0 0154 gn */Eh> 

0 oise^n* 

0 01735a* 

10 

0 0174 qtP/Eh* ! 

0 OSOCfla* 1 

0 01655a* 

6 

0 0195 qn'!Eh' 

0 05145a* | 

0 04555a* 

4 

0 0515 qn'/Eh' 

0 05285a’ 

0 04475a* 

2 

0 0578 qi'/Eh' 

0 05715a* 

0 04195a* 

1 

0 OfiSl qi'/Eh' 

0 00435a* 

0 03765a’ 

0 5 

0 0S2 6 qi'/Eh 1 

0 07445a* 

0 03155a* 

0 

0 1430 qi*/Eh‘ , 

0 J 1605a’ 1 

0 00575a* 


44. Rectangular Plates with all Edges Built In.’ — In discussing 
this problem, \\c use the same method as in the cases considered 
previously We start with the solution 
of the problem for a simply supported 
rectangular plate and superpose on the 
deflection of such a plate the deflection of 
the plate by moments distributed along 
the edges (see Art. 39). These momenta 
we adjust in such a manner as to satisfy 
the condition dw/dn = Oat the boundary 
of the clamped plate. The method can be applied to any kind of 
lateral loading To simplify our discussion we begin with the case 
of a uniformly distributed load. The deflections and the moments 

1 For the mathematical literature on this subject see "Enpyklopadie der 
Mathematischen WWnschaften,” vol 4, art 25 (Tedone-Timpe), pp 165 
and 186 The recent references on the same subject are given in the paper 
by A E H. Lore, Pros. L<mAm 3t<M Soc.val 20, p ISO The Sest autner- 
ical results for calculating stresses and deflections in clamped rectangular 
plates were obtained by B M. Kojalovich in his doctor's dissertation, St. 
Petersburg, 1902 Further progress was made bv J G. Boobnov, who 
Calculated the tables for deflections and moments m uniformly loaded 
rectangular plates with clamped edges; see Boobnov’s “Theory of Struct 
tures of Skips,” vol 2, p 465, St Petersburg, 1914. The same problem was 
discussed also by H. Hencky in his dissertation “Der Spanmmg3zustand in 
rechtecVjgen Flatten,” Munich, 1913 Hencky’s method was recently used 
by I. A. Wojtaszak, J. Appl. iteeh , vol 4, p 173, 1937. The numerical 
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in this case will be symmetrical with respect to the coordinate axes 
shown in Fig 82. The deflection of a simply supported plate, as 
given by Eq. (126) (page 128), is represented for the new coordi- 
nates in the following form: 

m- 13 . 5 . •• 

w 

where a m «= tnrb/2a. The rotation at the edge y = b/2 of the 
plate is 


/dw\ 2 qa* sn (-1) 2 


2?a* 


[a. — tanh a„(l + «„ tanh a„)} 

( — 1) 2 tnxi/ a. , t 

- t — cos ( — r,— — tanh 

m 1 a \co«h* a» 


«.)■ <*> 


Let us consider now the deflection of the plate by the moments 
distributed along the edges y = ±6/2 From considerations of 
Symmetry we conclude that the moments can be represented 
by the following series: 


WM.-4” 2 (-1 ) 2 £. cos— « 

m-t.S5, 

The corresponding deflection Wi is obtained from expression (151) 
by substituting x + a/2 fora- and taking m = 1, 3, 5, • ■ 


results obtained by W'ojtasrak in this way for a uniformly loaded plate 
coincide with the values given in Boobnov’s table Our further discussion 
makes use of the method that was developed in the writer’s paper, Proc 
5/A Intern. Cong AppI Mech , Cambridge, Mass., 1933; the method u more 
general than those previously mentioned; it can be applied to any kind of 
loading, including the case of a concentrated load 
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' ~2w'D 2 


, (—1) 2 mrxfmxy . , mry 

— t . — cos 1 — - sinh — - 

m z cosh a m a \ a a 


— a„ tanh am cosh - 


(«0 


The rotation at the edge y = 6/2, corresponding to this deflec- 
tion, is 



In our further di«cus«ion we shall need also the rotation at the 
edges parallel to the y-axis Forming the derivative of the 
expression (d) with respect ip x and putting j ■= a/2, wo obtain 


(&w\ _ a 
\3z / ** 2irJ 


2 

J m cosh a„\ a 

-.-14 5 

- a. twh o. Ctel. ^) - -35 2 

-.- 144 . • 

(h sinh a„ cosh — / — 2 y cosh a™ sinh Cf) 


Em 

cosh 1 a m 


The expression in parentheses is an even function of y which 
vanishes at the edges y = ±6/2. Such a function can be repre- 
sented by the scries 


2 "" t ® hi 

<-14 S. 

in which the coefficients A, are calculated by using the formula 
•W “ 3 4 (b sinh am cosh ~~~ 

— 2y cosh am sinh Cos 
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from which it follows that 


A ( 



cosh 3 a„ 


Substituting this in expressions (g) and (/), we obtain 



In a similar manner expressions can be obtained for the deflec- 
tions Wi and for the rotation at edges for the case where moments 
If. arc distributed along the edges x = ±a/2. Assuming a 
symmetrical distribution and taking 


m-13 5. 

we find for this case, by using expressions (?) and (A), that 


(t),. s - - A J 

+ SFs)' W 

where p m = mxa/2b, and that 



When the moments (c) and (t) act simultaneously, the rotation 
at the edges of the plate is obtained by the method of superposi- 
tion, Taking, for example, the edge y — b/2, we find 
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Having expressions (6) and ( I ), we can now derive the equations 
for calculating the constants E m and F m in senes (c) and (»") which 
represent the moments acting along the dig os of a clamped 
plate In the case of a damped plate the edges do not rotate. 
Hence, for the edges y — ±b/2, «c obtain 


/5w\ _ 

‘ *'J ) 


. + te + ^) f ..-s 

In a similar manner, for the edges x = ±a/ 2, we find 


(m) 



If we substitute expressions (6) and (1) in Eq (m) and group' 
together the terms that contain the same cos (irx/a) as a factor 
and then observe that Eq (m) holds for any value of x, wc can 
conclude that the coefficient by which cos ( irx/a ) is multiplied 
must be equal to zero for each value of t. In this manner we 
obtain a system that consists of an infinite number of linear 
equations for calculating the coefficients E, and F, as follows: 


- , “" h ”•) 


i 



(•) 


A similar system of equations is obtained also from Eq. (n). 

The constants £■, E> F h Ft, . . . can be determined in 

1 It is assumed that the order of summation in expression ( I ) is inter- 
changeable. 
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each particular case from these two systems of equation.? by the 
method of successive approximations. 

To illustrate this method let us consider the case of a square 
plate. In such a case the distribution of the bending moments 
along all sides of the square is the same Hence E. ■’ 
the two systems of equations, mentioned above, are identical 
The form of the equations is 


cosh 1 


2 


l 


«-!«••• ^ **■ m*) 

4 qa* 1 /_ 


‘VcopIi 1 c 


tanh a 


Substituting the numerical values of the cocfficie^sin thwc 
equations and considering only the first fou * k ’ wn 

obtain the following system of four equations with four unknown 
Ei, E it Ei and Ejl 

1.8033ZM +0.0764B* +0.0188F. +0 007 IE, =■ 0.6677^ 

00764B,hHMo!5li+Oro^+O.OM£,- 001232K ^ 

0.0188E, +0.0330E, +0.2204* L±£51§|l ^ ?' 

0 0071E. +0.0159E. +0.0163E. +0.1558E, - 0 00W.E, 

. It mav be seen that the terms along the 

where A - -iff- « “ Hence we obtain the tot 

diagonal have the largest coefficient. He 0 „ s idcnng 

approximations of the constants bi, • • • » , , j ea vy 

ofthe left side, ol Eqs. <p) only the terms «' ““ X 
line. In such a way wc ohUm from h Erat of «* «t^ ^ 
E, = 0 3700 Jv. Substituting this in the se „ 

obtain - -0.0395K. From' the last 

in the third equation, we fin _ * Q0S3K . Substituting these 
equation we then obtain E, rfaht of the heavy 

first approximations m the approximations, 

hne in Eg. (p), - > - L^SOE, * - -»•*« 
which are E\ = 0.3722 a, , lat i ons again, wc shall 

Er = -0.00S5X. Repeating the calculations g 

obtain the third approximation, of tke coefficients E\, 

Substituting the calculated fading moments along 

E„ . . . in eerie, M. « of .he »l»o,u.e 
the clamped edge, of the plate. 
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value of these moments is at the middle of the sides of the square. 
With the four Eqs. (p) taken, this value is 

= \Et - E t + El - Ei] = 0.05172a 5 . 

The comparison of this result with Boobnov’s table, calculated 
with a much larger number of equations similar to Eqs. (p), 
shows that the error in the maximum bending moment, bj' taking 
only four Eqs (p), is less than 1 per cent It may be seen that we 
obtain for the moment a senes with alternating signs, and the 
magnitude of the error depends on the magnitude of the last 
of the calculated coefficients E t , E», . 

Substituting the values of Ei, E t , . . . in expression (d), we 
obtain the deflection of the plate produced by the moments 
distributed along the edges y >= ±5/2. For the center of the 
plate (z — y =• 0) this deflection is 



Doubling this result, to take into account the action of the 
moments distributed along the sides z = ±a/2; and adding 


Table 30 — Defections and Bending Moments in a Umtokmlt 
Loaded Bect angular Plate wra Built-in Edges 


* - 03 

6/a ’ Ur.)—' » ' Of,)..* ,-Vt 

I 0 0 01335ayfiA> -0 05135a* -0 05135a* 

II 0 OIS^iVfA* -0 OoSIja* -0 05385a* 0 02045a* 0 02315a* 

1 2 0 0183 5iV£A» -0 00395 a* -0 05Sl5a* 0 02995 a* 0 02285a* 

1 3 0 0209 qi'/Eh l -0 00875 a’ -0 05035a* 0 03275 a* 0 02225a* 

1 4 0 022051*/^' -0 072G5a» -0 0 03l95a» 0,02125a* 

1 5 0 0210 <n')F.hf -0 07575a* 

10 0 0251 vt'/EK' -0 07805a* -0 05715a* 0 03315a* 0 0193?a* 

1 7 0 0260 5 a */£A* -0 07995 a* — 0.0571fa* 0 03925a* 0 0182^* 

1.8 0 0207 5aVi-'A* -OOSI 25 a* — 0 05715 a* 0 0101 ? a* 0 0174?a* 

1.0 0.0272 5a •/£&• _0 032251 * -0 05715a* 0 OWga* 0.01055«’ 

- 0 0 0277 qn t /Ek > —0 08295a* —0 05715 a* 
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to the deflection of the simply supported square plate (Table -a), 
we obtain for the deflection at the center of a uniformly loaded 
square plate with clamped edges 

(9) 


(»)_ - (0.0443 - 0 03<*S)gJi - 0 0137f tl 


Similar calculation, can be made for any rat.o of the tide, 
of a rectangular plate. The remits of these calculations are 

gi r. h ™nd example let us consider bend, ng of a rectangular 
plate with clamped edge, by a load /• concentrated at the ccrdcr 
We begin again with the cam of a simply supported rectangular 
plate. "Ssing the results of Art. 32, « tod from 
(see page 148) for the unloaded portion of the plate and fo y 

„ = 2(a: cosh 23 + K sink 22 + C(22 smh 22 

+ K,=2c»..h22)sin22. (r) 

When the plate is loaded along . »« strip «t tho 
extended along the *-axis, the constants 4.., K. 
from the general expressions on page 150, are 




a cosh a m \ 


4a cosh 

_ TflTbiO^ 


BL - - 


4a 


C' m = 


cosh 

.!!!!^ tanh a-, K « 
4a 


whom, for a concentrated load P at the center of tho plate, 


fclO- 


_ 2jPa*(-i) 3 . 


Substituting into expression (r), w f'ul 

, The table was calculated by T. H. Esa»; ■" J- *»<- 
p A-7, 1930 
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W = I* y, tlLLrinH — i— («w.«. 

2r*D m? a L co,5h a -\ 

in-OS 

- -£-) e a ,h =2 - rinh =2 - =* tanh ... rink Sf 
cosh a,/ a a a 

+ 222 c «.h^l- (*) 

‘a a J 

Taking the coordinate axis as shown in Fig. 82, v, e must substitute 
x af 2 for x in expression (s), and we obtain 


y 




J cosh — - — sinh - 


fc.) c 

- =3 ,„ h «. sinh 23 + 23! co.h 23]. 


The angle of rotation along the edge y = b/2 is 



l_ mxx g. tanh a, 
m x a cosh 


(0 


To calculate the bending momenta along the clamped edges we 
proceed as in the previous case and obtain the same two systems 
of Eqs. (m) and (n). The expressions for tin and tej are the same 
ns in the previous case, and it will be necessary to change only 
the first term of these equations by substituting expression (0» 


instead of ( ^ J in Eq. (m), and also a corresponding expres- 
\°y/l r-»/2 

,io„ tot (g) _^ «£>,.(„). 

For the particular case of a square plate, limiting ourselves to 
four equations, we find that the left side of the equations will be 
the same as in Eq (p). The right sides will be obtained from the 
expression (f), and we find 



PLATES WITH VARIOUS EDGE CO SDH 10 ' ' 23 1 

1 S033E, + 1 0.0764Ei -f 0.0188R + = "jjJfSJf* 

n mME. 4- 0.4045/:, +] 0-033Qg> + 0 O^E- ^ + ‘ SjJ , 
O.OI 88 E 1 + 0.0330E* + U 2255£.» + ) 0 <n<&Ej 


0 0071Ei+ 0.0159Ei + 0.01 63E» + 0 15o8Er +0 0000(bP 

Solving this system of equations by successive approximate 
as before, we find 

Ei = — 0.1025P, Et = 0.0263P, E* = 0 0042P ’ 

E, * 0.001SP. 

Substituting fee vines in eapresfe 7”“= 

for the middle of the side y = h/2 can be obtained 
accurate calculation 1 gives 

w,4..,“- 01257P 

Comparing thi, result trith '^‘./“'^"p^duce^moments at 
plate, «e rondnde that the umfo »hich tho 

the middle of the sides that are lea, than half 
same load produces if concentrate a can calculate 

Having the moments along the c ampe ’ Superposing 

the corresponding deflections by using Eq W- 

MrnnlJt OF LONOM SlDES *M» 

Table 31.— Bendivo Moments «®^ ()i , ur Plate Loaded at 
Deflections at the Cevteb o _ 


, - 03 

*/« - j 


12 


1 6 j 

18 

If - 

'-0 1237P 

i «t, i p “' 
0 001 

|-° U90 L 

! 0 0700^; 

I 

-0 1«HP 

0 07SSJJ-’ 

-0 1M1P | 

0 0777j£i 

-0.1M7 P 

0 U7S«£-; 


-0 167 CP 
0 0788JJ-! 


deflections produced by the deflections of the plate 

pimply supported plate, «e 0 method of superposition the 
with built-in edges. By tli . f p ] atcs with built-in 

other Information regarding uta 

* In this calculation seven en" 110 ’ 
aho> c. were usc«t. 
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edges under a central concentrated load can be obtained. Some 
results of such calculations are given m Table 31. 1 

It is seen that the moment and the deflection approach 
rapidly constant values, corresponding to b/a — «> , as the ratio 
b/a increases. 

45. Continuous Rectangular Plates. — -A rectangular plate of 
width 6 and length => ai + a 2 + a 2 supported along the edges 
and also along the intermediate lines ss and It, as shown in Fig. 83, 
forms a simply supported continuous plate. The bending of 
each span of such a plate can be readily investigated by combining 
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the known solutions for laterally loaded, simply supported 
rectangular plates with those for rectangular plates bent by 
moments distributed along the edges. 

Let us begin with the symmetrical case m which 

Oi = a* — ei = a 

and the middle span is uniformly loaded while the side spans are 
without load (Fig 836) Considering the middle span as a 
simply supported rectangular plate and using expression (5) of 
the previous article (see page 223), *e conclude that the slope of 
the deflection surface along the edge x 2 = a/2 is 

‘The table was calculated by Dana Young, J. Appl Mech , \oL 6, p. 
A-114, 1939 To obtain the moments with the four correct figures it was 
necessary to use in this calculation seven coefficients E and seven coefficients 
F in Cqs, (m) and (n). 
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where 6. = mra/2b. Owing to the continuity of the plate, 
bending moments AT, are distributed along the edges x s — — a t • 
From symmetry it is seen that these moments can be represen 
by the following series: 

2 <6) 
2 m - 1,3 5. • • 

The deflections tr s produced by these moments can be 

from Eq. (151), and the corresponding slope along the cage 

*» « a/2 (see Eq. (e), page 224] is 

/«i c\ b N? p 


cos ^p^tanh 0- 4- co ^t ^)' W 


From the condition of continuity «c conclude that the 
expressions (a) and (c) representing the slope of >e P 
the line x, - a/2 must be equal to the *lope along the same him 
of the deflection surface of the plate in the adjacen p P a ‘'' , 
side ring this latter span as a simply supported rcc angi ' 
bent by the moments (6) distributed along the go *• = . ’ 

we find the corresponding deflection ir* of t >c p a 
Eq (1M) (see page 2(H) from which follows 
■-i 

b* ’CT „ tnr y (— 1) J _ 

"■"XrtB 2 E sr- 

r i'T . „ _ mi- Fi „>, —p) 

"’■'T 6 1 n 
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The corresponding slope along the edge i* = —a/2 is 

l^A = y Sn-if? 

\<?r, 4rD *' 

“* tO"" 1 ' *• + ™"' *■ + JSSTg; - »T5 Fk)' <*> 

The equation for calculating the coefficients E m is 

(£Li + feLr(SL-; 

Since this equation holds for any value of y, w c obtain for each 
value of m the following equation 

- ,a " b “-) - sE§( ! ‘ ,nl1 + ^?r) 
“CBv(“" hiS - + co,l ‘^ + HSK ’S'BFs)' (/) 

from which 

fl, - tanh g, cosh* ft, , / \ 

3 tanh ft. cosh’ g„ + coth (3., cosh* fL + 3(9* — £«, coth* fL 
It is seen that E m decreases rapidly as m increases and approaches 
the value — 2qb i /v i m 1 . Having the coefficients E m calculated 
from (y), we obtain the values of the bending moments M, along 
the line tt from expression (5) The value of this moment at 
y = 0, \.e., at the middle of the width of the plate, is 

2 £ -( -1)*^- 

■•-1.3.5 • 

Taking, as an example, b = a, we have fi m = tnr/2, and the 
formula ig) gives 

Ei = 1555, E, = — -~y-0 0092, 


,_ 0 = — 0 03Slga*. 
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' It a Bide span is uniformly toaded, as to the 
deflection surface is no longer symme n . . _ moment 

vertical axis of symmetry of the plate, and >wdm« mo 
distributions along the line, as and It are not . dent, cal 






miry 
* b 


. n -a p v. p derive two system* 
To calculate the coefficients Em and « tlie deflection 

of equations from the conditions o con 1 Considering the 
surface of the plate along the lines ss an • find that the 
loaded span and using expressions w a ’ . support ss, 

slope of the deflection surface at the pomts of the supp 
for o t = a* == a» = a, » 


( dw\ 


2 qb' 


(- 1 ) 


mru( fl- — 
w ~b \co*h' Pm 


— tanh ft 


-)~ 


jsJzlTT cosh !^(tanh f. 

f ,. (0 

4 - cotli 0- + coshMC Mnh5 


Considering now the middle apan M * I! and given 

the moments if, distributed a ong . (sec page 204), 

by the series (h), we find, by usmg M- 


/ b 


(j-lU- 


+ F, 


? ^ + tanh p. 


Veer'll* P» 


=?[(«- 
-) 


/ o’) 

+ (Em F«)( cot ^ ”* sinh* fw J 

• „,i in we obtain the following system el 

From expressions (0 Rtld . { p and F.i 
equations for calculating coefficients 
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/t. 8 S + £'.<«. + c.) - -/«/;- + r.) - o.(f, - a 1 .), W 

**IW* 

where the following notations are um<1. 

C --Mnh'R-“ ,h(, ~ ) 

The slope of the deflection surface of the middle span at the sup- 
porting line It, by using expression (J), is 



+ f.)( eo ^ ^ + t«nh (3.) + <F„ - E_)(coth fl. - 


*)} 


This slope must be equal to the slope in the adjacent unloaded 
span winch is obtained from expression (c) by substituting F m for 
Em In this way we find the second system of equations which, 
using notations (0, can be written in the following form: 

B m (E m + F m ) + C„(Fm - E m ) = -</?„ + C m )F m . (m) 


From this equation we obtain 

v — p ^** Bm 

r {B^+ezy 

Substituting in Eqs. (fc), we find 


(») 


r - a 8 ? aI 2(i?. + C,) 

" Vm« (C„ - B~)i + C~y' 


(o) 


Substituting in each particular case for A„, B„ and C„ their 
numerical values, obtained from Eqs. (f), we find the coefficients 
E« and F m \ and then, from expressions (fe), we obtain the bending 
moments along the lines ss and tt. Take, as an example, b = a. 
Then p m = mr/2, and we find from Eqs. (0 


At = -0 6677, Bi = -1.1667, Ci = -0 7936, 

At = -0 9983, Bt = -1.0013, Ct « -0.9987. 

For wi larger than 3 we can take with sufficient accuracy 
Am = Em = Cm = - 1 . 

Substituting these values in Eq (o), we obtain 



PLATES WITH VARIOUS EDGE CONDITIONS 


237 


B, - -§25*0.1720, E, - -p^o 2490, £, = 

The moment at the middle of the support gs i* 

•» (Ei - E, + Ei - • ) = -0 0424 9 a*. 

For the middle of the support U we obtain 

(AT.) = {F, - F» + F* - • • ) = 0 00425 a* 

Having the bending moments along the lines of support, the 
deflections of the plate in each span can readily be obtained by 
superposing on the deflections 
produced by the lateral load the 
deflections due to the moments 
at the supports. 

The equations obtained for 
three spans can readily be gen- 
eralised and expanded for the 
ca«c of any number of spans In 


85a* 





| f 



n 

H 

i 1 

1 


!, I/T] 



L-, 


lol 


this way an equation similar to qi [XTTTT 
the three moments equations of f"A 
continuous beams nil] lx; ob- 
tained. 1 Let us consider tno 


Cb) 

Fio 8-1. 




adjacent spans i and * ■+■ 1 of the length a 4 and <J«+i, rcspoctivi Iv 
(Fig. 84). The corresponding values of the functions (f) are 
denoted by Ai, B< m , C' m and A£ l , B?\ C* 4 . The bending 
moments along the three consecutive lines of support can be 
represented by the scries 

M‘ = 


a/H-> = 
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Considering the span i + 1 and u«ing expressions (a) and OX "e 
find 


( drc\ y (nl)J 


a mV V )i 

9 T A * 


A y 

AtD 


—•As. 

iw-i 

cos =£%£!. + 


-(£r+«.W»‘l. (p) 

In the same manner, considering (he span t, we obtain 


(dw\ 2 qjt>' V (~1)" 2 wry , 

Xtoj. * ■ ~ 75 w* ros 6 * 

' ** r «>i it 

+ ?Hi 2 t =^oo,2pi(ftr. + E!.)ffi. 

+ (A. - ESr’XSJ. (5) 

Prom the condition of continuity ire conclude that 

GO..,- 


Substituting expressions (p) and (<j)in this equation and observing 
that it must be satisfied for any value of y, ive obtain the following 
equation for calculating ££■*, J*. and E'* u 

Etr’iB l ~ CL) + E‘ m (B L + CL + iJM4 + c^») 

+ Eif'IWf 1 - <*’) « + gA). (155) 


Equations (k) and (ni), which we obtained previously, are par- 
ticular cases of this equation. We can write as many Eqs (155) 
as there are intermediate supports, and there is no difficulty in 
Calculating the moments at the intermediate supports if the ends 
of the plate are simply supported The left side of Eq. (155) 
holds not only for uniform load but afro for any type of loading 
that is symmetrical in each span with respect to the x- and 
y-ssxes. The right side of Eq. (f55), however, has a different 
value for each type of loading as in the three moments equation 
for beams. 
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46. Bending of Plates Supported by Rows of Equidistant 
Columns. — If the dimensions of the plate are large in comparison 
with the distances a and b between the columns (Fig 85) and the 
lateral load is uniformly distributed, it can be concluded that the 
bending in all panels, 'which arc not close to the boundary of 
the plate, may be assumed to be identical, so that w e can limit the 
problem to the bending of one panel only T nking the coordinate 
axes parallel to the rows of columns and the origin at the center 
of a panel, we may consider this panel as a uniformly loaded 
rectangular plate with sides a and b From symmetry we con- 



fc) 


elude that the deflection eurface ot the plate is M shorn by the 
dotted lines in Fig. 85b The maximum deflection .s at the center 
ot the plate, and the deflection at the comets is tero to sim- 
plify the problem sve assume that the cross-sectional dimensions 
of the columns are small and can be neglected in so ar as e e 
tion and moments at the center of the plate are concerne . ® 

then have a uniformly loaded rectangular plate supported at the 
comers, and we conclude from symmetry that the slope of in 
deflection surface in the direction of the normal to t ie un ar> 
and the shearing force are zero at all points along e g 
plate except the comers. 1 

1 In thia simplified form the problem was discussed by 
see, for example, A. Nadai, "Uber die Ihcgun^durchlautender HaUcn, 
Z. MM Mech , vol 2, p 1, 1922; and the book by B. G. Galerk.n, 
‘"Thin Elastic Plates,” Moscow, 1933. . ^ un j jry 

•The equating to aero of the twisting moment *!„*** the) bourn 
follow* from the fact that the slope in the d.rect.on of the normal to 
Ixmndary is *ero. 
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Proceeding as in the case of a simply supported plate (Art. 29), 
,ve take the total deflection w in the form 

V) = Wi + «?*, (a) 


- qb ‘ (\ - Ayi \ 
* 38?dV b > ) 


represents the deflection of n uniformly loaded strip clamped at 
the ends y — ±6/2 and satisfies the differential equation (101) 
of the plate as well as the boundary conditions 


( 


1 o, (0*),. ± « 


The deflection tc* is taken i, 


D e_(vw, + e^\ _ 0 

<9x\ dx t dy t / smi± i 

(c) 

the form of the series 


ic* = At + ^ Ym cos ( d ) 

*1-216, 

each term of which satisfies the conditions (c) The functions 
P« must be chosen so as to satisfy the homogeneous equation 

AAtc, = 0 (e) 

and so as to make w satisfy the boundary conditions at the 
edges y = +6/2 Equation (e) and the conditions of symmetry 
are satisfied by taking series (d) in the form 


tc, = d 0 + ^ (^-cosh^ + B m ^sinh^)co,^ 

(f) 

where the constants Ae, A m and B m are to be determined from the 
boundary conditions along the edge y =b/2 From the condition 
concerning the slope, ciz , that 


( 3u A __ ( -L 3lp * \ _ 

W/,.‘ dtj) v ^ ~ U ’ 


e readily find that 


(S) 
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in which, as before, 


micb 

2 a 


(h) 


Considering now the boundary condition concerning the shearing 
force, we see that on a normal section nn (Fig 856) of the plate 
infinitely close to the boundary y = 6/2, the shearing force Q, is 
equal to zero at all points except those which are close to the 
column, and at these points Q tt must be infinitely large m order to 
transmit the finite load $?a6 to the column (Fig 85c) along an 
infinitely small distance between x = a/2 — c and x = a/2 + c 
Representing Q y by a trigonometric series w’hich, from symmetry, 
has the form 


« C, + 2 C “ c 


(0 


and observing that 
Qt = 0 for 0 < : 


< £ — c, and that 




we find, by applying the usual method of calculation, that 

Co 


gab __ __F 
“ 2a 2a 


and 


aj o 

where P = gab is the total load on one panel of the p) ate - 
stituting these values of the coefficients Co and « m sc " ' 
- the required boundary condition takes the following orm. 

-Kw + AX-5 _ 

n .? TflTX P k 

= _? y . (-I)"™— -55 
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Substituting expression (a) for w and observing that the second 
term in parentheses vanishes, on account of the boundary condi- 
tion dw/dy = 0, we obtain 



(-l)S cos~. 


from which, by vising expression (/), we find that 

D — a $('*- + WO B,nh “■ + B -«- «0* «-l " (fl 


Solving Eqs (g) and (j) for the constants A m and B n , we 
obtain: 


Am 


Pa * /_i\? «« -fr tanh a, 
2mV*l)' ' sinh a. tanh aj 




m 


The deflection of the plate takes the form 

u. -- (\ _ &X + A + qa ' b ^ cos a 

3840\ 6* / 0 2t*D j—A m 1 sinh a« tanh a„ 

iw-2 4 9 

^tanh a„ ~ sinh ^ - (a* + tanh a,) cosh ~ j- (0 

The constant /4 0 can now be determined from the condition that 
the deflection vanishes at the comers of the plate Hence 

(u>) « » = 0, 


and 


A, «= 


90*h ^ 1/ 

'2t‘D ^ m\ am 

■I-J4S ' 


a, -f- tanh a- Y 
tanh* am ) 


(m) 


The deflection at any point of the plate can be calculated by using 
expressions (f) and (m). The maximum deflection is evidently 
at the center of the plate, at which point we have 



PLATES WITH VARIOUS EDGE CONDITIONS 




qb 4 qa *b 

6 ~ 384D 2r a D 

~2r*D 


(-D- 


-T3 ! / or. + tali' rr-A 

>1 WV."-" tanh* «. / 


Value, of thi, deflection calculated for aever.l value, of there to 
l/a are given in Table 32. Values of the bendtn* 

(Af. W. and c calculated by us.ng formulas W and 

expression (0 for deflection are also given It is seen th 


Table 32 — Deflections am> Moments at the Center < 

, - 03 


i Panel 


b/a 


I ll I »l I n I »* I '* ! ’» ■ 


°£A*1 
- Pqb 1 


0 063. 0 0532 0 tJtO 0.23 0 039t|o 0363 0 03.00 023, 
. £\, . 0 0330 0 02020 OlJo 02Ht|» 0K*!» 0.60,0 0,33 0 0,25 
M, - Pttjfc’Jd, =|0 035v0 0372^0 0377j0 0380,0 039 ^ , | _ 

b > a the maximum bending moment at thc ce ^ er ^ 
does not differ much from the moment at the m 
formly loaded strip of length b clamped |<--a22a-->j ^ 

at the ends. 

At the points of support of the plate 
there are concentrated _ reactions 
acting, and the moments calculated 
from expression (f) become infinitely 
large. To obtain the actual stresses \^7Z\ 

in the portions of the plate near the Flo ss. 

columns, the cross-sectional dimen- begin with 

sions of the columns should be c ° n ** d "* culation 0 f the bend- 
the case of a circular column. Th ^ ^ j n ca5 c of a 

ing moments, using expression (0. s °'Jf , rft( jial direction 
square panel (a = b) the bending ” ,0 ™. e q 22a (Fig 85a) so 
practically vanish along a circle of ” . d inside such a 

that the portion of the plate around the column 

. . v . Xadai: Bee his book 
l 8uch calculations were made by - • 

Flatten,” p 155, Berlin, 1925. 
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circle is in the state of a simply supported plate. Hence the 
conditions of bending around a column are as shown in Fig 86, 
and the maximum stress is readily obtained by using formulas 
(75) previously derived for circular 
plates (see page 67) and combining 
cases 3 and 8 in Fig. 36. 

The bending moments corresponding 
to the centers of columns of rectangular 
cross section can be calculated by 
assuming that the reactions are uni- 
formly distributed over the rectangles, 
shown shaded in Fig 87, that represent 
the cross sections of the columns. 1 In 
the case of square panels and square 
columns we have c/a = dfb = k, and the moments at the centers 
of the columns and at the centers of the panels are given by the 
following formulas- 





<1 + (1 - fc)( 2 ~ fc) 

12 


+ ‘ B " ,n * 1 ~£~ cosh — -- sin rmrfcl; (o) 

sinh nhr 2 2 J 


r ir m* sinh rax 

- (Af, 


(1 + 1 — , 1 'X? i , ^ -4 ., sinh mirfc sin 

4 '[ 12 * r'k'J-l K m’siSiw 'J' 


(P) 


The values of these moments, calculated for various values of k 
and for p = 0 3, are given in Table 33. 

It is seen that the moments at the columns are much larger than 
the moments at the panel center and that their magnitude 
depends very much on the cross-sectional dimensions of the 
columns. The moments at the panel center remain practically 
constant for ratios up to 2. 0 2. Hence the previous solution, 

obtained on the assumption that the reactions are concentrated 

1 This case was investigated by 8 Woinowsky-Krieger, see Z. angev> 
3falh 3{tch , voi 14, p 13, 1934; see also the papers by V. tewe, /?<iujn- 
jenieur, voL 1, p 63t, 1920; and by K Frey, Bauingenieur, vol. 7, p. 21, 
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at the panel comers, is sufficiently accurate for the central portion 
of the panel. 


Table 33 — Momevts at the Cevteb a.sd at the Corseh' of a Squ are 
Pavel or a Uxiroawtr Lot da© Pl«te 
» “ 03 



The shearing forces have their maximum value at the middle 
of the sides of the columns, at points m in Fig 87 This value, 

i--« -1 



Fw 8S. 
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Uniform loading of the entire plate gives the most unfavorable 
condition at the colmare*. To get the maximum bending moment 
at the center of a panel, the load must be distributed as shown by 
the shaded areas in Fig 88a The solu- 
tion for this case is readily obtained by 
combining the uniform load distribution 
of intensity q / 2 shown in Fig 885 with 
the load q/2 alternating in sign in con- 
secutive Rpans shown in Fig 88c The 
deflection surface for the latter ease is 
evidently the same as tbatfor a uniformly 
loaded strip of length a simply supported 
at the ends * Taking, as an example, the 
case of square panels and using the values in Tabic 32, we find for 
the center of a panel (Fig 88a): 

<»>-" - \i « + m I B - 0 im w 

(A/.)__i o = \q ' 0 0359a 1 + Mo? = 0 08057a’, 

= g? • 0 0359a* + ^?a* =* 0 0367f8* 

The case in which one panel is uniformly loaded while the four 
adjacent panels arc not loaded is obtained by superposing on a 
uniform load ql 2 the load q/2, the sign of which alternates as 
shown in Fig 89 In this latter case each panel is in the same 
condition as a simply supported plate, and all necessary informa- 
tion regarding bending can lie taken from Table 5 Taking the 
case of a square panel, w e find for the center of a panel that 

<">«-• = h ° + b » - 0 ° 530 ®.' 

(Af,)*_^« - ■ 0 0359a* + )? • 0 0479a* = 0 04197a* 

The case of bending of a long rectangular plate supported only 
by the two parallel rows of equidistant columns (Fig 90) can also 
be solved without any difficulty for several types of loading We 
begin with the case in which the plate is bent by the moments ilf, 
represented by the series 

1 It is assumed that the columns are not rigidly connected with the plate 
and can produce only vertical reactions. 


y; 



z 

\ 

q 1 

7 i 

SA'l 

7M 


~ 



1 



vr 

2 


7Z2. 


Ftt 89 
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= 2 e - c “~ <?) 

2 ib-2 4 6 ■ 

Since there is no lateral load, the deflection surface of the plate 
can be taken in the form of the Ecrica 


tr = Ao + A 

+ 


(>-S) 

^ /it, co>h - 


-2.4 6 


tnvy\ tm rx 

I cos 

a / a 


the coefficients of which are to be determined from the following 
boundary conditions. 



and from the condition that the deflection vanishes at the 
columns. Substituting series (r) in Efp» («), we find that 



qlg, (1 -f ») sinh nr- — (1 — *)a m CO“li o„ 

* ** *" t , m’i> (3 + *)U “ r) f inlicu cosh a- — a«(l — O' 

n einhtf, 

“ T-in'D (3 + ») emh a- cosh a* — o«(t — ►) , 


(0 


Combining this solution with solution {If, we can investigate the 
1 ending of the plate shown in Fig. 90 <j under the action of a uni- 
lonrily distributed laid. For this purpose vre calculate the 
bending moments Jf, from expression (l) by uring formula (99) 
and obtain 
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(AM 


qb * 

~ 12 " 


"9 1+JL 

w Ltftnh a„ 


. ?4_ -_r>l 

binh 2 a» I 


(») 


Equating tim moment to the moment (q) taken with the nega- 
tive sign, we obtain the values of -M® and K m which are to be 
substituted in Eqs (<) for the constants A i, A m and Ii m in expres- 
sion (r) Adding repression ( r ) with tile's; values of the con- 
tents to expression (l), "e obtain the desired solution for the 
uniformly loaded plate shown in I'ig 90a 



(b) 

Flo 00 


Combining this solution with that for a uniformly loaded and 
simply supported strip of length b which i« gl\ en by the equation 

“ " -2Id(t - » ! X? t ’ ~ »’)• 

we obtain the solution for the case in which the plate is bent by 
the load uniformly distributed along the edges of the plate as 
shown in Fig. 90b. 

47. Bending of Plates on Elastic Foundation. — A laterally 
loaded plate may rest on an elastic foundation as in the ease of a 
concrete Toad or foundation stab which is supported by the 
reactions of the subgrade A plate resting on an elastic founda- 
tion may abo lx- supported along its boundary. An example of 
this is shown in Fig 91 where a Iwam of rectangular tubular 
cross section is pressed into an clastic foundation by the loads P. 
The bottom plate of the beam, loaded by the elastic reactions 
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of the foundation, is supported by the vertical sides of the tube 
and by the vertical transverse diaphragms indicated in the figure 
by dotted lines. It is usually assumed in discussing bonding of 
plates of this kind that the intensity of the reaction of the clastic 
foundation at any point is proportional to the deflection tc at that 
point 1 With this simplifying assump- 
tion the differential equation for the 
deflection of a plate on an elastic founda- 
tion becomes 

d*w , n d 4 w , 3*1 o _ 
dx 1 dy* dy* ’ 


-TP » 


Fio 91. 


where g, as before, is the intensity of the 
lateral load, and Jew is the reaction of the 
foundation, k being expressed usually in 
pounds per square inch per inch of deflec- 
tion. Sometimes this quantity is called 
the modulus of the foundation. 

Let us begin with the case shown in 
Fig 91. If u>o denotes the deflection of 
the edges of the bottom plate, and w the 
deflection of this plate with respect to the plane of its boundary, 
the intensity of the reaction of the foundation at any point is 
fc(ico — to), and Eq (a) becomes 
k 

AAu) — jj{w a — to). (b) 


. t /W ° 


Taking the coordinate axes as shown in the figurb and assuming 
that the edges of the plate parallel to the y-axis are simply 
supported and the other two edges are clamped, the boundary 
conditions are 



1 An example of a mor^ rigorous treatment of the problem in which the 
foundation is considered as a scmi-infinitfe elastic body and the general 
equations of elasticity are used to determine the reactions is given in n 
recent paper bv A II A Hogg, Phil Mag , vol, 25, p 576, 193S. 
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The deflection w can be taken in the form of a senes: 


4fcw 0 Vi 
Dir -g 


mirx 

a 



+ 2 ! - sin2 T' W 


The first senes on the right side is a particular solution of 
Eq. (6) representing the deflection of a simply supported strip 
resting on an elastic foundation The second series is the solu- 
tion of the homogeneous equation 


AAw + - 0 


(f) 


Hence the functions Y m have to satisfy the ordinary differential 
equation 

vr-2^ + (^ + ^)v.-o. to) 

Using notations 


n ~ x< » 


2ft 


w 

/ft- + X 4 + ft, 2ft = \/ft + V - ft (t) 


and taking the solution of Eq (5) in the form e'», we obtain for 
r the following four roots: 


r = 0 + iy, —3 + *t, 3 — iy, —3 — iy. 

The corresponding four independent particular solutions of 
Eq. (5) are 

e J -» cos 7*.!/, e^- v cos y m y, e*-» Bin y m y, e - *-® sin y*y, 

(3) 

which can be taken also in the following form: 

cosh $ m y cos y„y, sinh P*y cos y„y, cosh 3«.y sin y„y, 

sinli fi m y sin y m y. (fc) 

From symmetry it can be concluded that I'* in our case is an 
even function of y. Hence, by using integrals (i), we obtain 

F«i *= Am cosh 3i!/ cos y m y + B n sinh 3«y sin 7„y, 
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and the deflection of the plate is 


a I / m*r 4 A.\ 

[ "’{-HT+d) 

+ A m cosh 0 m y cos y m y + B m smh 0 m y sin (Z) 

This expression satisfies the boundary conditions (c) To satisfy 
the conditions (d) ne must choose the constants A m and B m so as 
to satisfy the equations 

i*2£* l 4- 4 2=* \ 


(A«0 m + Sinh cos If l 

- (A m y m - B m 0 m ) cosh ^ sin "X “ 0 / 

Substituting the«e values of A„ and B m in expression (Z), we 
obtain the required deflection of the plate 
The problem of the plate with all four edges «imply supported 
can be solved in a similar manner The Navier solution can 
be used in this case also Taking the coordinate axes as shown 
in Fig. 59 (page 113), the deflection of the plate is 


As an example, let us consider the deflection of the plate by a 
force P concentrated at a point Using the energy method 

(see Art. 2S), the strain energy of bending of the plate from 
Eq. (124) is found to lie 




21W AVsffl of ihe elzftio foexodolMto J * 


(P) 
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We use the principle of virtual displacements to determine the 
coefficients A** from which it follows that 


WUrf nmj 
1 a SU1 b 


~<y + v&a m 


f ir'abDf m* «*V , &ai"! , , , 

■l-r\5 + rj + tJ' 1 - u - 


. „ . mirt . turn 
it sin — ^ sin -g-i 

Substituting theMJ values of the coefficients in series (»), we 
obtain the deflection 

» - wi . rnrij 

sm a Sm b mrrx . nicy 

““ 7 1 — — * 8m — 8in T* (9) 


m-ln-nr'Cf 


(«’ + 6*) 


4- A, 


Having the deflection of the plate produced by a concentrated 
force, the deflection produced by any kind of lateral loading is 
obtained by the method of superposition. Take, ns an example, 
the case of a uniformly distributed load of the intensity q. 
Substituting qd\di\ for P in expression (?) and integrating between 
the limits 0 and a and between 0 and b, we obtain 


10 



2 


‘"[•'K®* + ® +k 


(r) 


When k is equal to zero, this deflection reduces to that given in 
Navier solution (122) for the deflection of a uniformly loaded 
plate 

l*t us consider now the case represented in Fig. 92. A largo 
plate which rests on an elastic foundation is loaded at equidistant 
points along the ?-a\is by forces P. 1 Wo shall take the coordinate 


1 This problem has Iwcn discussed by H. M. Westcrgaard; see Ingrmjren, 
vol 32, p. 513, 1923. Practical applications of the solution of this problem 
in concrete road design are discussed by II. M tVesteigaard in the journal 
Public Roods, voL 7, p. 25, 1926; vol 10, p. 65, 1929; and Vol. 14, p 185, 
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axes as shown in the figure and use Eq (f), since there is no 
distributed lateral load. Let us consider a solution of this 
equation in the form of the series 

IV — Wo + 1 m COS — £-» (*) 

m-240. 

in which the first term 

represents the deflection of an infinitely long strip of unit width 
parallel to the y- axis loaded at y ** 0 by a load P/a 1 The other 
terms of the senes satisfy the requirement of symmetry that the 



Fiu 02 


tangent to the deflection surface in the ^--direction shall hav*o 
a slope of zero at the loaded points and at the points midway 
between the loads. We take for function s }' m the particular 
integrals (j) which vanish for infinite values of y Hence, 

V„ = 4 cos Tf m y + sin y m y. 

To satisfy the symmetry condition (SL = 0 we must take 
in this expression 



Hence, by introducing the new constants A' m a= A m /r-, we 
represent the deflections (*) in the following form: 

ip * u'j + 2 cos cos y -y 

+ ff» sin %,y). (u) 

* See Bq. 237, p 300. 
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In order to express the constants A’„ in terms of the magnitude of 
the loads P, we consider the shearing force Q„ acting along the 
normal section of the plate through the x-axis. From symmetry 
we conclude that this force vanishes at all points except the 
pcints of application of the loads P at which points the shearing 
forces must give resultants equal to —P/2 It was shown in 
the discussion of a similar distribution of shearing forces in the 
previous article (see page 241) that the shear forces can be 
represented by the series 


The shearing force, as calculated from expression (u), is 

0, . -cite + 

dy\dx* ~ dy 1 /»_o 

- - w 2 «" — 
Comparing these two expressions for the shearing force, we find 


A . ' - -p(-i> ? 

“ KMfcy.W. + y'J' 

or, by rising notations (i), 

aPX-s/xi + Mi, 

Substituting this in expression („), we finally obtain 


= u?a + ~ 


("•!)* inn 


*-'(?- cos 
+ ft. sin 7„!/). (ti) 


The maximum deflection is evidently under the loads P and is 
obtained by subnitulisg x == a/2, y ~0 in expression <v), 
which gives 



PLATES WITH VARIOUS EDGE CONDITIONS 


255 


_ P\ . P\* y m 

2y/2ak ok VXM- ^ 


(156) 


The deflection in the particular case of one isolated load P 
acting on an infinitely large plate* can also be obtained by setting 
a = oo, in formula (156) In such a case the first term in the 
formula vanishes, and by using notations (t) we obtain 


* 2i/2 dfc 


Using tho substitution 


A' + Mi 

2V2H-J0 v v + i.* 


wo find 


fp 

X* 


1 



. rx 1 r- 1 du 
' 2y/2r/cJo V2 ’ 1 + «* 


n> 

8A’ 


(157) 


With this magnitude of tho deflection, the maximum pressure 
on the elastic foundation is 


(P)« 


rx» 

8 


_r n 

■ 8 \Z> 


058) 


The maximum tensile stress is at the bottom of tho plate under 
the point of application of the load. The theory developed 
above gives an infinite value for the bending moment at this 
point, and recourse should be made to the theory of thick plates 
(see Art. 25). In the above-mentioned investigation by Wester- 
gaard the following formula for calculating maximum tensile 
stress at the bottom of the plate Is established by using the thick- 
plate theory: 

- 0.275(1 + r)p log., (fp)- (») 

Here h denotes the thickness of the plate, and 
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b = Vl 6c* + ** - 0 G75A, when c < 1.72 1 A, 
b = c, when c > 1-724 A, 

whtrc e i* the radius of the circle over the area of which the 
load P U ox-umvd to be uniformly distributed. 1'or c «= 0 the 
cttM- of the concentrated force is 
obtained. 

The ea>e or equidistant loads 
P applied along the edge of a 
semi-infinitr plate, as shown in 
Tig. 93, can abo lx; treated in o 
similar way The final formula for the maximum tensile stress 
at the bottom of the plate under the load when the distance a 
is large u> 

(*,)_. - o 529(1 + 0.54 ,)£||oe„ (jg'') - 0.71 ]. (I) 

where b is calculated as in the pmious ease, and c is the radius 
of the semicircle o\cr the area of which the load P is as>timcd to 
be uniformly distributed. Formulas («■) and (r) have proved 
very useful in the design of concrete roads, in w hich case the circle 
of radius e represents the area of contact of the wheel tiro with 
the road surface. 

The case of a rectangular plate of finite dimensions renting 
on an elastic foundation and submitted to the action of a con- 
centrated load has Iwn discussed by II. Happel 1 The Ritz 
method (sec page 124) was m-cd to determine the deflections of 
this plate, and it was shown ih the particular example of a cen- 
trally loaded square plate that the f-eries representing the 
deflection converges rapidly and that the deflection can be cal- 
culated with sufficient accuracy by taking only the few first 
terms of the series.* The case of an infinite plate supported by 
an elastic foundation and loaded by equidistant equal loads 
was discussed by V. Lewo. s 

»HurMiL,H,.Voffc Z.iol 6, p. 203, 1020. 

1 The problem of a square plate on an plastic foundation has also been 
investigated experimentally; see the paper hy J Vint and W. N. Elgood, 
Phil Mag , 7th Ser , vol 19, p 1, 1935; and that by G. Murphy, Bull I own 
Eng Exper. Sta 135, 1937 

•Izjj'i; Y„ BamsffenSevr, veil. 3> pi &53, 1SB3. 
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CHAPTER VII 

PLATES OF VARIOUS SHAPES 


48. Equations of Bending of Plates in Polar Coordinates.— 
In the discussion of symmetrical bending of circular plates polar 
coordinates were u«od (Chap III) The same coordinates can 
also be u«od to advantage in the general case of bending of cir- 
cular plates. 


0 



Fin 01 

If the r and 0 coordinates are taken, as shown in Fig. 0 to, 
the relation between the polar and Cartesian coordinates is 
given by the equations 

r* «■ x* + y J , 0 = arc tan y/r, ( n ) 

from which it follows that 


3r 

Hi 

60 

dr 




(&) 


Using these expression-, we obtain the efo|>e of (lie deflection 
surface of a plate In the ^-direction as 


dir die dr die d£ dir 
Hr ** Hr dr 60 dr dr 


l Otr 
r 69 


el It 


e 


(r) 
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second derivatives are required. Repeating twice the opera- 
tion indicated in expression (c), we find 


3*w 

dx* 


(*• 


d*te 
: flr* £ 



In a similar manner we obtain 
Qha 


_ _3i c sin 0 coa 0 , d*w cos* 0 
r* ^"dW r* ’ 

d*io 3*io . . . . 8*ic cos 29 die cos 20 

5 ^ - w w. « co. « + ^ w — 

_ die stn 9 cos 0 __ dV. sin 0 cos 0 
dr r «?0 J r* 

With this transformation of coordinates w e obtain 


tr> 


Aw 


flho , 8*m _ d*tr 1 3u> , _1 3 *u> 
dx * + dy* ~ <?r* + r dr + r*d0?' 


(9) 


Repeating this operation twice, the differential equation (101) 
for the deflection surface of a laterally loaded plate transforms 
in polar coordinates to the following form 


B .(£ + !± + Ii!Y«!2 

\dr ! r dr T r : d0*Adr* 


l_ I d*tA _ q_ 
r r t d8 1 / ~ D 


When the load is symmetrical^ - distributed w ith respect to the 
center of the plate, the deflection to is independent of 0, and 
Eq. (159) coincides with Eq. (58) («ec page 58) which was 
obtained in the case of symmetrically loaded circular plates. 

Let us consider an element cut out of the plate by tw o adjacent 
axial planes forming an angle <?0 and by two cylindrical surfaces 
of radii r and r + dr, respectively (Fig. 945). We denote the 
bending and twisting moments acting on the element per unit 
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length by M„ M , and Af„ and take their positive directions as 
shown in the figure. To express these moments by the deflec- 
tion ip of the plate we assume that the s-axis coincides with the 
radius r. The moments M r , M, and Af ri then have the same 
values as the moments M x , A/„ and M„, at the same point, and 
by substituting 0 = 0 in expressions (d), (e) and (/) we obtain 



In a similar manner, from formulas (102) and (103), we obtain 
the expressions for the shearing forces 


<?, - and e, = (Ml) 

w here Aw is given by expression (j). 

In the case of a clamped edge the boundary conditions of a 
circular plate of radius a are 

M— - 0. - 0. (h) 

In the case of a simply supported edge 

(w)~ - 0, (Af,)« = 0 . (0 

In the case of a free edge (see page 94) 

(J/,)„ - 0, ’’ - (0. - §*{?)_- 0. O') 

The general solution of Eq. (159) can be taken, ns before, in 
the form of a sum 

to «= tr* + tPi, ft’) 
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in which Wc is n particular .solution of I'q. (159) anti Wi is the 
solution of the homogeneous equation 


. 1 yVaVi , i om , i avA 

^3r* + r Or + r* ae*)\ dr * + r ~0r + r" 1 00 s ) 


= 0. 


(162) 


This latter solution we lake in the form of the following series - . 1 


w, * R® + Km cos mO + ^ It' m sin m6, (103) 


in which JJ«, Si, . . . , ft*,, Ii[, . . nre functions of the radial 
distance r only Substituting this scries in liq (162), «o obtain 
for each of these functions an ordinary differential equation of 
the following kind - 


{ <1* , 1 rf m'\{<PIlm , 1 dllm „ 

\p + ? 5 - V A’S r + ? -If - -fr-j - “■ 


The general solution of this equation for m > 1 is 

ll m = A m r~ + KmY~ m + C m r m * i + n m r — « (0 

For nt = 0 and in = 1 the solutions arc 


J?o = .1 0 + liar* + C. log r + J),r* log r) 
and > (m) 

i2i = Air + Biri + C\r- 1 + Dir log r. ) 

Similar expressions can be written for the functions /?(,• Sulr- 
stituting these expressions for the functions R m and R'„ in 
series (163), wo obtain the general solution of Fq. (162). The 
* .constants ,1„ B„, Dm in each particular case must be 

determined so as to satisfy the boundary conditions The 
solution He, which is indei>onde«t of the angle 6, represents 
symmetrical bending of circular plates. Several particular 
eases of this kind have already been discussed in Chap. III. 

49. Circular Plates under a Linearly Varying Load. — If a 
circular plate is acted upon by a load distributed as shown 
in Fig. 95, this load can always he divided into two parts: (1) 
a uniformly distributed load of intensity $(p s + Pi) and (2) 
a linearly varying load having zero intensity along the diameter 


'This solution was given by A, Clebsch in bis “Theone der EHstidt 
fester K toper, " 1802. 
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CD of the plate and the intensities — p and +p at the ends A 
and B of the diameter AB. The case of uniform load has already 
been discussed in Chap. III. Wc have to consider here only the 
non-uniform load represented in the figure by the two shaded 
triangles. 1 

The intensity of the load q at any 
point with coordinates r and 0 is 


q = 


pr cos 8 


(a) 


The particular solution of Eq (1511) 
can thus be taken in the following 
form: 

xr ma jP** ros * 

This, after substitution in Eq (156), £ 
gives 

4 « 1 

A 1922) 



Hence, 


p i* cos 9 
3 102 al) ' 


As the solution of the homogeneous equation (162) we take only 
the term of scries (163) that contains the function Ah and a»umt> 
v, « (A,r + Bit* + C,r l + Ihr log r) co- 0 (f) 

Since it Is advantageous to work with dimensionless quantities, 
wc introduce, in place of r, the ratio 


With this new notation the deflection of the plate becomes 
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where p vanes front zero to unity. The ronManls A, D, ... in 
this expression must now Ik* determined from the Iwundary 
conditions. 

Let us begirt with the ease of a simply supported plate (Fig. 
05) In this case the deflection te and the I lending moment 
M r at the boundary \ani«h t and wc obtain 

(*),-. - 0. (JT,) rt - 0. (0 

At the center of the plate (p m 0) the deflection ir and the 
moment M, must l»e finite. From this it follows at once that 
the constants C and D in expression (d) n re equal to zero. Tho 
remaining two constants A and fi will now be found from Eqx. 
(c) which gm* 

( ' r) -' " 1&) U + •* + K) M" ® - o, 

(«.)_! - -|0[4(5 + >) + 2(3 + 0W m e - 0. 


Since these equations must Ik* fulfilled for any value of 0, tho 
factors before cos 0 must vanish This ghes 


and wc obtain 


i + a + n - o, 

4(5 + p) + 2(3 + *)B - 0, 


2(5 + r) 


Substituting these values in expression (d), wo obtain the deflec- 
tion u* of the plate in the following form: 


" “ ’S0T7ftP + ' - f 3 + »V) ™ ». If) 

For calculating the bending moments and the shearing forces 
we substitute expres-sion CO »n Eqs. (ICO) and (161), from 
which 

Mr « ~jg-(5 + 0p(l — P*) cos 0, 

" 48(3 % ,)M + "M 1 + 3> ) 

— (l + 50(3 + r)p* ] cos 0, 
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** 2 i ( P +^ [2(5 + ”) ** 9 ( 3 + Op’] cos 6 , 

Q‘ 5=5 ’~24(3 > ^- f ) p ^ 2 ( 5 + *) “ 3(3 + K)p*j pin 0 

It is seen that (3/,)^ occurs nt P ~ l/y/3 and is equal to 

/jf r v - Pg { (5 4- ») 

' *“ 72v'3 

The maximum value of if, occurs at 



P “ V(5 + p)(1 + 3r)'/\/3(l + 5»)(3 + v) 
and Is equal to 

/,r\ _ po*.(5+ 0(1+ 3*) 

V ,J "“ 72 3 


The value of the intensity of the vertical reaction at the boundary 
is 1 


= " (? ' + Ta? =: 4 COsP - 

The moment of this reaction with respect to the diameter CD of 
the plate (Fig. 95) is 



This moment balances the moment of the load distributed over 
the plate with respect to the same diameter. 

As a second example let us consider the case of a circular 
plate with a free boundary. Such 
a condition is encountered in the 
case of a circular foundation slab 
supporting a chimney. Aa the 
result of wind pressure, a moment 
M will be transmitted to the slab 
(Fig. 96). Assuming that the reactions corresponding to this 
moment are distributed following a linear law as shown in t ho 
figure, we obtain the same kind of loading as in the previous 
case; and the general solution can be taken in the same form (sf) 
‘The reaction in the upward direction is taken positive. 



Fio. 86. 
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as before The boundary conditions at the outer boundary of 
the plate, which is free from forces, are 

(J - 0, <V)_, - (q, - ygf)^ - 0- » 

The inner portion of the plate of radius b is considered absolutely 
rigid It is also assumed that the edge of the plate is clamped 
along the circle of radius b Ilcncc for p = b/a — ft the following 
boundary condition must lie satisfied 

(SL r(cL « 

Substituting expression (d) in Eqs (i) and 0), wo obtain the 
following equations for the determination of the constants 
4(5 + 0 + 2(3 + »)B + 2(1 - p)C + (1 + p)D ■= 0, 

4(17 + y) + 2(3 + v)B + 2(1 - u)C - (3 - v)D * 0, 

40« + 2 P'-B - 2 p-'C + D <= 0. 

Prom these equations 

n « 4 (2 +») + (!- r)0»(3 + ff) 

(3 + v) + (1 — ' 

r - o4 (2 + »)? - (3 + r)g ; (3 + g‘) n 

(3 + p) + (1 - v)fi* ’ V W 


Substituting these values 



in expression (d) and using Eqs. (160) 
and (161), we can obtain the values of 
the moments and of the shearing 
forces The constant A docs not 
appear in these equations. The cor- 
responding term in expression (d) 
represents the rotation of the plate as 
a rigid body w ith respect to the diam- 
eter perpendicular to the plane of Fig. 
96- Provided the modulus of the 


foundation is known, the angle of rota- 
tion can be calculated from the condi- 
^ tion of equilibrium of the given 

Fiu 97 . moment M and the reactions of the 

foundation. 

Using expression (rf), the case of a simply supported circular 
plate loaded by a moment M at the center (Fig. 97a) can be 
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readily solved. In this case we have to omit the term containing 
P 5 which represents the distributed load The constant C must 
be taken equal to zero to eliminate an infinitely large deflection 
at the center. Expression ( d) thus reduces to 

, *= (Ap + Bp* -J~ Dp log p) cos 0 (K) 

The three constants A, B and D mil now be determined from 
the following boundary conditions: 


(u>)_, - 0, (AT,)_i = 0, i 

-a J"/'( Bin 8 ill + a’ P/(<W,- i co. tdt + M - 0. j ® 

The first two of these equations represent the conditions at a 
simply supported edge; the last states the condition of equilib- 
rium of the forces and moments acting at the boundary of the 
plate and the external moment M. From Eqs. (1) wc obtain 


A - 
Hence, 

tt> o — . 


„ _ 1 4- I' A/a 1 + v Afa n a _ Ma 

3+jp§ 52>’ 3 + rfe5’ 4*0 

s afV .y 10 + '> <l - +*»+'> loe pi «• * 


(m) 


Because of the presence of the logarithmic form in the brackets, 
the slope of the deflection surface as calculated from expression 
(m) becomes infinitely large. To eliminate this difficulty the 
central portion of radius b of the plate may l>o considered as 
absolutely rigid. 1 Assuming the plate to lie clamped along this 
inner boundary, which rotates under the action of the moment M 
(Fig. 976), we find 


' p - sa> T(3 ~ + ~ . r + (i - aw 1-10 + *> + " " ’ w 

+ (I + r)(I - 0 ! )*p -f 21(3 + r) + (1 - -Mp luff P 

- d’((l + *)0* - (3 + rns 0, ( n ) 

where 0 = 6/a. When 0 is equal to zero, Eq (n) reduces to 
Eq. (m) previously obtained. By substituting expression (») 
in 13q. (160) the landing moments A/* and Af* can 1 k» calculated. 

•Experiments with mich plates were ma*lf by It- 1- Roitffc, Hull t’mr. 
»V«. 74, 1M2, 
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Tho case in winch the outer boundary of the plate is clamped 
(Fir 97c) can lie dmwd in a similar manner. This case w of 
practical interest in design of elastic couplings of shafts. 1 The 
maximum radial slmw< at the inner and at the outer Iwundanes 
and the angle of rotation *> of the central rigid portion for this 
can* arc 

« JjEiP, ■= ctJjEs s, 

M 

* " ajfcV 

where the constants «, <*, and a, have the values given in 
Table 31 


Table 31 


P “b fa j 

a 

“i 


0 5 

It 17 

7 10 

12 40 

0 G 

19 51 

12 35 


0 7 

3ft 25 

25 65 


0 8 

82 2ft 

Cft 50 



60. Circular Plates under a Concentrated Load. — The case of a 
load applied at the center of the plate has already liccn dis- 
cussed in Art. 19 Here we shall ai^umc that the load P W 
applied at point A at distance b from the center 0 of the plate 
(Fig. OS).* Dividing tho plate into two parts by the cylindrical 
section of radius b as shown in the figure by the dotted line, wo 
can apply solution (103) for each of these portions of the plate. 
If the angle 0is measured from the radius CM, only tho terms con- 
taining cos m0 should be retained, lienee for the outer part of 
the plate we obtain 

to = R» + R m cos mO, (°) 

1 ItEisssTn, II., 1 ngenieur-A reJn’o, toL 1, p. 72, 1029. 

* This problem w as solved by Clcbsch, loc at, p 200. See also A. FOppl, 
SiUitngsb bnycr. Atad. H’is* , Jshrg , p 155, 1912. The discussion of tho 
same problem by using bipolar coordinates was given by E Mclan, AYsmbau, 
p. 190, 1920; and by W FlOggc, “Die Strcnge Berechnung von Kreisplatten 
unter EinicUastcn," Berlin, 1923 See also the paper by H. Schmidt, 
i ngenieur-Ardiiv, vol 1, p 147, 1930 
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where 

Ro “ Ao + B«r* + Co log r + Dir* log r, \ 

Rx = A x r + B\T* + Cir- 1 + D x r log r, j (fc) 

ft, - A m r» + ft.r~ + C„r"^ J + D„r~ n+! .l 

Similar expressions can also be written for the functions ft, 
ft, R’ m corresponding to the inner portion of the plate Using 
the symbols A' m , B' m , . . . instead of A m , B m , for the con- 
stants of the latter portion of the plate, 
from the condition that the deflection, the 
slope and the moments must be finite at 
the center of the plate, we obtain 
CJ *= DJ — 0, 

C{ - D[ « 0, 


fti = DU = 0. 

Hence for each term of series (a) we have 
to determine four constants for the outer 
portion of the plate and two for the inner 
portion. . . 

The six equations necessary for this determination can e 
obtained from the boundary conditions at the edge o t e p a e 
and from the continuity conditions along the circle o ra ' u< *. 
If the outer edge of the plate is assumed to be c ampe , 
corresponding boundary conditions are 
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Denoting the deflection of the inner portion o c P . 
and observing that there are no external momen s a P o] on c 
the circle of radiu 3 fc. W’e write the continuity con i 


the circle of radiu3 b, we write 
that circle as 


dw dir, 3% _ 3*u?i f or 

W = * “* 3F* **-*•' 

The last equation is obtained from a consideration 
force Q, along the dividing circle. T s 0 


fsl. (d) 

of the shearing 
continuous at . 



2i* TitrouY of runs ash utiuujt 

nil points of the circle exrept jKimt . 1 , where it lias a dNeoti- 
tinuitv due to concentrated force /*. IMiig for this force the 
representation itt form of the senes 1 

71 , (2 + 2 ”*)• 

«•«! 

and for the t>liranng forre the first of the expressions (161), 
we obtain 

4 r (A,r)_ - 4 r ^)~. - f t (i + 2 ™< »*) if> 

From the six Kqs (c), («/) anil (/), the six constants ran Ik* cal- 
culated, and the functions H m nod /£, can l>e represented in the 
following form: 


t 4. t>)(o» _ r’)l 

2a’ " J’ 

* + r *>(„* - fc’) j 
/, „ __ n* r 1 . 2(o* — &’)r (2o* - A’)r‘ 4r a] 

1 IGrfttr + a'h' ~ a*b' ~ F ’ 1 K rj' 

‘ “ fc’Jr («* - t«)’r’ 4 r a\ 

a’b’ a*b * £* ® rj' 

■ 57S7r="i)ri>{«'-[ < ” “ 1)k ’ - + < ra ~ 1)r ’ 

(■» - 

- 


Us 


K 

- £bW 

lit 

n* \ 

iOrl)[ 

K 

Pb » f 


8m(m - 1 )tD(, 

+ (m - 


rMOT 


n+ In’ 

Using these functions, wc obtain the deflection under the 
load as 

. P (o’ - &’)’ 

l&rl) o’ * 


<«*)- 


(164) 


• This scnca ls analogous to the scries that » as used in the case of rec- 
faeguAsrpiates, see p 2tl. 
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For b = 0 this formula coincides with formula (92) for a rentiall> 
loaded plate. The case of the plate with simplj supported * dge 
can be treated in a similar manner. 

The problem in which a circular nng plate is clamped along 
the inner edge (r = b) and loaded by a concentrated foirc l 
at the outer boundary (Fig. 99) can also 
be solved by using series (a) In this 
case the boundary conditions for the 
clamped inner boundary are 

(»)_. - 0, to) 

For the outer boundary, which is loaded only in one point, the 
conditions arc 

(JU--0, («.)■- + 2 m 

' Calculations made for a particular case t/o - i »!«>"■' *) lat ,h » 



The vanaliou ut the momeut alone the inner edec and .1-0 along 
» IUl«S£B, It , tec. ctf , p 206 - 
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a rtrclo of ratlins r » Tut/ 6 w flmvn in 1 'ir 1()0 It can I* wn 
that thi< moment thminWio** rajuilly &* the borIp 0, mruuml 
from the point of application of the load, inerv.VM-*. 

81. Circular Plate* Supposed at Sextral Point* along the Boundary.— 
Considering the |3M> of a toad avmtnel firstly distributed w ith yrajieet t<i the 
renter t>f the plate, we take the general expression fur (hr deflertiurt *tirfs«-e 
it> Ike following form 1 

v- - +• «-<, (a) 

in which if, m the ilrfWlion of ii |ita(«- simply mipjiorinf along the entire 
houndxry. awl ir, hI ufww the |>«niogrr*»»i* di/frirritml equation 

daw, - 0 (*J 

Denoting the toner nl rated tractions at the |«nnta of support 1,2, 3, . . Ilf 
A’i, ,V|. t A\ and using wni (A) of the prra *>ux article for reprewen* 
talioii of concentrated f orres, we have for each n action .V, the r*pm»Son 


£C*s -4 


y • being the angle defining the iKwitlon of the *upport f (Fig 101) Tho 

intensity of the rearttv e format any point of 

the Ixiundarv ii then given try the expression 

2 SC* 2 — *> » 

m which the itnmnration i* extended over all 
tho concentrated reaction* (c). 

The general solution of the homogeneous 
r ‘ ' ' equation (6) is p\ en by expression (lf>3) (page 

2C0> Assuming that the piste h solid and omitting the term* thtt gtie 
tnfiiutn tie fleet ions anil moments at the center, wo obtain from expression 

(trail 



«ei - A, + JV* + £ (d-r» + e.r-«) n 


+ X {A '~ r ‘ + * m n * 

1 Severs! problem* of this kind were discussed by A ZCtulai, Z. Phytik, 
VjI. 23,p 300, 1022. 
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Tor determining the constants we have the following conditions at the 
boundary; 

- 25 ^+ 2 —)) 

in which if, ( and Q r are given by Eqs (160) and (1 61 ) 

Let us consider a particular case in which the plate is supported at two 
points which are the ends of a diameter \\ e shall measure 8 from this 
diameter. Then -yi — 0, y , •= », and w e obtain 

* — / i ^ hb { 2 2 - 1 + B -:( 2 * ! 2 - a ) 

^m(m — 1) "^{1 — s)(m — ljm 1 m(n + 1) cos,n9 ^’ 

in which w» is the deflection of the simply supported and symmetrically 
loaded plate, P is the total load on the plate and p — r/a Wien the load 
is applied at the center, w e obtain from expression (ff), by assuming * — 0 25, 


For a uniformly loaded plate we obtain 

(ic),_. ~ 0 269^-. 

(•)»-!S-f - 0371^. 

By combining two solutions of the type (j), the case shown in Fig. 102 ci 

also he obtained 

When a circular plate is supported at three \ ^ y\~ ~~~ 

points 120 deg. apart, the deflection produced K — 1 

at the center of the plate, when the load is N -~~— x 

applied at the center, is I 


When the load is uniformly distributed, the deflection at the center is 


i here P *=• to*?. 
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The ease of a circular plate supported at three points w as jm estigated by 
experiments with glass plates. These experiments showed a \ery satis- 
factory agreement with the theory 1 

62. Plates in the Form of a Sector. — The general solution developed for 
circular plates (Art. 48) can also be adapted for a plate m the form of a 
sector, the straight edges of which are simply supported * Tale, as an 
example, a plate in the form of a semicircle simply supported along the 
diameter AB and uniformly loaded 
(Fig 103) The deflection of this plate 
is evidently the same as that of the 
circular plate indicated by the dotted 
line and loaded as shown in Fig 1036 
The distributed load is represented 
in such a case by the senes 



SJ 4q 

Mr 


TlO 103 --1.3 3 

and the differential equation of tlie deflection surface is 


- 0 L 2 £■ 


The particular solution of this equation that satisfies the boundary con- 
ditions along the diameter AB is 



m-133 


«m(16 - m>)(4 - m*)D 


(c) 


The solution of the homogeneous differential equation (162) that satisfies 
the conditions along the diameter AB is 


Wi ■» ^ M»r» + sin me. (d) 

m-t 35. 

Combining expressions (c) and (d), we obtain Die complete expression for 
the deflection v? of a semicircular plate The constants and B m are 
determined m each particular case from the conditions along the circular 
boundary of the plate. 

’These experiments were made by Nadai, loc of , p 270. 

‘Problems of tbit kind nere dismissed by .4 Nads/, 2. Ver. dnd. /»?, 
vol 59, p. 169, 1915 See also the book by Galetkin, loe. cil , p 237, in 
which numerical tables for such cases are given. 
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In the Case of ft simply supported plate we hs\e 

(»)r- 


[s+'Gp+ss)!--* 


SubetitutiiiR the mm or none M «o.l M> 1« « » “ bl “ n 

the following equations for calculating A m and Pm 

4qo* 

+ B - a "” = - mr( | 6 - m*K4"- m«}D 

- 1) - m(. - 1)1 + .— (« + HI- + 2 + '« ~ «>! 

•lon*lt2 + r(4 - w«)l 
“ — w»(16 - m‘)(4 - m*)D 


From these equations, 
A. - 


qa < (m + 5 + ») 


*mr(16 - m*)(2 + m)[m + 1(1 + ')1D 

gn‘(m + 3 + r) 

B " " “ 0 -+»mr(4 + m)( 4 - •»»)[»» + 5(1 + »)1 D 

With th«.o vuloex ol tho coiuMH tho expromor, tor deSoction ot tho Plato 
becomes 


i {s 


mx(16 - m‘)(4 - "') 

+ 5 + x 


+ a~ ' m*(10 - m’)(2 + «0l”» + 5(1 + ^1 

r" +1 ”» + 3 +-! - — \ sin mft. 

_ mx(4 + m>( 4 - m*)[w + 5(1 + •01J 

With thi. oipmmioo tor tho ddfcottah > b « *»*■* "’ d '' y 

obtained ttom Bp (160) , or motor «Uh on 

In a similar manner we ean obtain ^ ; ona f 0 r thedeflectiona 

angle x/fc, k being a given jj 1 bp w p resen tcd in each particular 

and bending moments at a given poi 
case by the following formulas: 

J1 L^pqa*. W 

EA* 

f.rfnrt Several values of these factors 
in which «, 9 and are numerical factors - - in TftMe 35 

for points taken on the axis of symmetry of a sector are g 
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Table 35.— Values of tub Factors a, 0 and 0 t for Various Angles rfk 
or a Sector Simplt Rvrtoxn& at the Boundary 
v =0.3 



The case in which a plate in the form of a sector ig damped along the 
circular boundary and simply supported along the straight edges con be 
treated by the same method ot solution as that used m the previous case 
The values of the coefficients <* an d 0 for the points taken along the axis of 
symmetry of tho sector are given in Table 36 

Table 36. — Values of the Coefficients o and 0 for Various Angles 
»/& of a Sector Clamped along the Circular Boundart and 
Simply Supported along the Straight Edges 
» - 03 


»/*j 

r/o 

i 

r/a 


1 r/a . 

:T“] 

l r/o ~ 1 


I P ' 

- 

0 

» 1 

0 ' 

- 

0 

*/4 

0 0005 

-0 0005 

0 002S 

0 00S7 

0 0031 | 

0 0107 | 

0 1 

~0 0230 

*/3 

0 0010 1 

-0 ooor, 

0 0002 

0 0143 

0 0051 

0 0123 ( 

0 

-0 0340 

*/2 

0 0060 1 

0 0065 

0 out 

0 0272 

0 00S9 

0 0113 1 

o! 

-0 0458 


0 0320 

0 0*73 

0 0363 

0 04*6 | 

0 0167 | 

0 0016 j 


-0 0750 


It can be seen that in this case the maximum bending stress occurs at the 
mid-point of the circular edge of the sector 
If the circular edge of a uniformly loaded plats having the form of a 
sector is entirely free, the maximum deflection occurs at the mid-point of the 
unsupported circular edge. For the case when r/k * r /2> we obtain 


The bending moment at the same point is 


M, « 0 1331?o'. 
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53. Bending of Circular Plates Resting on an Elastic Foun- 
dation. — -Wc shall consider here only the case in which the load is 
symmetrically distributed with respect to the center of the plate. 
We shall also assume tliat the intensity of the reaction of the 
foundation at each point of the bottom .surface of the plate is 
proportional to the deflection of the plate at that point In 
such a case the deflection is independent of the angle & (Fig 94), 
and the differential equation (159) for the deflection of the plate 
reduces to the equation 


( d* , 1 d\ f dhv , 1 dui\ 
r 5 r/\(ir* + r ~dr } 


q — kw 


(165) 


In this equation q is the intensity of lateral load, and k i« (he 
modulus of foundation Thus Jew represents the intensity of 
the reaction at each point on the bottom surface of the plate 
Let us first consider the particular case of a plate loaded at the 
center with a load P. 1 In this case q is equal to zero over the 
entire surface of the plate except at the center. By intro- 
ducing the notation 


Eq. (165) becomes 

Since k is measured in pounds per cubic inch and D in pound 
inches, the quantity I has the dimension of a length. To 
simplify our further discussion it is advantageous to introduce 
dimensionless quantities by using the following notations: 


Then Eq. ( b ) becomes 

■ « 

Using the symbol 

A , «** 1 d 
A,or S5 + JS’ 

» This problem was discussed by Hertz, foe fit, p. 255 Sec also A. 
FSppt, "Vorlesuogen ufier technisebe Meebsml,” ’ol. 5, p. 103, 1922. 
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we then write 

AA? + 2 = 0. («) 

This is a linear di fferential equation of the fourth order, the 
general solution of which can be represented in the following 
form: 

> - 4X,(x) + + C\',(x) + PX.(x), Cfi 

where A, ... ,D are constants of integration and the functions 
A'i, . . , Xi are four independent solutions of Eq. (e). 

We shall now try to find a solution of Eq (e) in the form of a 
power series Let a»z" be a term of this scries. Then by 
differentiation we find 


Afa^") *» n(n — + na^r*~ 5 — n*awr""* 8 

and 

AA(a»z") = n*(n — 

To satisfy Eq. (e) it is necessary that to each term a H x m in the 
senes corresponds a term such that 

n*(n — 2) s a»x"-« + a^iz" -4 = 0 (s) 

Following this condition, all terms cancel when the series is sub- 
stituted in Eq (<); hence the series, if it is a convergent one, 
represents a particular solution of the equation. From Eq. 
(g) it follows that 

— « 

Observing also that 

AA(a 0 ) = 0 and AAfa^r 1 ) = 0, (0 

we can conclude that there are two series satisfying Eq. (e), piz-, 


2 1 • 4* • 6* * 8* • 10* ■ 12 1 ' 


4* • 6 s ‘ 4* • 6* • 8’ • 10* 


4 1 ■ 6 s • 8* • 10 5 • 12 1 - 14* ~ 
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It may I* amt from tiro notations <c) that for small values of the 
distance r, fr, for points that arc close to the point of applica- 
tion of the load P, tlio quantity I is small and scries 0) * 
rapidly convergent. It may tic seen also that Urn eons ecu m » 
derivatives of series (j) remain finite at the poin o app 
of the load (r - 0). This indicates that these senes atone arc 
not sufficient to represent the stress conditions a e i 
application of the load where, ns wc know from previous 
cussed cases, the bending moments become infinite y ^rge. 

For this reason the particular solution A* o -Q- e 
taken in the following form: 

X,-X,log * + (W 

in which F,{x) is a function of x which can again be represente 
by a power serjes. By differentiation we find 

iAX.-^ + logaAa.V. + AAP.Wl 
, x ax * 

and substituting Xt for z in Eq. (e), we obtain 

i + log »(AAX, + -Vi) + AAF.fa) + F.M “ 0 

Since X, satisfies Eq. (e) and is represented by the first^Uhe 

senes (j), we obtain the following equation for detc 
F*(x): 

4d J A'i .( 2 3 ' 4 
AAF,(x) + F»(x) = “ 

6 • 7 ■ 8 • i* in -1112 «' -i. ■ • • I W 

"b 2* • 4* ■ 6 1 • 8 1 2 1 • 4* • 6* • 8* • 10 1 * l 2 

Taking F,(x) in the form of the series 

P.(l) - her* + t>.*’ + *<*“ + thc CK! ffl. 

and substituting this series in Eq. (Oi we e 6 at j on will he 

dents l„ b„ 6, so that tho resulting equ 

satisfied. Observing that 

AAftnx*} = 4’ ■ (crm3 thal do not 

we find, by equating to zero the sum 
contain x, that 2 • 3 ' 4 

4* • 2* • bi — 4 " ‘2*74*'' 
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2-3-4* _ 3 
' 2* • 4‘ 128' 


Equating to zero the sum of the terras containing r\ ne find 


In general, we find 


n(n — l)(n — 2) 

~ 2* • 4* • 6* • • • n* 


Thus the third particular solution of Eq. (<■) is 


‘ ^ 128 1,769,472 ' 

Tho fourth particular integral X t of Eq. (e) is obtained in a 
similar manner by taking 
X« -= X, log z + F«(z) = X* log x + 1 4 4< 5 6< 6 x* 

1 /. 4-5-6 , 10-9-8 V lt .... f .s 

“'l0* 8* \ * 4<-6< + 4*-6* • • • 107 + ' U 

By substituting the particular solutions (j), (n) and (o) in 
expression (/) we obtain the general solution of Eq. (e) in the 
following form . 

z = A^l - + 2* - 4* - 6* - 8* *" * ’ * ) 

+ B (** ~ 5*7^ + 4* • 6* • 8 3 • 10* “ * ' * ) 

+ 41 1 -2^ + §^W ) log x + 

“ 1,769,472*' +*'*]+ D [(** “ 4«T6» + 41. <3* - 8* - 10* 
\ , .5 , 1054 -Mr* , 1 , 

• • ) log 2 + 34^- 442,368 1 + ‘ ' J' ^ 

It remains now to determine in each particular case the con- 
stants of integration A, ... , D so as to satisfy the boundary 
conditions. 



PLATES OF VARIOUS SHAPES 


279 


Let us consider the case in which the edge of the circular 
plate of radius a is entirely free, the boundary conditions for 
such & case being given by Eqs. (j), Art. 48 (see page 259) 
Using for the moments JIT, and shearing forces Q, the first of the 
equations (160) and the first of the equations (161), respectively, 
we write the boundary conditions as 


(dhc , IrfiA 

\dr ! T dr/_« 

—( a. * 
di\dr* r dr 


"°i 

- 0.' 


k) 


In addition to these two conditions we have two more conditions 
that hold at the center of the plate; m , the deflection at the 
center of the plate must he finite, and the sum of the shearing 
forces distributed over the lateral surface of an infinitesimal 
circular cylinder cut out of the plate at it3 center must balance 
the concentrated force P. From the first of these two condi- 
tions it follows that the constant C in the general solution (p) 
a anishes. The second condition gives 


(r) 

or, by using notation (a), 

where t is the radius of the infinitesimal cylinder. Substituting 
Iz for to in this equation and using for z expression (p), we find 
that for an infinitely small value of x equal to t/l the equation 
reduces to 

477 

-Al‘ • ~ . 2»« + P * 0, 

it 

from which 

D ~ 10 

Hating the values of the constants C and X), the remaining two 
constants A and B can be found from Uqs. ( 9 ). For given 
dimensions of the plate and given moduli of tfie pfate and of ffie 
foundation the«e equations furnish two linear equations In A 
and B. 
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Let us take, as an example, a plate of radius a = 5 in and of such rigidity 
that 



We apply at the center a load P such that 


D 


10 -*. 


Using this value of D and substituting L for tr, ne find, by using expression (p) 
and taking * = a/l — 1, that Eqs (?) give 

0 500A + 0 230B = 4 062 D ■= 4 002 • 102 10"*, 

0687/1 - 8 4S3B - 1J 09D = 11 00 102 lO'*. 

These equations give 

A - 86 ■ 10-« p B - -64 10-'. 

Substituting these values in expression (j>) and retaining only the terms 
that contain x to a pou er not larger than the fourth, " e obtain the following 
expression [or the deflection 

u> - It - 5^86 10-*^1 - — - t J - 64 10-‘x* + 102 J0-*x' log * 

The deflection at the center (x - 0) is then 


<uW - 43 10-» in., 

and the deflection at the boundary (x » 1) is 

“ 39 1 ltr* in 

The difference id these deflections is comparatively email, and the pressure 
distribution over the foundation differs only slightly from a uniform 
distribution. 

If no take the radius of the plate two times larger (a — 10 in.) anil retain 
tho prei ious values for the rigidities of the plate, t becomes equal to 2 at the 
boundary, and Eqs (q) reduce to 

0 826.4 + 1 9«OB - l 2WD, 

2 665A - 5 745B - 18 37 D. 

Thine equations gi\ e 

A -3 93f> « 400- 10-*, B - -I 030 ® -105 10**. (n) 

Tic deflection Is obtained from expression (p) as 

• - k - S { J0 ° • W ‘{ J - irr) - '»• ■ ■”-(»' - ss) 
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The deflections at the center and at the boundary of the plate arc, 
respectively, 

u’m.t = 2 I0-* in and nw = 0 88 JO - * in 
It is thus seen that, if the radius of the plate us tu ice as large as the quantity l, 
the distribution of pressure over the foundation is already verv far from a 
uniform one 

If we take an infinitely large plate which was considered by II Hertz 
(see page 255), the deflection under the load is, from Fq (157), 

“ w " SHi “ * lD " 14 5 102 ' 10- ‘ “ 1 60 10 "’ m 


Having an expression for the deflections the bending moments are 
obtained from Eqs (160) At the point of application of the load these 
momenta become infinitely large, and the results obtained by using the thick 
plate theory (see page 255) must be applied lit calculating stresses at that 
point. 

The general solution (f) of Eq («) can also be represented by Bessel 
functions for which there are numerical tables ' In this manner the dis- 
cussion of various cases of bending of circular plates resting on an elastic 
foundation can be considerably simplified * 

The strain energy method also can be used for calculating the deflection 
of a circular plate resting on an elastic foundation For example, to obtain 
a rough approximation for the case in which the deflection at the center does 
not differ much from the deflection at the boundary, w e take for the deflec- 
tion the expression • 


ta =* A -f- Dr 1 , 


t») 


where A and B are two constants to be determined from the condition that 
the total energy of tbc system in stable equilibrium is a minimum (sec 
Art 28). From expression (r) we conclude that the deflection surface has 
a constant curvature equal to 2B Hence the strain energy of the plate of 
radius o, as given by Eq (47) (page 50), is 

Vt - 4 tf* Dra'(.l + r). 


The strain energy of the deformed elastic foundation is 

- f.|> * " - ■‘(i' 1 '-’ + + 

The total potential energy of the system for the case of a load P applied at 
the center is 

V - 4B» ZW< 1 + ») +xt(M*a» + i ADa 1 + !B«a') - PA. 

* See, for example, Jahake-Emde, “Tables of Functions,” Berlin, 1933 
•See paper by F. Schleicher, “Festschrift rur Iiundcrtjahrfeier dcr 
Teehnischen Hochschule Karlsruhe," 1925; and J. J^Koch, I n genteur, No. 6, 
1925. 
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Taking the derivatives of this expression with respect to constants A and IS 
and equating them to zero, we obtain 


f 2 160 ( 1 + »)1 „ 


Taking the previous numerical example (page 280) in w hich 


This result is about 3 per cent less than the value 43 10 -1 in. previously 
obtained To obtain a better accuracy more terms should be taken in 
expression (») 

When the deflection and the reactions of the foundation are found by tho 
energy method, the calculation of stresses can be made by considering tho 
given plate to be a circular one symmetrically loaded by the calculated 
reactions (see Chap III). In this way a better accuracy will be obtained 
than if an approximate expression, such as expression (t>), were used in 
calculating curvatures and bending moments. 

If the foundations are assumed to be a semi-infinite elastic body instead 
of conforming with the simplifying assumption regarding reactions made in 
our previous discussion, the problem of bending of circular plates supported 
by an elastic foundation becomes more complicated This problem has 
been discussed by D L Holl. 1 

64. Circular Pistes of Non-uniform Thickness. — Circular plates of non- 
uniform thickness are sometimes encountered in the design of machine parts, 
such as diaphragms of steam turbines and pistons of reciprocating engines. 
The thickness of such plates is usually a function of the radial distance, and 
the acting load is symmetrical with respect to the center of the plate. *Vc 
shall limit our further discussion to this symmetrical case 

Proceeding as was explained in Art 15 and using the notations of that 
article, from the condition of equilibrium of an clement as shown in Fig. 23 
(page 56) we derive the following equation: 


if, + — ~r - if , + Qr - 0 . (a) 

dr 

in which, as before, 

. 

1 1’roc. 5lJi Intern Cong Appl. Utck , Cambridge, Mass , 1033 
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(e) 


and Q is the shearing force per unit length of a circular section of radius r 
In the case of a solid plate, Q is given by the equation 


Q 


■tf" 


t<*> 


in which q is the intensity of the lateral load 

Substituting expressions (6), (e) and (d) in Eq (a) and observing that the 
flexural rigidity D la no longer constant but vanes w ith the radial distance r, 
we obtain the following equation . 




Thus the problem of bending of circular ayminetneally loaded plates reduces 
to the solution of a differential equation (e) of the second order with variable 
coefficients To represent the equation in dimensionless form we introduce 
the following notations: 

a is the outer radius of the plate 
A is the thickness of the plate at any point 
Ao is the thickness of the plate at the center 



We also assume that the load is uniformly distributed Using the notation 


Eq. (e) then becomes 


C(1 ~ >»)a»g 
Eh\ 


rfV 4. (\ 4. d log i/’ V*’ d log 

dr 1 \i dx Jdz \r’ x Ax / 


.E£. 

v' 


(e) 


(166) 


In many cases the variation of the plate thickness can las represented with 
sufficient accuracy by the equation 1 

V - (A) 

» The first investigation of bending of circular plates of non-uniform thick- 
ness was made by II. Holier, Z. get. Turbtnentcesen, vol 15, p. 21, 1018 
The results given in this article are taken from O Fielder's doctor’s disserta- 
tion, “Die Biegung kreissymmetrisehcr Flatten von vcraderlicf.er Dirfce," 
Berlin, 1028 See also the paper by It. Gran Olsson, l ngenieur- Archtv, 
sol. 8, p. 81, 1037. 
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in which 0 is a constant that must he chosen m each particular case so as to 

approximate as closely as possible the actual proportions of the plate The 

\anation of thickness along a diameter of a plate corresponding to various 



Fio 104 


values of the constant 0 is shown in Tig 104 Substituting expression (A) 
in Eq (166), we find 


3 + G-*)£-(?+-> 


It can be readily verified that 


(0 


Ci> 


is a particular solution of Eq (i) One of the two solutions of the homo- 
geneous equation corresponding to Eq (i) can be taken in the form of a 
power senes: 



g-(f + >)(3 + r) • • • (2» - 1 + >) „ +1 
! 2 ■ 4 ■ 4 6-6 ■ 2n 2n(2n + 2) * 


<*) 


in which a 1 is an arbitrary constant The second solution of the same equa- 
tion becomes infinitely large nt the center of the plate, i e , for x ** 0, and 
therefore should not lie considered in the case of a plate without a hole at 
the center If solutions (j) and (A) arc combined, the general solution of 
Eq. (t) for n solid plate can be put in the following form: 

'-< c *-<rrv ¥ ) ® 

The constant C in each particular case must lie determined from tbc con- 
dition at the boundary o! the piste Since senes (A) is umfonnly convergent, 
it can be differentiated, and the expressions for the liendmg monnnts can 
be obtained by substitution in Eqs (6). The deO. etions can b«i obtained 
from Eq. (e). 

In the ease of a plate damped nt the edge, the Imundaty conditions arc 
{»)._, - 0, (y)._, - 0, (m) 
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Table 37, and the values of y' and arc represented graphical!} in Figs 
107 and 108, respectively. 

To calculate the deflections and stresses in a given plate of variable 
thickness we begin by choosing the proper value for the constant & as given 
by the curves in Fig. 1(M. hen the value of jj has been determined and 
the conditions at the boundary are known, we can use the valuea of Table 
37 to calculate the deflection at the center and the curves in Figs 105, 106 
oc 107 , 10S to calculate the maximum stress If the shape of the diametrical 
section of the given plate cannot be represented with satisfactory aceurac} 
by one of the curves in Fig 101, an approximate method of soiling tht 
problem can always be used. Tins method consists of dividing the plate 
by concentric circles into several rings and using for each nng formulas 



developed for a ring plate of constant thickness. The procedure of ca/eu- 
lation is then similar to that proposed by It. Grammel tor calculating stresses 
in rotating disks 1 

66. Non-linear Problems in Bending of Circular Plates. — 
From the theory of bending of bars it is known that, if the con- 
ditions at the supports of a bar or the loading conditions arc 
changing with the deflection of the bar, this deflection will no 
longer be proportional to the load, and the principle of super- 
position cannot be applied.’ Similar problems arc also encoun- 
tered in the case of bending of plates * A simple example of this 

1 GltMcUEL, R , DingUrt Polytech J , v oh 338, p 217, 1923. , The analogy 
existing between the problem of a rotating disk and the problem of lateral 
bending of a circular plate Of variable thickness w as indicated by L Ftippl, 
Z. angeoy Math Hfech , vok 2, p 92, 1922 N'on-symmetrical bending of 
circular plates of non-utufonn thickness is discussed by O Olsson, Ingemeur- 
Archie, vol 10, p. 14, 1939 

* An example ot such problems is diseuswd in the author’s “Strength of 
Materials,” vol. 1, p. 157, 1930 

* See K. Girkman, Her Shklbau, vol 18, 1931. Several examples of «ich 
problems are discussed also in a paper by R. Hofmann, Z. anjetr. Hath. 
Sfech , vol. 18, p. 226, 193S. 
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kind 18 shown in Fig. 109. A circular plate of radius a is pressed 
by a uniform load q against an absolutely rigid horizontal 
foundation. If moments of an intensity M a arc applied along 
the edge of the plate, a nng-sliaped portion of the plate may be 
bent as shown in the figure, whereas a middle portion of radiu9 b 
may remain flat. Such conditions prevail, for example, in the 
bending of the bottom plate of a circular cylindrical container 
filled with liquid The moments AT. represent in this case the 
action of the cylindrical wall of the container, which undergoes 
a local bending at the bottom. Applying to the ring-shaped 
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portion of the bottom plate the known solution for a uniformly 
loaded circular plate [see expression ( m ) in Art. 481, " c obtain 
the deflection 


+ C,logr + C,r’ + C,r']o g r + |ji- <«) 

For determining the constants of integration C\, . . . » w we 
have the following boundary conditions at the outer edge: 

(w)*-« = 0, (AT r )_o = ~M a . (&) 

Along the circle of radius b the deflection and the slope are zero. 
The bending moment M r also must be zero along this circle, 
since the inner portion of the plate remains flat. Hence the con- 
ditions at the circle of radius b are 

- 0, - 0, («,)_ = 0- to 

By applying conditions (6) and (c) to expression (a) we obtain 
the five following equations: 
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Ci + Ci log a 4* C*a* + C«a* log a — - 


90 1 
64 D' 

Cl + C, log h 4- C,4= + C.(> ’ log ft - 
C,^i + C^(k + 1) 


4* Ci(3 4- 2 log a 4* 2 f log a 4* ►) - 

+ c, 2(» + 1) 

4* C<(3 4" 2 log b + 2v log 6 4" **) = 


,_9 a 


(3 H 




+ C.26 + C.K2 log 6 + 1) - - J 9 ~ 


sr.= 


and 


a?£l 
p 32 D 


16 D 

By eliminating the constants C\, . . . , C« from these equations 
we obtain an equation connecting M, and the ratio b/a, from 
which tho radius b of the flat por- 
tion of the plate can be calculated 
for each given value of M m . With 
this value of 6 the constants of 
integration can bo evaluated, and 
the expression for the deflection of c& 

. the plate can be obtained from 0 
Eq. (a). Representing the mo- 06 
ment Af„ and the angle of rotation q 4 
<p a of the edge of the plate by tho 
equations 




*aor/ 


=ae 


5 e 


and repeating the above-mentioned calculations for several values 
of the moment AT., we can represent the relation between the 
constant factors a and p graphically, as shown in Fig. 110, for the 
particular case* » = 0. It Is seen from tliis figure that P does 
not vary in proportion to a and that the resistance to rotation 
of the edge of the plate decreases as the ratio b/a decreases. Tliis 
condition holds up to the value « =* 5 at which value 0 ■=■ 1, 
b/a *» 0, and tho plate touches the foundation only at the 
* Tliis case is discussed in tho paper hy Hofmann, foe etl , p. 2S7. 
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center, as shown in Fig. 1096. For larger values of a, t.e., for 
moments larger than M a = 5qa 1 /32, the plate does not touch 
the foundation, and the relation between a and p is represented 
bv the straight line AB. The value M a — 5qa‘ t /32 is that value 
at which the deflection at the center of the plate produced by the 
moments M a is numerically equal to the deflection of a uni- 
formly loaded plate simply supported along the edge [see Eq. 
(68)1 

Another example of the same kind is shown in Fig. Ill- A 
uniformly loaded circular plate is simply supported along the 



Flo 111 



Fio. 1 12. 


edge and rests at the center upon an absolutely rigid foundation. 
Again the ring-shaped portion of the plate with outer radius a 
and inner radius 6 can be treated as a uniformly loaded plate, 
and solution (a) can be used. The ratio 6/a depends on the 
deflection 5 and the intensity of the load q. 

66. Elliptical Plates. Uniformly Loaded Elliptical Plate with a 
Clamped Edge — Taking the coordinates as shown in Fig. 112, 
the equation of the boundary of the plate is 

*;+£-i = o (o) 

a 1 6* 

The differential equation 

AAtc = j (6) 

and the boundary conditions for the clamped edges, i e., 

tc = 0 and —? = 0, (®) 

dn 

are satisfied by taking for the deflection w the expression* 

1 This solution and the solution for a uniformly varying load q are obtained 
by G. H. Bryan; see A. E. II Love's book, “Theory of Elasticity,” 4th ed 
p. 484. The case of an elliptical plate of variable thickness is discussed by 
G. Olsson, Inqrniettr-Archtv, voL 9, p 108, 1938. 
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-= 4 -*-£)■ 


<«0 


It is noted that this expression and its first derivatives with 
respect to x and y vanish at the boundary by virtue of Eq (a) 
Substituting expression ( d ) in Eq (6), we see that the equation 
is also satisfied provided 


U>C 


9 



(167) 


Thus, since expression (d) satisfies Eq (6) and the boundarj 
conditions, it represents the rigorous solution for a uniformly 
loaded elliptical plate with a clamped edge. Substituting 
x » y = o in expression (d), we find that u’o, as given by Eq. 
(167), is the deflection of the plate at the center If a = 6, we 
obtain for the deflection the value previously derived for a 
clamped circular plate (Eq (62), page GO J. If a =* «, the 
deflection tr« becomes equal to the deflection of a uniformly 
loaded strip with clamped ends and having the span 26. 

The bending and twisting moments are obtained by sub- 
stituting expression (d) in Eqs. (99) and (100). In this way 
wc find 


M. ~ 


a*tc a*»\ 

V/ " 


J 3t s , y* 1 

tCoDl — j- + -,-r, — 


For (he center of the plate and for the ends of the horizontal axis 
we obtain, respectively, 


- 4tr^ and 

(/) 

Similarly, for the moments Af, at the center and at the cuds of tho 
vertical avis wc find, respectively, 

=* 4ir«D^g, + and (.!/,)_•,-* - (s) 

It is seen that the maximum bending stress is obtained at the 
ends of the shorter principal axis of the ellipse. Having tho 



292 


THEORY OF PLATES AND SHELLS 


moment? M, and M n , the value? of the bending moment 
M n and the twisting moment ,V„ at any point on the boundary 
are obtained from Eq? (e) (Art. 22, page 94) by substituting 
in the?c equations 


if* \/a V + b l r 3 


ds y/a^y 1 + b\r* 


(A) 

The shearing force? Q, and 0, at any point are obtained by sub- 
stituting expression (</) m Eq? (102) and (103). At the boundary 
the shearing force <?, i? obtained from Eq. (rf) (Art. 22, page 0t), 
and the reaction IV from Eq (p) of the same article. In this 
manner we find that the intensity of the reaction i? a maximum 
at the end? of the minor axis of the ellipse and that it? ab-olutc 
value is 

*» ■>*" ® 

The smallest absolute value of TV is at the end? of the major 
axis of tlic ellipse where 

(Y \ _ 4- 3 b')q (j) 

v ~ 3n« + 3b‘ + 2a*6* 

For a circle, o » b, and we find (F.) = (F.)-i. = tfa/2. 

Elliptical Plate talk a Clamped Edge anil Rent by a Uniformly Varying 
Pressure — Assuming that q ■* q,j, we find that Eq. (6) and tho boundary 
conditions (c) are satisfied by taking 




From this expression the bending moments and the reactions at the boundary 
can be calculated as in the previous case 

Uniformly Loaded Elliptical Plate with Stmply Supported Edge — Tho 
solution for this case is more complicated than in the case of clamped edges; 1 
therefore we give here only some final numerical results Assuming that 
a/b > 1, sc represent the deflection and the bending moments at the center 
by the formulas 

= ajp, if, «= 0 qb\ if „ = 0 iqb\ 

1 See B. G CalexUn, Z. angew. ifatk ifech , vol 3, p 113,1023 


M 



PLATES OF VARIOUS SIIAPFS 293 

The values of the constant factors a, fi and fh for various values of the 
ratio a/b and for v •= 0 3 are given in Table 3S 


Table 38 — Fa from a, fi, 0 , jv rounrtAs ft; fob Uvjkmlmly Loaded aid 
Simply Supported Elliptical Plates 
r - 03 


a/6 ; 

‘l j 

till 

! 

I'- 2 

1 1 3 j 

1 4 

1 5 

j 2 | 3 ' 4 j 5 ' 

j . 

fi = , 
fix - 

0 70 

0 200 
0 200 

0 83 i 
0 215 
0.235 

[0. 96 1 07 

0 219 0 223 
0 2610 2S2' 

1.17 

0 223 
0 303 

1 26 1 
0 222 
0 321 

jl 58 1 88 2 02 (2 10 1 
0 2100 1880 184 0 170 
0 379 0 4330 4650 480 

2 28 
o- 150 

0 500 


Comparison of these numerical values mth those previously obtained for 
rectangular plates (Table S, page 133) shows that for equal values of the 
ratio of the sides of rectangular plates and the ratio a/b of the semi-axes 
of elliptical plates the values of the deflections and the moments at the 
center in the two kinds of plate do not differ appreciably The case of a 
plate having the form of half an ellipse lwunded 
by the trauav erso axis has also been discussed. 1 

57. Triangular Plates. Equilateral 
Triangular Plate Simply Supported at ike 
Edges . — The bending of such a triangular 
plate by moments AT. uniformly dis- 
tributed along the boundary ha.9 already 
been discussed (sec page 102). It was F,a ll3 - 

shown that in such a ease the deflection surface of the plate is the 
same as that of a uniformly stretched and uniformly loaded 
membrane and is represented by the equation 



«• = - 3y*x - a(x* -J- y*) + ^a 5 (a) 

in which n denotes the height of the triangle, and the coordinate 
axes are taken as shown in Fig 1 13. 

In the case of a uniformly loaded plate the deflection surface 
is* 

10 = e&t** “ 3j/ ‘ x " a(x * + yt) + A a, ](5 a, “ **)• 

(169) 

, 1 GalerkiV, B G , Meticngtr Math , vol. 52, p 09,1923 
* The problem of bonding of a plate having the form of an equilateral 
tnanglc was solved li y S W oinowsky-Kncger, Ingtraeur- Archie. vol. 4, 
p. 254, 1933. 
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By differentiation we find 

AW = “iasiy " Zy ' X ~ °^ 5 + V 1 '* + 5^]' ® 

It may be seen from (169) and (b) that the deflection and the bend- 
ing moment at the boundary vanish, since the expression in the 
brackets is zero at the boundary. Further 
differentiation gives 

AAic = —■ (c) 

Hence the differential equation of the deflec- 
tion surface is also satisfied, and expression 
(169) represents the solution of the problem. 
Having the expression for deflections, the 
expressions for the bending moments and 
* the shearing forces can be readily obtained. 
The maximum bending moment occurs on the 
lines bisecting the angles of the triangle. Con- 
sidering the points along the ir.-axis and taking 
» = 0 3, wo find 
(2I/.W - 0 0248^0*, at x - -0.002a; - ) (1 - 0 n 

WJmm. « 0.02593a 1 , at x = 0.129a. / 

At the center of the plate 

M, - M, - (1 + ,)1~- (HI) 

The case of a concentrated force acting on the plate can be 
solved by using the method of images (see page 174). Let us take 
a case in which the point of application of the load is at the center 
A of the plate (Fig. 114). Considering the plate, shown in the 
figure by the heavy lines, as a portion of an infinitely long 
rectangular plate of width a, we apply the fictitious loads P 
with alternating signs as shown in the figure. The nodal lines 
of the deflection surface, produced by such loading, evidently 
divide the infinitely long plate into equilateral triangles each 
of which is in exactly the same condition as the given plate. 
Thus our problem is reduced to that of bending of an infinitely 
long rectangular plate loaded by the two rows of equidistant 
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Joad3 +P and —P. Knowing the solution for one concentrated 
force (see Art. 31) and using the method of superposition, the 
deflection at point A and the stresses near that point can ho 
readily calculated, since the effect of the fictitious forces on 
bending decreases rapidly as their distance from point .1 increases 
In this manner tve find the deflection at A 

p a * 

tr, = 0.00571^- (172) 

The bending moments at a small distance c from /I are given by 
the expressions 




073) 


Since for a simply supported and centrally loaded circular plate 
of radius a# the radial and the tangential moments at a distance 
c from the center are, respectively (sec page 74), 




it can be concluded that the first terms on the right side of 
Eqs. (173) are identical with the logarithmical terms for a 
circular plate with a radius 

a, , - - («) 

Hence the local stresses near the 
point of application of the load can 
be calculated by using the thick- 
plate theory developed for circular 
plates (see Art. 19). 

Plate in the Form of an Ieotcelee Jiighl 
Triangle until Simply Supported Edges — &ich a plate may he considered 
as one-half of a square plate, 83 indicated in Fir US by dotted lines, 
and the methods previously developed for rectangular plates can be 
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applied ‘ If a laid P U applied at a point A nidi coordinate* f, >? (Kin 
115), ttc assume n fictitious load — J‘ applied at A* which li the inner of 
the point A with respect to the line EC. There two loads evidently pro* 
dure a deflection of the wpiw plate such that the diagonal HC liccomts n 
nodal line Tljtia the portion OflC of tlie square plate ii in exactly the 
Mine condition as a simply supported triangular plate OIIC. Considering 
the load +/' and iL'mj the Xn\ i«>r solution for a Mjuare plate (page 122), «u 
ohtam the deflection 


In thr a 
t and a 


- 322 - 



iame manner, considering the load — /’ mid taking 
— ( instead of a, we obtain 


'V 


(f) 


8 iaatcail of 




n a mix nry . 

- - — — - &TW" 

Tlie complete deflection of the triangular plate ia obtained by summing up 
expressions (/) anil (j); it, 


v - if, + «■*. (») 

To obtain the deflection of the triangular plate produced by a uniformly 
distributed load of intensity q. mc mitetitute q d( dq for I‘ and integrate 
expression (A) over the area of the triangle OltC. In this manner are obtain 



2 2 



m(n* - m')(m* + n>)* 



n(m» - n*)(m* + «*)’ 


(•) 


Tb« is a rapidly converging senes and can be used to calculate the deflection 
and the tending moments at any point in the plate Taking the axs of 
symmetry of the triangle in Fig 115 as the it-axis and representing the 
deflections and the momenta .lf, i and .V, ( along this axis by the formulas 


a Eh* 


M,, - 0,qn\ 01 


the values of the numerical factors a, 0 and 0i arc ns gu en in Figs. 1 16 and 
117. By comparing these results with those given in Tabic 5 for a uni- 
‘Thia method of aolution was given by A Nadai, “Flastisclie Flatten,” 
p. 178, 1925. Another way of handling the same problem was given by 
B G. Galerkin, Bull, acad tci de Rutsi *, p. 223, 1919; and Bull. Polytteh. 
I rut , voL 28, p. 1, St. Petersburg, 1919. 
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formly loaded square plate, it can Im concluded that for the same value of a 
the maximum 1 vending moment for & triangular plate is somewhat less than 
half the maximum bending moment for a square plate 


Q0050 
ftWOO 

rio. no. 



To simplify the calculation of the deflections and moments the double 
senes (t) can be transformed to simple senes ‘ For this purpose ire use the 




1 This transformation was communicated to the w ritcr by J. V. Uspensky. 
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which can be represented in the following form 

Vmii) ■=(«.+ fimz) cosh mx + Or. + «-) Binh mi - CD 

Considering now the senes 


we obtain 


2 


<«* + «*)*(»* - n 1 ) 




dr, 

dx 



*r, 

dx* 



(*») 


(n) 


«0 


By integrating Ext (o) we find 

V. - A m cos tax + B, sin mi + ^ C/«,(t) sm m(t — 0D 

- -m.4. am mx + tnB m coa mt — J' cos tn({ — i)df. (?) 

The constants d„ and B_ can be determined from the conditions 


■* 0 and r„(oJ =. !’.(*•) W 

which follow from senes fn) and (n) With these values of the constants 
expression Cg) gives the aura of series (n) which reduces the double series in 
expression (i) to a simple senes. 


& 



CHAPTER VIII 


BENDING OF PLATES UNDER THE COMBINED ACTION 
OF LATERAL LOADS AND FORCES IN THE MIDDLE 
PLANE OF THE PLATE 


68. Differential Equation of the Deflection Surface. — In our 
previous discussion it has always been assumed that the plate 
is bent by lateral loads only. If in addition to lateral loads there 
are forces acting in the middle plane of the plate, these latter 
forces may have a considerable effect 
on the bending of the plate and must 1 
be considered in deriving the corres- 
ponding differential equation of the . 
deflection surface. Proceeding as in 
the case of lateral loading (see Art. 

21, page 85), we consider the equilib- ; 
rium of a Bmall element cut from the ; 
plate by two pairs of planes parallel 
to the xz- and yr-coordinate planes 
(Fig. 118). In addition to the forces t 
discussed in Art. 21 we now have 
forces acting in the middle plane of 
the plate. We denote the magnitude 
of these forces per unit length by 
A r ., and N„ — N y „ as shown in 

the figure. Projecting these forces on the x- and y-axes and 
assuming that there are no body forces or tangential forces acting 
in those directions at the faces of the plate, we obtain the follow- 
ing equations of equilibrium: 

dN„ 



K-L- 

1 1 tM-fi*-* 

I I («> 

»rfl 

n 

1 




Vy °* V 
(b) 


dNs , o 
dx " t '~ 


?= 0, 
= 0. 


(174) 


These equations are entirely independent of the three equations 
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of equilibrium considered in Art 21 and can be treated separately, 
as will be shown in Art 60 

In considering the projection of the forces shown in Fig. 118 
on the z-axis, wc must take into account the bending of the plate 
and the resulting small angles between the forces Nx and N, that 
act on the opposite sides of the element As a result of this bend- 
ing the projection of the normal forces N x on the z-axis gives 

After simplification, if the small quantities of higher than the 
second order are neglected, this projection becomes 

dho , , . dN x dw , , 

<y + ——dzig. («> 


In the same way the projection of the normal forces N t on the 
z-axis gives 

.. d*w , , , dNu dw, , /ia 

Ny^zdy + -^~dzdy. (W 

Regarding the projection of the shearing forces N„ on the z-axis, 
we observe that the slope of the deflection surface in the {/-direc- 
tion on the tno opposite sides of the element is dw/dy and 
{dw/dy) + {d*w/dxdy)dx Hence the projection of the shearing 
forces on the z-axis is equal to 


A d’w , , dNxt d w x j 

K -’6iSi‘ ,ld! +-srei dzdl '- 


An analogous expression can be obtained for the projection of 
the shearing forces h\ t = iV„ on the z-axis. The final expression 
for the projection of all the shearing forces on the z-axis then can 
be written as 


' + *££**■ 


(c) 


Adding expressions (a), (h) and (c) to the load q dx dy acting on 
the element and using Eqs (174), we obtain, instead of Eq. 
(g) (page 87), the following equation of equilibrium: 


d*M. 

dx * 


„d*M„ aw, 

dx dy By* 


= -(» + *. 


'At* 


+ N, 


tPw 

V 


+ 2 N x 


3*to \ 
"dx dy) 
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Substituting expressions (99) and (100) for 3I„ M, and 
obtain 

, , r dho , . , d[w 
*dx x dy* _r dy* D\* *dx* y 0y* 


3*m r, d'w _j_ <3 4 u> 


n dr (tyj 


This equation should be u«cd instead of Eq (101) in determining 
the deflection of a plate if in addition to lateral loads then 1 
are forces in the middle plane of the plate 

If there are body forces 1 acting in the middle plane of the plate or tan- 
gential forces distributed over the aurfnees of the plate, the cliffi rcntial 
equations of equilibrium of the element show n in 1 'ir 1 18 become 


ON. 

Ox 

J.V„ 

Ox 


°-l 

o' 


(170) 


Here X and Y denote the two components of the body forces or of the 
tangential forces per unit area of tho middle plane of the plate 

Using Uqi. (170), instead of Ilqe (174), we obtain the following d.fTercnlwl 
equation* for tho deflection surface: 


<1*IC a*ir iVho 
Ox* + Or* Oy* + Oy* 


-*(’ 


flV 

•ox* 


.V — 4 . 2.V., ■ 

’0y* OtO'j 

— .Y— - 077) 

Ox 0'J / 


liquation (175) or Iiq (177) together with tho conditions at the boundary 
(see \rt 22, pagn 63) defines the deflection of a plate loaded laterally anil 
submitted to the action of forces in the middle plane of the plate 

69. Rectangular Plate with Simply Supported Edges tinder 
the Combined Action of Uniform Lateral Load and Uniform 
Tension. — Assume that the plate ia under uniform tetiMon in the 
direction, as shown 5n Fig- 119. The uniform lateral ond V 
can la* rep rented by the trigonometric writ-* (*cr page II* j 
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2 2 


nry 
b ’ 


Equation (175) thus becomes 


fl‘u' , g 3*u> Njc dho 

dx* dx* fly 1 fly* D dx* 


<«> 


-1®£ N 

~ Dr* 

«-l 3,5. 


2 


»2a 

0 


This equation and the boundary conditions at the simply sup- 
ported edges will be satisfied if we take the deflection to in the 
form of the scries 


w = 22°"* pm ~^r sin w 


Substituting this senes in Eq. (6), we find the following values 



both are e\ en numbers. Hence the deflection surface of the plate is 


16? 
~ r‘D 


2 2 


"[(Jy + S) + *’»<■’] 


Comparing this result with solution (122) (page 118), we conclude 
from the presence of the term i V,m*/r* Da* in the brackets of 
the denominator that the deflection of the plate is somewhat 
diminished by the action of the tensile forces N,. This is as 
would be expected. 
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If, instead of tension, wc have compression, the force N t 
becomes negative, and the deflections (e) become Iargei than 
those of the plate bent by lateral load only. It may also be seen 
in this case that at certain values of the compressive force N , 
the denominator of one of the terms in series (e) mav vanish 
This indicates that at such values of N x the plate raaj buckle 
laterally without any lateral loading. This phenomenon of 
elastic instability will be discussed later 
60. Application of the Energy Method.— The energy method, 
which was previously used in discussing bending of plates by 
lateral loading (see Art. 28, page 120), can also be applied to 
the cases in which the lateral load is combined with forces acting 
in the middle plane of the plate. To establish the expression 
for the strain energy corresponding to the latter forces let us 
assume that these forces are applied first to the unbent plate 
In this way we obtain a two-dimensional problem which can 
be treated by the methods of the theory of elasticity 1 Assuming 
that this problem is solved and that the forces N r , N„ and A r x „ 
are known at each point of the plate, the components of strain 
of the middle plane of the plate are obtained from the known 
formulas representing Hooke's law, viz , 


UN, - wVj, 




(«) 


The strain energy, due to stretching of the middle plane of the 
plate, is then 

Vi = + Ns. + N„y„)dz dy 

- ~ j J J IN: + A-; - 2 rff.ff, + 2{1 + -)«J* (VS) 

where the integration is extended over the entire plate. 

Let us now apply the lateral load. This load will en C J > 
fuid produce additional strain of the middle plane, n ou 
vious discussion of bending of plates, this latter strain was aw . 
nested. Here, Wever, « h.ve to take it .-to 
R ’mce this small strain in combination with ic pome 

K, N„ N„ may add to the ctpre^ioo tor .tram energy .onto 

* 8ee, for example, author's "Theory of E3aahf*ty, P I2 - 
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terms of the same order as the strain energy of bending. The 
x-, y~ and z-cotnponents of the small displacement that a point In 
the middle plane of the plate experience* during bending will lie 
denoted by u, r and tc, respectively. Considering a linear cle- 
d ment AH of (hat plane in the 

o 4 )* * ifl x-diroetkm, it may be seen from Fig. 

120 that the elongation of (he ele- 
ment due to the displacement u is 
equal to {du/dx)dx. The elonga- 
tion of the samo element due to the 
displacement u> is \{dw/0xY dx, as 
may be seen from the comparisonof 
the length of the element A,B, in Fig. 120 with the length of its 
projection on the x-axis Thus the total unit elongation in the 
x-dircction of an element taken in the middle plane of the plate is 



Similarly the strain in the y-diroction is 

*-5+Hs)' (,80) 

Considering now the shearing strain in the middle plane due 
to bending, wp conclude as before (see Fig. 23) that the shearing 



0 d* A 



strain due to the displacements u and v is (du/dy) + (dv/dx). 
To determine the shearing strain due to the displacement to we 
take two infinitely small linear elements OA and OB in the x- 
and y-directions, as shown in Fig. 121. Because of displacements 
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in the z-direction these elements come to the positions 0\Ai 
anti OiBj. The difference between the angle x/2 and the angle 
.AjOiBi is the shearing strain corresponding to the displacement 
w. To determine this difference we consider the right angle 
in which BsOi is parallel to BO. Rotating the plane 
BiOiAi with respect to 0\Ai by the angle dw/dy, we bring the 
plane BjOiAi into coincidence with the plane RiOjA i 1 and the 
point Bt to position C. The displacement B t C is equal to 
( dw/dy)dy and is inclined to the vertical B^Bi by the angle 
dwfdx. Hence B\C is equal to (dw/dx)(dw/dy)dy, and the angle 
COiBi, which represents the shearing strain corresponding to 
the displacement w, is (dw/dx) (dw/dy). Adding this shearing 
strain to the strain produced by the displacements u and v, 
we obtain 


du , dv , dw dw 
dy ’ + ’ dx dx dy' 


(181) 


Formulas (179), (180) and (181) represent the components of the 
additional strain in the middle plane of the plate due to small 
deflections. Considering them as very small in comparison 
with the components «*, t y and used in the derivation of 
expression (178), we can assume that the forces N„ N VI 
remain unchanged during bending With this assumption the 
additional strain energy of the plate, due to the strain produced 
in the middle plane by bending, is 


Vt - / J(AV; + + NMdx dy. 

Substituting expressions (179), (180) and (181) for t'„ 4 ant * 
-fly, we finally obtain 


+ijjr[ Ar -(ny + ™ 

It can be shown, by integration by parts, that the first integral 
on the right-hand side of expression (182) is equal to the work 
done during bending by the forces acting in the middle plane of 
the plate. Taking, lor example, a rectangular plate wit i 
* The angles Sw/dy and Ow/Ax correspond to small deflections of the plate 
and are regarded as smalt quantities. 
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the coordinate axes directed, w shown in Kir 111), we obtain 
for the first term of the integral 


££>«** ■ XM> - .CX“^"^' 


i’rooi-cding in the name manner with the other terms of the first 
integral in exprrsMon (182). we fnmllv find 


XXK" + - v -S + A '”(r^£)}'-» 
-XX«(t + ^-XX<^ + f)^ 


The fir«t integral on the right-hand side of this expression is 
oidcntly equal to the work done during bending by the forces 
applied at the edges i ** 0 and x «= o of the plate. Similarly 
the second integral »■» equal to the work done by the forces applied 
at the edges y = 0 and y *» 1 The last two integrals, by virtue 
of Kqs (176), are equal to the work done during bending by 
the body forces acting in the middle plane The-c integrals 
each vanish in the alienee of such corresponding forces. 

Adding expressions (178) and (182) to the energy of bending 
(sec I)q. (Ill), page 651, we obtain the totnl strain energy °t ft 
J>ont plate under the combined action of lateral loads and forces 
acting in the middle plane of the plate This strain energy is 
equal to the work T, done by the lateral load during bonding of 
the plate plus the work 7\ done by the forces noting in the 
middle plane of the plate Observing that this latter work is 
equal to the strain energy T, plus the strain energy represented 
by the fir«t integral of expression (182), we conclude that the 
work produced by the lateral forces is 


r - - tfJW + - v -(§?y + 

'4’w~Ga)’]K 


Applying the principle of virtual displacement, we now give a 
\ ariation 8ie to the deflection w and obtain, from Eq. (183), 
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+§’//{(& + $y - *> - - (m 

dxdy (184) 

The left; aide in this equation represents the work done during 
the virtual displacement by the lateral load, and the right side 
is the corresponding change in the strain energy of the plate 
The application of this equation wall be illustrated by several 
examples in the next article. 

61. Simply Supported Rectangular Plates under the Combined 
Action of Lateral Loads and of Forces in the Middle Plane of the 
Plate. — Let us begin with the case of a rectangular plate uni- 
formly stretched in the x-directton (Fig 119) and carrying a 
concentrated load P at a point with coordinates £ and ij. The 
general expression for the deflection that satisfies the boundary 
conditions is 


“• - 2 2 sin "" t*' <0) 

m-I.23 *-1*3 


To obtain the coefficients a., in this senes we use the general 
equation (184). Since iV, = - 0 in our case, the first 

integral on the right side of Eq (183), after substitution of 
series (a) for w, is 




The strain energy of bending representing the second integral 
in Eq. (183) is [sec Eq. (124), page 121] 

* ■] * — 1 

To obtain a virtual deflection Sic we give to a coefficient a.,., 
an increase A**,,,. The corresponding deflection of the plate is 
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The worjs tlono during Ihtt \irtiml displacement by tin* lateral 
load P U 


]‘&n m ,., 


tijrn 

b 


(‘0 


The corresponding change in the strain energy consists of the 
two term-* which are 



Substituting expressions (rf) and (e) in Eq. (IS4), no obtain 


r>, 1'ijTt . mm <16,, ndr 5 » 

Ptom.n, Sin — - sin -g— = qI - 4a-,., 

+ ¥»- (3 + $’•*- 

m»x{ . n, mj 


from which 


4P sin - 


H(3 + j0 ,+ ^] 


if) 


Substituting these values of the coefficients a-,., in expression 
(a), we find the deflection of the plate to l>c 




m'A', 

r’a’D 


If, instead of the tensile forces N„ there are compressive forces 
of the same magnitude, the deflection of the plate is obtained 
by substituting —N M in place of S M in expression (g). This sub- 
stitution gives 
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The smallest value of N, at which the denominator of one of 
the terms in expression ( k ) becomes equal to zero is the critical 
tafue of the compressive force N, It is evident that this critical 
value is obtained by taking n = I. Hence 


(H') cr = 


t VC / m' jV _ x^Dfmb a\‘ 
m* \o* 6*/ 6* \ a mb) ’ 


(185) 


where m must be chosen so a9 to make expression (185) a mini* 
mum Plotting the factor 



against the ratio a/b, for various integral values of m, we obtain 
a system of cur\es shown in Fig 122. The portions of the 
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curves that must be used in determining k are indicated by heavy 
lines. It is seen that the factor k is equal to 4 for a square plate 
as well as for any plate that can be subdivided into an integral 
number of squares with the side b. " It can al«o be seen that for 
long plates k remains practically constant at a value of 4. 1 

i A more detailed discussion of this problem is given in the author’s 
“Theory of Elastic Stability,” p 327. 



310 


niEonr or plates asd shells 


By u^ing the deflection (g) produced by one concentrated load, 
the deflection produced by any lateral load can be obtained 
by superposition. Assuming, for example, that the plate is uni- 
formly loaded by a load of intensity g, \\e substitute q d$ dg forP 
in expression (g) and integrate the expression over the entire 
area of the plate. In this way we obtain the same expression for 
the deflection of the plate under uniform load as has already 
been derived in another manner (see page 302). 

If the plate laterally loaded by the force P is compressed in 
the middle plane by uniformly distributed forces and 
proceeding as before we obtain 


te + Fj - 


mry 

n k ’ 

b 


r'a'D tWD 


The critical value of the forces N„ and AT, is obtained from 
the condition 1 


n*(iX. )„ _ /«* ft*V 
f’o'D »*&*D \a* 6*/ 


(i) 


where m and n are chosen so ns to make N, and N„ a minimum 
for any given value of the ratio N x : N, In the case of a square 
plate submitted to the action of a uniform pressure m the middle 
plane we have a = 6 and N x = = p Equation 0) then gives 


(*) 


The critical value of p is obtained by taking m = n = i, which 
gives 


per 


2 v'D 


(186) 


In the case of a plate in the form of an isosceles right triangle 
with simply supported edges (Fig 115) the deflection surface of 
the buckled plate which satisfies all the boundary conditions is* 

1 A complete discussion of this problem is given ut the author’s “Theory of 
“Elastic Stability," p 333 

* This n the form of natural vibration of a square plate having a diagonal 
as a nodal line 



BENDING OF PLATES UNDER LATERAL LOADS 311 


( . rx , 2t{ / . 2 xx . jnA 

e = al sin sin — - + 'in — sin -- ]■ 

\ a a a a) 


Thus the critical value of the compressive stress is obtained by 
substituting nt = I, n = 2 or m = 2, n = I into expression 
(k). This gives 


Per 


5 * W 
a* 


(187) 


62. Methods of Calculation of Critical Forces. — It was indi- 
cated in the previous article that at certain values of the forces 
acting in the middle plane of a plate a lateral buckling of the 
plate may occur. A knowledge of such critical values of the 
forces is of a great practical importance in the design of thin- 
walled structures. For this reason various methods of calculat- 
ing these values will now bo di'cusscd. 

We can proceed, as was done in the previous article, by finding 
a general expression for the deflection produced by the combined 
action of the lateral load and the forces acting in the middle 
plane of the plate and then determining the values of the forces 
acting in the middle plane at which the deflection increases 
indefinitely. The smallest of these values is then the critical 
force. 

Another method of calculating the critical forces is to a«sume 
that the plate buckles slightly under the action of the forces 
applied in its middle plane and then to calculate the magnitude? 
that the forces mu't have in order to keep the plate in such a 
slightly buckled form The differential equation of the deflec- 
tion surface in this case is obtained from Eq (175) or (177) by 
putting q — 0, I e , by assuming that there is no lateral load 
If there are no body forces acting in the middle plane, the 
equation for the buckled plate then becomes 


d A ic . 0 d'le 
dx ‘ + * di 5 dy * 


f-K* 


£!? -i- » i!i? 




(188) 


The simplest case is obtained when the forces N t , and A'*, 
arc constant throughout the plate. If «c assume that there are 
given ratios In* tween these forces as expressed by 
A% = «.Y, and A r „ = ffA T , 
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and solve Eq (188) for the given boundary conditions, «e shall 
find that the assumed buckling of the plate is possible only for 
certain definite values of AV The smallest of these values is 
the desired critical value. 

If the forces A'„ A', and A’„ are not constant, the problem 
becomes more complicated, since Cq. (1SS) then lias variable 
coefficients. The general conclusion remains the same, however. 
In such cases we can assume that the expressions for the forces 
A r «, AT, nnd A r „ have a common factor 7 , such that a gradual 
increase of loading is obtained by an increase of this factor. 
From the discussion of Eq. (188) together with the given bound- 
ary conditions, it will be concluded that curved forms of equililr- 
rinm arc possible only for certain values of the factor 7 and that 
the smallest of these values defines the critical loading. 

The energy method also can be used in investigating the 
buckling of plates . 1 This method is especially useful in those 
caj-.es where a rigorous solution of Eq. (188) is unknown and 
where it is required to find an approximate value of the critical 
load. In applj ing this method wc assume that the plate, which 
is stressed only by forces acting in its middle plane, undergoes 
some small lateral deflection w consistent with the given boundary 
conditions Then, using Hq (183) and observing that there is no 
lateral load 111 this case, we obtain 

lfJM£) ,+ <s?y + 

-(srl;) i 180 > 

The critical value of the forces acting in the middle plane of the 
plate is the smallest of the values at which Eq. (189) is satisfied. 
In determining this critical value wc assume that, in general, the 
forces Ns, A\ and N„ are represented by certain functions of ® 
and y having a common factor 7 so that 

N t — yN's, K r = 7 A”, Nsy = 7 Nt r (a) 

‘This method was first used by G H Brjan, Proc London Math. Soe , 
vol 22, p 54; see also author’s book “Theory of Elastic Stability," 1936} 
and I! Reissner’s paper Z. angew Math Mech.,\ of 5, p 475, 1825 



RENDING OF PLATES UNDER LATERAL LOADS 313 


A simultaneous increase of these forces is obtained hy making y 
increase. From Eq. (189) \\c then obtain 


V « 




(190) 


To determine the critical value of y it is necessary to find, in 
each particular case, an expression for v> that satisfies the given 
boundary conditions and makes expression (190) a minimum. 
This requires that the first variation of the fraction (190) van- 
ish. If the numerator of expression (190) is denoted by I,, 
the denominator by /*, the first variation of this expression Is 


. It SI, - I, SI, 

* 7 ! 


Observing that y *= I, /It, this variation, when equated to zero, 
gives 

j-W, - 7 57.) - 0. (6) 


Hy calculating the indicated variations and assuming that (hero 
are no body forces in the middle plane of the plate, t r., that 
l>js. (174) hold, we again obtain Ilq (1SS). Thus the energy 
method brings us in this way to the integration of the same 
equation, as has already been dHcus-od. 

For an approximate calculation of the critical values of the 
forces A r «, jV, and ;Y, r we assume the deflection ir to l>c in the 
form of & series 
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proceeding as in the denvation of Eq (6) above, we obtain the 
following equations. 


dl | dlt 

da, y da, 
d/, _ dlt 
da, ~*daz 


- 0: i 
= 0;' 


(191) 


It can be 6een from expression (190) that the expressions for Ji 
and J, are homogeneous functions of the second degree in terms 
of Ci, at, . . Hence Eqs (191) represent a system of homo- 
geneous linear equations in a,, at, . . . Such equations may 

yield for at, a J( . . . solutions different from zero only if the 
determinant of those equations is zero Putting this determi- 
nant equal to zero, an equation for determining the critical 
value of y nil! be obtained This method of approximate cal- 
culation of tho critical values of the forces acting in the middle 
plane of a plate will be illustrated by examples in Art. 64. 

63. Buckling of Uniformly Compressed Rectangular Plates 
Simply Supported along Two Opposite Sides Perpendicular to the 
Direction of Compression and Having Various Edge Conditions 
along the Other Two Sides. — In the discussion of this problem 


method of integration of the 
differential equation for the de- 
flected plate can be used. 1 In 
applying the method of integra- 
tion we u'm Eq. (188). For the 
case of uniform compression along 
the x-axis (see Fig. 123), if N, is 



« ►jN*!*- 

n 

L~ 


H 




Fu.. 123. 

considered as positive for compression, this equation becomes 
d*w , g 3 Hp , __ _N, She 

dx * ■*" dx 3 dy> + dy* ~ ~5 dx 3 ' 


Assuming that under the action of the compressive forces the 
plate buckles in m sinusoidal waves, we take the solution of 
Eq. (a) in the form 

1 The method of integration was used by the writer in the paper published 
in the Lull. Polytech I net , Kiev, 1907; eee also Z. Math Phytik, vol 58, 
p 313, 1910 The use of the energy method was shown in the paper pub- 
lished in Ann. ponte chauttles, vol 4, p. 372, 1913 
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in which Y is a function f(y) which is to he determined later 
Expression (6) satisfies the boundary conditions along the sup- 
ported sides x = 0 and * *= o of the plate, since 


to = 0 and 


d'w , d 2 W 

S’ + “W ” 0 


for x *= 0 and x — a Substituting ( b ) into Eq (a), we obtain 
the following ordinary differential equation for determining the 
function Y «= f(y): 


_ / in ** 1 

a* T \ a* 


Noting that because of some constraints along the sides 
and y == 6 we always have 


N, mh r* 
D > a’ ' 


0 


and introducing the notations 



(«0 


the general solution of Eq (c) can be represented in the following 
form: 

Y = Cje - ** + C t c"» + Cj cos + C% sin &y (e) 
The constants of integration in this solution must be determined 
in each particular case from the conditions of constraint along 
the sides y = 0 and y — b. Several particular cases of con- 
straint along these sides will now be discussed. 

Side y — 0 Is Simply Supported; Side y «= b Is Free . — rrom 
these conditions it follows [see Eqs. (107), (108)] that 


to — 0, 

, 6*10 n 
3? + ’*?“°’ 


L ro 1 - n 


v = 0, 

for 


(f) 

y = b. 

(?) 
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The boundary conditions (f) mil be satisfied if, in the general 
solution (e), we take 

Ci = -C, and C, = 0. 

The function Y can then be written in the form 
Y = A smh ay + B sin f)y, 

in which A and B are constants From the boundary conditions 
(g), it then follows that 

smh ab — B^p* + | sin fib = 0, 

— (2 — >*)^^ j cosh ab (h) 

- + (2 - j CM fh = 0. 

These equations can be satisfied by taking A = B = 0. With 
these values the deflection at each point of the plate is zero, 
and we obtain the flat form of equilibrium of the plate. The 
buckled form of equilibrium of the plate becomes possible only 
if Eqs (ft) have a solution for A and B different from zero. This 
requires that the determinant of these equations should be zero; 


0^°’ “ tan ^ = a (p* + v W J ^ tan P b - W 

Since « and 0 contain jY, [see notations (d)J, Eq. (i) can be used 
for the calculation of the critical value of A', if the dimensions 
of the plate and the elastic constants of the material are known. 
These calculations show that the smallest value of IV, is obtained 
by taking m = 1, i e., by assuming that the buckled plate has 
only one half wave The magnitude of the corresponding 
critical compressive stress can be represented by the formula 




(y.)» _ ,» i d 

h ~ K b'h’ 


(i) 


in which k is a numerical factor depending upon the magnitude 
of the ratio a/b. Several values of this factor, calculated from 
Eq. (t) for v ~ 0.25, are given in the second line of Table 39 
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IjcIow. For long plates it can Ik* assumed with sufficient 
accuracy that 

k = (<] 456 + jj-')- 


In the third line of Table 39 the entical stresses are given as cal- 
culated on the assumption that E = 30 10 8 lb per “square inch, 
v — 0 25 and A/6 = 0 01. For any other material with a 
modulus Ei and any other value of the ratio A/6 the entical stress 
is obtained by multiplying the numbers of the table by the factor 


Ei 

30- 10 s 




Table 39 . — Xujierical Values op It i\ Eq (j) When Side y “ 0 la 
Simply Supported and Side y - 6 U Free (Fio 123) 


0/& j 

! 0Sa J ,0 | 

12 | 14 1 10 18 ' 20 24 I 30 

“i 

50 

* 

J 40 || 44 oj 

f | 1| | i 

1 133 0 952.0 835 0 755 0 698 0 610,0 564 

0 316 

0 500 

(.0.. lb /mi in 

Jll 600^3 TOO! 

3 9TO|2.aooj2 200J1 090jl.H0 1 600|l.460j 

1.300 



Edge conditions similar to those assumed above are realized 
in the case of compression of an angle as shown in Fig 124. 
When the compressive stresses, uniformly dis- 
tributed over the width of the sides of the angle, 
become equal to the critical stress as given by 
formula (j ), the free longitudinal edges of the angle 
buckle, as shown in the figure, but the line AB 
remains straight. The edge conditions along the 
line AB are the same as along a simply supported 
edge. Experiments made with angles in compres- 
sion 1 are in good agreement with the theory. In 
the case of comparatively short angles buckling 
occurs, as shown in Fig. 124. For a long strut with 
such an angular cross section Euler’s critical com- 
pressive stress may become smaller than that given by formula (J), 
in which case the strut buckles like a compressed column. 



•See paper by F. J. Bridget, C. C. Jerome and A B. Vosseller, Trans. 
Am, Son Hitch. Eng , p. 569, 1934. See also paper by C. F. Kollbruimer, 
Zurich, 1935 
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Side y = 0 Is Built In, Side y = b Is Free (Fig. 123).— In 
this case the edge conditions for determining the constants in 
the general solution (e) are 


ah o 

ay* 


for 

. a*u? 


From the conditions (t) it follows that 


v - o; 

0 for 


w 

V-6- 

(!) 


oC. + PC. 
c , = s 


The function T can then be represented in the form 

7 = A (cos Py — cosh ay) 4- B^sin 0y — ^ smh ayj. 

Substituting this expression in equations (0, we obtain two 
homogeneous equations lmear in A and B. The critical value of 
the compressive stress is now determined by equating the deter- 
minant of these equations to zero. This gives 


2f« + (a* + H cos pb cosh ab 

= — P's’) sin pb sinh ab, 

op 

where 


*=-** + 


BiV 

a 1 


mhr* 

a* 


(m) 


For a given value of the ratio a/b and a given value of v the 
critical value of compressive stress can be calculated from the 
transcendental equation (m) and can be represented by Eq. (])- 
Calculations show that, for a comparatively short length a, the 
plate buckles in one half wave, and we must take m <=■ 1 in our 
calculations. Several values of the numerical factor k in Eq. 
(J) corresponding to various values of the ratio a/b are given 
in Table 40 (p. 319). 'fhe same values are also represented in 
fig. 125 by the curve m = 1. It is seen that at the beginning 
the values of fc decrease with an increase in the ratio a/b, the 
minimum value of k (k = 1.328) being obtained for a/b =» 1.635. 
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Beginning from this value, k increases with the ratio a/6. Hav- 
ing the curve for n = l, the curves for m = 2 , m = 3 , • ■ • 
can be constructed. By using such curves the number of half 
waves in any particular case can readily be determined In 
the ease of a comparatively long plate we can, with sufficient 
accuracy, take k = 1.328 in Eq (j). 


Table 40 — Numerical Values or k iv Eq (j) TV hen Side y = 0 Is 
Built In ani> Side y = b Is Free (Fig 123 ) 

{» = 0 25) 


Xn the third row of Table 40 the values of the critical stresses 
are given as calculated from Eq (j), assuming E = 30 10‘ lb. 


per square inch, v — 0.25 and h/h = 0.01. By using these 
figures the critical stresses for plates of any other proportions 
and any value of the modulus can easily be calculated. 

Sides y — 0 and y = b Are Both BuiU Xn.— In this case the 
boundary conditions are 


Proceeding as in the previous cases, we obtain the following 
transcendental equation for the calculation of the critical value 
of the compression forces: 
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(cos fib — cosh ab)‘ 


= — ^sin 


' sinh trb^sin fib 

+ 1 binh 


The critical value* of the compressive stress are again given It)' 
Kq (j). Several values of the numerical factor i as calculated 
for various values of the ratio a/b are gnen m Table 41. 


Table 41. — Numerical Values or i in Iai (j) IViibn Both Sides y - 0 
and y =* 6 Are Built Is 
(w = 0 23) 


o/b J 0 4 
* | ° <4 


i 1 

0 5 0 0 ( 0 7 

7 60 i 7 03 j 7 00 


0 8 ' 09 1 1 0 
7 29 j 7 83 ‘ 7 69 


It is seen that the smallest value of k is obtained when 

0G < ~ < 07 
o 

This indicates that in this case a long compressed plate buckles 
in comparatively short waves. The number of waves can be 
determined as before by plotting curves similar to tho-e shown 
in Fig. 125 

64. Buckling of Compressed Rectangular Plates with Built-In 
Edges. — In the following discussion of the problem of buckling of 
a clamped rectangular plate the energy method mil 1* used- 1 
The coordinate a\cs are taken as shown in Fig 123, and it W 
assumed that the shape of the plate does not differ appreciably 
from a square and that the TorccN jY, and A', are uniformly 
distributed.* Wc can then c\peet that the deflection surface of 
the buckled plate is represented satisfactorily by the equation 

“ " t(‘ - “» 2 “)(‘ - m tt)’ w 
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which ig seen to satisfy the boundary conditions With this 
expression for deflections, the strain energy of bending repre- 
sented by the second integral of Eq (189) is 


,, AjDj/ 3 , 3 , 2 \ 

v --f-“V + p+?p> 

The first integral of the same equation is 




r^+P 1 ') w 


Substituting expressions ( b ) and (c) in Eq. (189), wc obtain 
the following equation for calculating the critical values of tho 
compressive forces N, and 


(w. + fX)„- fHl+p + w) co 

In the particular case of a square plato siihmitted to the action 
of equal compression in two perpendicular directions a = l and 
A r , =» N w> we then obtain from Eq. (tf) 

(N,)„ - 5.33,’— (,) 


The solution by G I. Taylor, mentioned above, gives for this 


(A-,)„- 5 30r<~ if) 

If the plate is compressed in the x-direction only, wc obtain, 
by putting iV, = 0 in Eq. (rf), (iV,)„ *= 105(0/0*) 

It was shown in Art. 02 tliat to determine the true v aluc of the entieal 
forces it is necessary to find for te a fonn that makes expression (190) a 
minimum. lly assuming for tc an arbitrary form such as that of Ivq (a), 
wc usu&tty obtain from expression (190) a value that la larger than the 
minimum value of tho same expression lienee formulas (r) will give ton 
large a value for At the same time it ean be shown 1 tbal Jbe Taylor 

method gives too small a value for the entieal load The true value of the 
critical load is thus somewhere between the values (») anj {/) 
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To get ft better approximation for tlic critical force by using the energy 
method, it w necessary to take for tr an expression with several parameters 
and determine these parameters so as to make esjm sawn (100) a romimum. 
Such calculations ha\ c been made 1 for the rase of ft plate uniformly com- 
pressed in the direction of the i-axis (Fig 123). The deflection surface 
was taken in the form 

ie - au<Mx)«i(|r) + a, uM*) n (v) + a»nt»(x)*>i(y) (?) 

for buckling in an odd numticr of waves and in the form 

u> - «mh(x)*i(y) + o„# t (j)ei(y) + a«ri«(*)n(y) (*) A 

for buckling in an even number v! waves The functions »f(s) and v>(y) in 
these expressions are functions representing, res poet l\cly, the normal inodes 
of vibration of a bar of length o and b cl impixl at both ends. Tor the 
function *(y) the form corresponding to the fundamental mode of vibration 
Is used in all cases l'or the function 4(z) higher modes of vibration are 
also considered Substituting expression (?) or expression (k) in Bq (190), 
sc obtain the system of linear equations (191) and calculate the critical 
values of N, for various values of a/b by setting the determinant of these 
equations equal to tero In this w.aj we obtain 

w. u - <£. m 

where k is a numerical factor drp< ruling on the ratio a/b of the rides of tbo 
plate Several values of this factor are given hi Table 42 * 

Table 42— Values or k iv Kq (»7 roa a Recta yoctlaii Flate with 



The results of calculation aro also represented graphically in Tig. 120 
From this figure w e can determine, in each particular case, the number of 
waves into which the buckicd plato is subdivided For comparison, curves 
calculated by Taylor's method are also given. Knowing tho upper and the 
lower limits for k, we can arrive at n conclusion in each particular case 
regarding the accuracy of the values given in Table 42. 

65. Buckling of Circular and Elliptical Plates. Uniformly Comprised 
Circular Plait . — Let ua begin with tho case of a plate with a clamped edge. 

* Sea paper by 3 L. Maulbetsch, J. Appl Mech , vol. 4, p 69, 1937. 

* A subscript S after values of k indicates that three terms in expressions 
(?) or (h) were used in the calculations. The other values of jfc are cal- 
culated by using only two terms in tbe same expressions. 
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To obtain an approximate value of the critical compressive force A”, in the 
radial direction, w e assume that the shape of the buckled plate is the same 
as that of a plate bent by uniform load (see page 62) Then 

u> -= ^ . (a) 

where a is the radius of the plate and «c» its deflection at the center If 
polar coordinates are used in Eq (189), the first integral of that equation 
becomes 


The second integral of the same equation, which represents the strain energy 



of bending, la calculated by substituting the value* a’tr/jn and (1/r) (dir/dr) 
lot the principal curvatures in expression (47) Then 


-isrm+m- 


2>aigQ 1 icl 
r dr dr* } 


dr dt 


(fi) 


Substituting (i) and (e) in Eq (189), we find 


(d> 


The exact value of the critical force which can be obtained in this case by 
integration of Eq (ISS)m' 

» Brtav, G. II., Proe. London Math. Roe, rol. 22. p. 54, 1891; see also 
A. Nadsi, Z. Ver, deut. Ing , Mil 59, p. 169, 1915. 
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N„ 


14 68D 


( 192 ) 


Thus the < 
In the < 


1 of the approximate solution is about 9 per cent. 

if a simply supported plate the solution of Eq (188) gives 


N a 


4 20/) 


(193) 


This indicates that the critical compressive stress for this type of support 
is about three and a half tunes smaller than in the case of a plate with a 
i clamped edge 

Circular Plait mlh a Hole at (At Center.— If 
a uniformly compressed plate with a hole at 
the center is built in along the outer edge 
nhlle the inner edge is free to deflect but 
cannot rotate (Fig 127a), the critical value 
of the compressive force N again can be 
obtained by integrating Eq (188).* Such a 
calculation gives 


HH 

(*b*T« • a ♦! 

I — III — I 


(b) 

Flo 127 




M 


where k is a numerical factor depending upon 
the ratio a/6 of the outer and the inner radii of the plate Several values of 
this factor arc given in Table 43 


Table 43 — Numerical Values of Factor A. in Eq (e) 


0/6 

1 5 

2 

1 3 

4 

5 

8 | 

» . 

k 

89 03 

40 88 

| 24 06 

19 7G ■ 

17 94 

16 00 ; 

15 54 14 68 


The some table can also be used if the inner edge of the plate is built in 
and the outer can deflect freely but cannot rotate 
(Fig. 1276). 

If the plate is submitted to the action of com- 
pressive forces distributed along onlj the inner 
boundary (rig 128), the forres A% are no longer 
constant, and the integration of Eq (188) Fkj 128 

becomes more complicated * An approximate 

solution can be obtained by using the energy method * Assuming that the 
1 Olssov, It. G , I ngemtur- Archie, vol 8, p 449, 1937 • 

*The case of compressive forces distributed along the outer boundary 
of the plate has been discussed by E Meissner, Schxceiz Bnureilung, vol 101, 
p 87, 1933 

’ The result obtained in this manner was communic ited to the author by 
Stewart Way. 
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plate is simply supported along the inner edge and free along the out* r 
edge, we take for the deflection the expression 

v =* Ci(r - b) + CAf - 6)* + C.(r - 6)» +• C,(r - b,\ ID 

which satisfies the condition tfl = 0 for r = 6 The remaining boundary 
conditions are 



From these throe equations throe of the four constants in expression <J) 
can be eliminated, so that « will finally contain only one constant Sub- 
stituting this expression in the integrals (6) and (c) and using for N, the 
known value of Lame’s formula. 



in which p is the magnitude of the internal pressure, we obtain for the 
critical value of the pressure p the formula 



in which * is a numerical factor depending on the magnitude 
a/6, Taking, for example, a =• 26 and * = 0 3, we find 


of the ratio 


Uniformly Compressed Elliptical Plate — The case of a 
pressed elliptical plate with a chunpcd edge has been , • j, e 

sky-Kneger.* The critical value of the compressive force A is given by the 
equation 

V (A) 

4 " b* 

in which k is a numerical factor the value of which depends $ 
of the semi-axes of the ellipse Several values of this factor as calculated 
by the energy method arc given in Table 44. 

* /. App Meek , \ol. 4, p 177,1037. 
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Taslk 44 — -Kousricai. V altos or k in Eo- (A) 


a/b | 

">j 

”1 



1 4 I 1 5 | 

| 2 0 J 3 0 j 

| 4.0 

h 

1 14 79. 

1 13 57 1 

12 76! 

12 20! 

11 81 111 54 | 

| ii 02] 11.01 1 

[ll.lS 


If the value of £ for a =6 in this table is compared with the value of i in 
Eq (192), it can be seen that the error of the approximate solution is only 
0 7 per cent Better accuracy is obtained with this solution, than with 
solution (d), because the expression for u> was taken with two parameters, 
and two equations of the type (191) were used in calculating the cntical 
force, whereas only one parameter was used in obtaining Eq. (</). 


66. Bending of Plates with a Small Initial Curvature. 1 — 
Assume that a plate has some initial warp of the middle surface 
so that at any point there if an initial deflection which is 
small in comparison with the thickness of the plate. If such a 
plate is submitted to the action of transverse loading, additional 
deflection it>, will be produced, and the total deflection at any 
point of the middle surface of the plate trill be w 0 -f to,. In 
calculating the deflection iti «e use Eq. (101) derived for flat 
plates. This procedure is justifiable if the initial deflection tc„ 
is small, since we may consider the initial deflection as produced 
by a fictitious load and apply the principle of superposition.* 
IS m addition to lateral loads there are Iotccs acting in the middle 
plane of the plate, the effect of these forces on bending depends 
not only on tin but also on w 0 To take this into account, in 
applying Eq. (175) we use the total deflection to = wo -f- to, 
on the right-hand side of the equation. It will be remembered 
that the left-hand side of the same equation was obtained from 
expressions for the bending moments in the plate Since these 
moments depend not on the total curvature but only on the 
change in curvature of the plate, the deflection should be 
used instead of w in applying that side of the equation to this 
problem. Hence, for the case of an initially curved plate, 
Eq. (175) becomes 


‘See author's paper in Mem Inst of Way* of Communication, vot. 89, 
St Petersburg, 1915 (Russian) 

* Ir > the case of large deflections the magnitude of the deflection is no 
app g Ucab]7 POrtlODa t0 ^ had ' Bnd ^ P rinCl > re of superposition is not 
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4- 2-2j£L- 4 - — 
dx* ^ dx* dy* dy 1 


Lf + tpQ _ 


~ ' dy 1 n dxdy J 

It is seen that the effect of an initial curvature on the deflection 
is equivalent to the effect of a fictitious lateral load of an intensity 

»r 3*ic , ,, a*uo , 2V iVo . 

+ + "dr dy 

Thus a plate will experience bending under the action of forces 
in the ry-plane alone provided there is an initial cun aturc 
Take as an example the case of a rectangular plate (Fig 119), 
and assume that the initial deflection of the plate is defined by 
the equation 

. irr . ry 

tCo = ausm — siny w 

lf uniformly distributed compressive forces N, are acting on 
the edges of this plate, Eq. (194) becomes 


4. n , 

dx* T dx* dy * T 


By* D\ a 1 « b 


Let us take the solution of this equation in the form 

roj = A sin ^ sin y W 

Substituting this value of «?i into Eq. (f>), ^ e obtain 
. aniV, 

fplF 7 - 

Wilh this value of A expression (rt gives the deflection of the 
plate produced by the compressive forces N* AMmg 
deflection to the initial deflection to, we obtain for the total 
deflection of the plate the following expression: 



32S 

in which 
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The maximum deflection will be at the center and will Ik* 


This formula is analogous to that used for a bar with initial 
curvature * 

In a more genera! case we can take the initial deflection surface 
of the rectangular plate in the form of the following series: 




Substituting this series m l-q (194), we find that the additional 
deflection at any point of the plate is 


V V , mrx . nry 

* 2j2i b " “ m « ■ * ,m ~b~’ 
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LARGE DEFLECTIONS OF PLATES 


67. Bending of Circular Plates by Moments Uniformly Dis- 
tributed along the Edge.— In the previous discu«ion of pure 
bending of circular plates it was shown (see page 61) that the 
strain of the middle plane of the plate can he neglected in cases 
in which the deflections arc small as compared with the thickness 
of the plate. In cases in which the deflections are no longer 
small in comparison with tho thickness of the plate but are still 
small as compared with tho other dimensions, the analysis of 
the problem must be extended to include the strain of the middle 
plane of the plate.* 

We .hall assume that a circular plate is limit by t ie moment 
•V. uniformly distributed along tbe edge of the plate (Fig UM) 
Since the deflection surface in such a ca-c is symmetrical uitli 
respect to the center 0, the displacement of a point in the middle 
plane of the plate can be resolved into too components: n compo- 
nent u in tho radial direction and n component n> perpendicular 
to tho plane of the plate. Proceeding a, previously 
in Fig 120 (page 304)^ ne conclude that the strain in the rad] 
direction is 

du ,\( di rV (n) 

*' " Tr + 2\dr) ' 

The strain in tho tangential direction is evidently 

f = w 

1 r 

Denoting the corresponding tensile forces per unit length by A. 
and A'i and applying Hooke’s law , wc obtain ^ 


-,(«< + 


s.)-r + ■£ + $)’}) 


■ Th„ problem bbo d-d >* «“ ^ 

o/ Communication, vol. SO, I9t5« 
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These forces mu«t be taken into consideration in deriving equa- 
tions of equilibrium for an element of the plate such as that shown 
in Figs 1206 and 120c. Taking the sum of the projections in the 



radial direction of all the force* acting cm the clement, we obtain 
r- 'jr~dr ^9 + jV, dr dB — »V« dr 66 »* 0. 

from which 


A’, 


d.V, 
r *3r “ 


<*0 


0. 
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pendicular to the radius in the same manner as in the derivation 
of Eq. (55) (page 57). In tills way we obtain' 


- n ( dho , 1 dho _ 1^ dw\ 
~ D \dr * + r dr* r 1 dr) 


M 


The magnitude of the shearing force Q, is obtained by considering 
the equilibrium of the inner circular portion of the plate of radius 
r (Fig. 129a). Such a consideration gives the relation 


Qr - -Nr 


(/) 


Substituting this expression for shearing force in Eq (e) an 
using expressions (c) for Nr and A\, we can represent t e cqun 
tions of equilibrium (d) and (e) in the following form 


1 du 


u i _ v f du>Y _ dw d*u 
*"?» 2 r~\dr) It dr 1 ’ 


(195) 


(Pit 

dr* ” rdr r- v / — - > 

d , w 1 d*te 1 dir \2dtc\du ,* + \ 

d? = — r 7? Tr + TP d?[d? + *r + 2\dr) \ I 

These two non-linear equations can be integrated numerically 
by starting from the center of the plate and advancing bj ywmrtl 
increments in the radial direction. For a circu ar e c 
small radius c at the center, we assume a certain radial strai 

and a certain uniform curvature 

h--($h 

With these values ot radial stain and curvature • ^ 

the values ot the radial displacement u and the si I* ' 
r - e ran bo calculated. Thu. all the qu^t.to 0 = *'ic njW 
haud side ot Eq. (105) arc known, and the 'alu. ^ ^ ^ 
of dhc/dr* for r = e can lie calculated. . i„ « n( ( 

are known, another radial etep of length c ca - 

all the quantities entering in .he right-hand sale ot Eq«. < J 
•The Ltioa to, ». 1, opposite the. uW » ™ 
the minus sign tn Eq. (*). 
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can be calculated for r - 2c l and so on The numerical value-* 
of « and to and their derivatives at the end of any intcrv al being 
known, the values of the forces N, and N, can then be calculated 
from Eqs. (c) and the bending moments M r ami M t from Eqs. 
(52) and (53) (see page 56). By such repeated calculations 



we proceed up to the radial distance r = o at which the radial 
force N r vanishes In this way we obtain a circular plate of 
radius a bent by moments M t uniformly distributed along the 
edge By changing the numerical values of <« and 1/pq at the 
center we obtain plates with various values of the outer radius 
and various values of the moment along the edge. 

Figure (130) shows graphically the results obtained for a plate 
with 

o « 23 h and (df r )_„ = Jlf« = 2 93 10~ J ~ 
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It will be noted that the maximum deflection of the plate ia 
0.55 h, which is about 9 per cent less than the deflection «■ given 
by the elementary theory which neglects the 'train in the middle 
plane of the plate. The forces A\ and N, are both positive in 
the central portion of the plate. In the outer port ion of tin plate 
the forces N, become negative; t.e , compression exists m the 
tangential direction. The maximum tangential compressor 
stress at the edge amounts to about 18 per cent of the maximum 
bending stress 63/e/A*. The bending stresses produced by the 
moments M, and M, arc somewhat smaller than the stress 
QMt/h* given by the elementary theory and become smallest 
at the center, at which point the error of the elementary theory 
amounts to about 12 per cent. From this numcncal example 
it may be concluded that for deflections of the order of 0 5ft the 
errors in maximum deflection and maximum 
the elementary theory become considerable and that _ he ‘ *tra 
of the middle plane must be taken into account to obtain m 

accurate results. , _ . . 

68. Approximate Formulas for Uniformly Loaded Chcrtar 
Plat, with Large Deflections.-The method used m * 
article can also be applied in the race of lateral loading «( a platm 
It is not, however, of practical me, since . conatd raW ammmt 
or numerical calculation ia required to obtain the dcH« 
strews in each particular case. A more „^ful formula for » 
approximate calculation of the deflections can ,j 

applying the energy method.' Let a circular plate o adm^ 
be clamped at the edge and be subject to a uniformly 
load of intensity Assuming that the shape of 
surface can 1» represented by tbc same equat.on aa In the » 
of small deflection^, we take 

<«) 




The corresponding strain energy "I bending from Kq. M (W 

323 ^ U 32r wj. (&) 

* “ 3 a* 

For the radial displacements wo take the expression 

«-r<<i-r)(ri + r,r+CV*+ ■ * * >- W 

•See “Vibration Problems in Jjpnetnnp.” P 431 ' 1W< * 
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each term of which satisfies the boundary conditions that w must 
vanish at the center and at the edge o! the plate. From expres- 
sions (a) and (c) for the displacements, we calculate the strain 
components t r and t t of the middle plane as shown in the previous 
article and obtain the strain energy due to stretching of the 
middle plane by using the expression 




rEh f“ 

l - -*Jo 


(<? + <1 + 2 vt«,)r dr. 


(d) 


Taking only the first two terms in scries (c), we obtain 


Vi « ~^0 250C‘a* + 0 U67q«* + O.SOOC.Cja 1 

- 0 0084GC,a^ + 0 00682Cja*^ + 0 00477^). (c) 

The constants C» and C t are now determined from the condition 
that the total energy of the plate for a position of equilibrium is 
a minimum Hence 


av, 

ac. 


o, 


and 


av, 

eel 


0. 


(/) 


Substituting expression (e) for Ft, we obtain tw o linear equations 
for C% and C From these we find that 


Ci ~ 1 185=5 and C, = - 1 . 75 - 

o' 

Then, from Eq. (e) we obtain' 

V, = 2.59rD-n,- 


Adding this energy, which results from stretching of the middle 
plane, to the energy of bending (6), we obtain the total strain 
energy 

+ <»> 
The second term "in the parenthesis represent s the correction due 
1 It b awnmed that p - 0 3 in thli calculation. 
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to strain in the middle surface of the plate. It is readifr seen 
that this correction is small and can be neglected if the deflec- 
tion 10 o at the center of the plate is small in comparison with 
the thickness h of the plate 

The strain energy being known from expression (h), the deflec- 
tion of the plate is obtained by applying the principle of virtual 
displacements. From this principle it follows that 

q Swrdr *= 2vq Sw 0 J' ^1 — r dr 

Substituting expression (h) in this equation, we obtain a cubic 
equation for ioo. This equation can be put in the form 


too 


qa* 

64D 


1 

1 + 0 488j$ 


(196) 


The last factor on the right-hand side represents the effect of 
the stretching of the middle surface on the deflection Because 
of this effect the deflection to D is no longer proportional to the 
intensity q of the load, and the rigidity of the plate increases 
with the deflection For example, taking ir t *= }h, we obtain, 
from Eq. (196), 


tc 6 


This indicates that the deflection in this case is 11 per cent less 
than that obtained by neglecting the stretching of the middle 
surface. 

Another method for the approximate solution of the problem 
has been developed by A. Nadai. 1 He begins with equations of 
equilibrium similar to Eqs. (195). To derive them we have only 
to change Eq (/), of the previous article, to 6t the case of 
lateral load of intensity q. After such a change tljp expression 
for the shearing force evidently becomes 

-;/>*• w 
Using this expression in the same manner in which expression (/) 
was used in the previous article, we obtain the following system 
of equations in place of Eqs. (195): 

1 See his book “Elastische Flatten” p 2S8, 1923 



Tit raw of I’I.atfs ash sit bur 


IMfi 

d*u l da u ^ _1 — r/dtrV _ dirdjw 1 

dr * r dr r* ”* 2r \i7r/ dr dr 1 ’ J 

♦I'tr 1 rf*tr _ 1 dir 12rfjf| i/m , m , lA/irVl 1 

</r* r <lr* r* dr ** h * i/r|i/r + *7 2\dr/ J j 


007 ) 


To obtain tin approximate solution of t lie* problem ft suitable 
exprr-Mon for tin* deflect ion ir should lie taken as a first approxi- 
mation Snlistltuting it in the right-hand aide of the first of the 
equations (197), we olitam n linear expiation for « which can f>c 
integrated, to give n fir«t approximation for u Sulntitnting the 
first approximations for it and ir in the nglit-hnml side of the 
six-oml of the equations (1117), we ohtnm a linear differential 
equation for ir which can lx? integrated to give a second approxi- 
mation for it. This second approximation inn then lie u«ed to 
ohtam further approximations for u and ir by repeating the 
same sequence of calculations 

In discussing (lending of a uniformly loaded circular plate with 
a clamped edge, N'adai liegins with tfic derivative dw/dr and 
takes as first approximation the expression 

SMS -(?)*]• * « 

which vanishes for r «= 0 and r *» o in oompliance with the con- 
dition at the built-in eilge. The first of the equations (197) then 
gives the first approximation for u. Sulwtituting these first 
approximations for u and dw/dr in the aocond of the equations 
(197) and Miking it for q, we determine the constants C and n 
in expression (j) co as to make q as nearly a constant ns possible. 
In this manner the following equation* for calculating the deflec- 
tion at the center is obtained when r =* 0.25: 

^ + 06S3(a)’-0.176S.(“y. 00S) 

• Another method for the approximate Rotation of Ms (197) w as (lev eloped 
byK FedcrhotTer, i’MmfwK.sol 9, p 152, 1918; wo also Forichungsarbritm, 
vol 7, p 148, 1930 lb* equation for i r, differs from }iq. (19V Mil y by 
the numerical i atae of the coefficient on the left-hand side; vtz , 0 523 must 
lie used instead of 0 583 for r - 0 2 » 
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In the case of very thin plates the deflection «‘o may become 
very large in comparison with h. In such cases the resistance 
of the plate to bending can be neglected, and it can he treated as 
a flexible membrane. The general equations for such a mem- 
brane are obtained from Eqs. (197) by putting zero in place 
of the left side of the second of the equations Vn approximate 
solution of the resulting equations is obtained by neglecting the 
first term on the left bide of Eq. (198) as being small in comparison 
with the second term. Hence 

0 5S3(^y =. 0 . 17 g|^ and it, - 0 665n^^ 

A more complete investigation of the same problem 1 gives 


tt'o 


0 G62« 


3 fqa 

\Eh 


( 100 ) 


ThU formula, Vliich k in very wM«ctory asreement with 
experiments,* shows that the deflections are not proportional 
to the intensity of the load but vary as the cube root of that 
intensity. For the tensile stresses at the center of the membrane 
and at the boundary the same solution gives, respectively, 




w 


Mr- 


To obtain deflections that arc proportional to the pressure, 
as is often required in various p, 

measuring instruments, re- — K 

course should be had to cor- ^ J*. a — Jf/ 

rugated membranes* such as Fro 131 

that shown in Fig. 131. As a . . 

result of the corrugations the deformation con«is s prnn 
bending and thus increases in proportion to t c pressure. 


. u Ttenckv. Z. Math Physik, 
' The eolution of this problem was gi' en by M 
vol. 63, p 311,1915 , . _ n 40c iq 27. 

•See Bruno Eck, Z angew Math Mech , %o , K. ’ A h „ K> Static, 
• The theory of deflection of such membranes » to «*•« 

Ingenieur-A rcfiiv, vol. 2, p 47, 193! measuring instruments see 

•For a bibliography on dnphragms uscu 1 AeronGU Ucs, 165, 1923 
the M. D. Horsey paper, Rept Nat. Adntory 
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69. Exact Solution for a Uniformly Loaded Circular Plate with 
a Clamped Edge. 5 — To obtain n more satisfactory solution of the 
problem of large deflections of a uniformly loaded circular plate 
with a clamped edge, it is necessary’ to solve Eqs. (197). To do 
this we first write the equations in a somewhat different form. 
As may be seen from its derivation in Art G7, the first of these 
equations is equivalent to the equation 

X.-X. + r^-O. <«> 


Also, as is seen from Eq. (e) of Art. G7 and Eq. (0 of Art. (6S), 
the second of the same equations can be put in the following form: 


rJ d*tc , 1 d* ir 1 dtr\ . r du> qr ... 


From the general expressions for the radial and tangential strain 
(page 329) \\ e obtain 



Substituting 


«r *= ^.(A'r — »ATi), and «, = ^(A T , — rA',) 
in this equation and using Eq (n), wc obtain 

r >. + A ’,)+^($)'-0 (0 

The three Eq3. (a), (6) and (c) containing the three unknown 
functions N„ N, and 10 will now be used in solving the problem. 
Wc begin by transforming these equations to a dimensionless 
form by introducing the following notations 


With this notation, Eqs. (a), (6) and (c) become, respectively, 

‘Thu* solution is due to 8 Way, Trans. Am. Soc Mech Eng, vot, 56, 
p 627, 1934. 
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!<£■■>••) - & - 0 , (,) 

4 (&+s)+ 5(s) =o - <»> 


The boundary conditions in this case require that the radial 
displacement u and the slope dw/dr vanish at the boundary 
Using Eq. (6) (Art. 67) for the displacements u and applying 
Hooke’s law, these conditions become 

(u)r_ » r(S, - vSr),-* - 0, {h) 

(£)„-»• <•) 

Assuming that S r is a symmetrical function and dw/dr an 
anlisymmetrical function of f, «c represent these functions by 
the following power series: 

S, - B 0 + BtV + Bd* + ■ , (j) 

% - V5(c,i + c,e + c.e + ■ ■). (« 

in which Bo, Bt, . . . and Cj, Ct, . . , arc constants to be 
determined later Substituting the first of these series in Eq. 
(«), we find 

Si - B, + 3 BtV + 5B.|‘ + ■ • ■ . (I) 

By integrating and differentiating Eq. (k), we obtain, respec- 
tively. 

S-^(c| + cC + c.|+---} <») 

MS?) “ v/5(c ’ 1 + 3C,£ ’ + 5C,£ ‘ + ■ ' ■ w 

It is seen that all the quantities in which we arc interested can 
be found if wc know the constants Bo, St, . • - , Cj, C t, .... 
Substituting series (J), (k) and ( 1 ) in Eqs. if) and (g) and observing 
that these equations must be satisfied for any value of £, we find 
the following relations between the constants B and C: 
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«*=V+2) 2 2, 4 , 

■ •1J5 / 

C« - 1 If 2 ‘■"5,7,9, ■ ■ ■ } <’> 

—054 \ 


c, = |(t - -H /^,) 


It can be seen that when the two constants 7? a and Ci are assigned, 
all the other constants are determined by relations (o). The 



quantities S,, Si and dw/dr are then determined by series (j), (l) 
and (A) for all points in the plate As may be seen from series 
(j) and (n), fixing B a and C, is equivalent to selecting the values 
of S, and the curvature at the center of the plate 1 

To obtain the curves for calculating deflections and stresses in 
particular cases, the following procedure was used For given 
values of v and p = q/E and for selected values of Bo and Ci, a 

1 The selection of these same quantities has already been encountered 
la the ease of bending of circular plates by moments uniformly distributed 
along the edge (see page 331). 
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considerable numlier of nnmcrical cases were calculated, 1 and the 
radii of the plates were determined so as to satisfy the boundary 
condition (*). For all these plates the values of S r and Si at the 
boundary w ere calculated, and the values of the radial displace- 
ments (u) M at the boundary were determined. Since all 
calculations were made with arbitrarily assumed values of B 0 and 



Ci, the boundary condition ( ft ) was not satisfied. Howe\<?r, by 
Interpolation it was passible to obtain all the necessary data for 
plates for which both conditions (ft) and (t) are satisfied The 
result of these calculations are represented graphically in Fig. 
132. If the deflection of the plate is found from this figure, the 
corresponding stress can be obtained by using the curves of 
Big. 133. In this figure, curves are given for the membrane 
stresses 



1 Nineteen particular caacs have been calculated by Vt ay, tec. ctl , p 338. 
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and for the bending stresses 

, GJl/, 

'‘■-TT’ 


as calculated for the center and for the edge of the plate. 1 By 
adding together < r, and <t r , the total maximum stress at the center 
and at the edge of the plate can be obtained For purposes 
of comparison Figs. 132 and 133 also include straight lines show- 
ing the results obtained from the elementary theory in which the 
strain of the middle plane is neglected. It will be noted that 
the errors of the elementary theory increase as the load and 
deflections increase 

70. General Equations for Large Deflections of Plates.— In 
discussing the general case of large deflections of plates wo u«e 
Eq. (177) which was derived by considering the equilibrium of an 
dement of the plate in the direction perpendicular to the plate 
The forces N„ N„ and N n now depend not only on the external 
forces applied in the xy-plane but also on the strain of the middle 
plane of the plate due to bending. Assuming that there arc no 
body forces in the ary-plane and that the load is perpendicular 
to the plate, the equations of equilibrium of an element in tho 
xy-planc are 


dN. . dN„ 
dx + By 
dN n dN r 
dx + dy 


«= 0 , 

I 

= 0 1 


(a) 


The third equation necessary to determine the three quantities 
N„ JV v , and N n is obtained from a consideration of the strain 
in the middle surface of the plate during bending. The corre- 
sponding strain components [see Eqs. (179), (180) and (181)] are 

_ du , l/ flioV \ 

tz ~~ dx~' 2\<?x / ’ ) 

B v , l( Bw\ ( ... 

^“5 + A5/' ( (i) 

_ 3u , d d . die dw | 
y ” “ dy‘ y dx'*"dxdy'l 

• The stresses are given in dimensionless form 
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By taking the fcccond derivatives of these expressions and com- 
bining the resulting expressions, it can be shown that 

. 6't, _ _ / d* w V d*wd*w 

dy 1 + dx 1 dx dy ' \dx dy) dx 1 dy 8 ' 

By replacing the strain components bj the equivalent expressions 


" -a< K - - 

T » “ m*- 


(d) 


the third equation in terms of iV,, A r , nnd is obtained. 

The solution of these three equations is greatly simplified by 
the introduction of a stress function. 1 It may be seen that 
Eqs. (a) are identically satisfied by taking 


N. 


W 


M 


where F is a function of x and y If these expressions for the 
forces arc substituted in Eqs (d), the strain components become 
j/d*F _ djA 
*' " aw "ax*)’ 

_ i/d*F d*A 

*• ~ £\dx* %*)' 

2(1 + «o dy 

**** = £ dx dy 


Substituting these expressions in Eq. (c), tic obtain 


9*F , dT dF 

dx* + dx 8 dy 8 ^ dy 4 




,dx dy) 


d l u? d 7 tt) 
dx * dy* , 


", The second equation necessary to determine F and tc is obtained 
by substituting expressions (f) in Eq. (175) which gives 


d*w n d*w , dhc 
dx 4 dx 1 dy* + dy 4 


h(q . d'Fd'w 

£\A dy* dx* 

ay d^f _ jy a*m \ 

" 4 ’ dx ! <?$•* dx dy dx dy/ 


( 201 ) 


1 Sec author's “Theory of Llasticity,” p. 24, 1031 
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Equations (200) and (201), together with the boundary condi- 
tions, determine the two functions F and tc 1 Having the stress 
function F, we can determine the strokes in the middle surface 
of a plate by applying Eqs. (e) From the function w, which 
defines the deflection surface of the plate, the bonding and the 
shearing .stresses can lie obtained by using ( he same formulas as in 
the case of plates with small deflection [see Eqs (99) and (100)]. 
Thus the investigation of large deflections of plates reduces to the 
solution of the two non-linear differential equations (200) and 
(201) The solution of these equations in the general case is 
unknown. Some approximate solutions of the problem are 
known, however, and will be discussed in the next article 

In the particular case of bending of a plate to a cylindrical 
surface whoso axis is parallel to the y-axis, Eqs (200) and (201) 
aro simplified by observing that in this case tu is a function of * 
only and that d*F/dx* nmd d*F/dy 1 arc constants Equation 
(200) is then satisfied identically, and Eq (201) reduces to 

dho g , Nt <3 hr 
dr* " D dx*' 

Problems of this kind have already been discussed fully in Chap. I. 

In the ease of very thin plates which may have deflections 
many times larger than their thickness, the resistance of the plate 
to bending can be neglected, t r , the flexural rigidity D can be 
taken equal to zero, and the problem reduced to that of finding 
the deflection of a flexible membrane Equations (200) and (201) 
then become* 

d*F d*F d*r ^ J ( a*u> V _ ahe a*w] \ 
dx* dx*dy* dy* l\dxdy/ dx* dy* J’( 

g d-F d*w ( K } 

h dy* dx 1 dx* dy* dx dy dx dy 'I 

A numerical solution of this system of equations by the use of 
finite differences has been discussed by H. Henchy 5 

‘These two equations were derived by Th von K&rm£n, See “Encyklo- 
padie der Matheroaliscben 'IVjssensehsften," so] IV* p 349,1910 

’These equations were obtained by A Foppl, “Vorlesungen uber Tech- 
nische Mechamk,” xol 5, p 132, 1907 
' Henckt, II , Z. nnqew 3!ath Mech, vol 1, pp 81 and 423, 1921; see 
also Kaiser, It , Z angna Sfath Meek , vol 16, p 73, 1936 
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The energy method affords Another means of obtaining an 
approximate solution for the deflection of a membrane The 
strain energy of a membrane, which is due solely to stretching of 
its middle surface, is given by the expression 

V - *J/(A r «f, + A>, + N„y „)dx dy 

= 5 a f w + ■: + *•«, + «i - ,«,]* cij. 

Substituting expressions (179), (ISO) and (181) for the strain 
components t t , « r , y^, we obtain 


Eh C CffauV du/d irV ( 3»\* | defd mV 
■ 5flT="35j J IW + d Adz) + W + 

{&)' + ten + *{£ % + + ^)i 

, 1 — yf / du\* , -du 6o , / Op V _du die dto 
■** 2 L\6i// ^ % dx * \dxj + 3r' dy 


+ 2 5575?Jh < '» < 2ra > 


In applying the energy method we must assume in each particular 
case suitable expressions for the displacements u, v and to. These 
expressions must, of course, satisfy the 
boundary conditions and will contain 
several arbitrary parameters the magni- 
tudes of which have to be determined by 
the use of the principle of virtual displace- 
ments. To illustrate the method, let us 
consider a uniformly loaded square mem- 
brane 1 with sides of length 2 a (Fig. 134). 

The displacements u, o and to in this case 
must vanish at the boundary. Moreover, 
from symmetry, it can be concluded that to is an even function 
of x and y, whereas u and v are odd functions of x and of y, 
respectively. All these requirements are satisfied by taking the 
following expressions for the displacements: 



y 

Flo 134 


1 Calculations for this case are given in the book “Drang und Ziyang" 
by August and Ludwig FSppl, vol. 1, p 226, 1924; see also Hencky, lor 
ett , p. 344. 
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tP = tr» COS TT COS 7i~ 
2 a 2 a 

. rx ry 

U ■* c Mil — COM — > 

a 2a 

. ry rx 

r =* e sin — cos 


(/> 


which contain two parameters «•* ami r Sulwtituting thews 
expressions in Kq (201), we olitiun, for r *= 0.25, 

The pnticiplo of virtual displacements pres the two following 
equations. 1 


0V 
de ’ 


<») 


dw» 


Jir 0 


■ X. J.. ,s '* r 


Substituting expression (p) in place of V, we ohtnin from Eq. (A) 


ami from Eq (*) 



( 201 ) 


This deflection at the center is somewhat larger than the value 
(199) previously obtained for a uniformly loaded circular mem- 
brane. The tensile strain at the center of the membrane as 
obtained from expressions (J) is 


and the corresponding tensile stress is 


■ OCIG^S - 039c//2pi 

a 1 \ ft’ 


(205) 


* The right side of Eq. (ft) is *eto, since the variation of the parameter e 
produces only horizontal displacements and the vertical load does not 
produce work 
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Some application of these results to the investigation of large 
deflections of thin plates will be show n in the next article. 

71. Large Deflections of Uniformly Loaded Rectangular Plates. — We 
begin with the case of a plate with clamped edges To obtain aa approxi- 
mate solution of the problem the energy method v. ill be used 1 The total 
strain energy V of the plate is obtained by adding to the energy of bending 
(expression (111), page 051 the energy due to strain of the middle surface 
[expression (203), page 345) The principle of virtual displacements then 
gives the equation 


it' — iffyto deify — 0 


(a) 


which holds for any variation of the displacements u, v and u By deriving 
the variation of V we can obtain from Eq (a) the system of Eqs (200) 
and (201), the exact solution of » hich is unknow n To find an approximate 
solution of our problem we assume for v, v and tc three functions satisfying 
the boundary conditions imposed by the clamped edges and containing 
several parameters which will be determined by using Eq (a) Tor a 
rectangular plate with sides 2<a and 2 b and coordinate axes, as shown in Fig. 
134, wc shall take the displacements in the following form: 


u — (a* — x')(b> — j/*)x(h QC + bny* -f bttz* + 
v - (o' - **)(h* - y’)y(c M + cmd* + e«oz’ + cuzV). f (5) 
w =. (o’ - *•)’(&* — s’hiM + 0«y» + flio**). \ 


The first two of these expressions, which represent the displacements u 
and v in the middle plane of the plate, are odd functions in z and y, respec- 
tively, and vanish at the boundary. The expression for tc, which is an 
even function in x and y, vanishes at the boundary as do also its first deriva- 
tives Thus all the boundary conditions imposed by the clamped edges 
are satisfied 

Expressions (b) contain J] parameters bee, , oj*, which will now be 
determined from Eq (a), which must be satisfied for any variation of each 
of these parameters In such a way we obtain 11 equations, 3 of the form 


-^1’ — J* J’qiadx dy'j — 0 


and 8 equations of the form* 


(e> 


V) 


1 Such a solution has been given by S Way, see Proc. 5iA Intern Cong. 
Appl. Ateeh , Cambridge, Mass , 1038 

* The zeros on the right sides of these equations result from the fact that 
the lateral load does not do work when u or p vanes. 
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These equations are not linear m the parameters a.., 6 m , and c„„ as was true 
in the caseof small deflections (seepage 124) The three equations of the form 
(e) will contain terms of the third degree in the parameters a-. Equations 
of the form (d) mil be linear in the parameters b_. and c_. and quadratic in 
the parameters a„. A solution « obtained bj soli ing Eqs (rf) for the 
b.„’s and e„,’s in terms of the o m .’s and then substituting these expressions 
in Eqe (e) In this way we obtain three equations of the third degree 
involving the parameters a— alone These equations can then be sohed 
numerical)} in each particular case hr successive approximations 

Numerical values of all the parameters hs\ e been computed for various 
intensities of the load 7 and for three different shapes of the plate b/a = 1, 
b/a = I and b/a *■ J by assuming » = 0 3 



It can be seen from the expression for ic that, if we know the constant <i«t, 
wc can at once obtain the deflection of the plate at the center These 
deflections are graphically represented m Fig 135 m which tc^^/h is plotted 
against gh'/DK. For comparison the figure also includes the straight lines 
that represent the deflections calculated by using the theory of small deflec- 
tions Also included is the curve for b/a =■ 0 which represents deflections 
of an infinitely long plate calculated as explained in Art 3 (see page 10). 
It can be seen that the deflections of finite plates with b/a < ] are aery 
close to those obtained for an infinitely long plate. 

Knowing the displacements as given by expressions (b), can calculate 
the strain of the middle, plane and the corresponding membrane stresses 
from Eqs. (6) of the previous article. The bending stresses can then 
be found from Eqs. (09) and (100) for the bending and twisting me- 
moots. By adding the membrane and the bending stresses, we obtain (he 
total stress. The maximum values of this stress are at the middle of the 
long sides of plates. They are given in graphical form in Fig. 136. for 
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small deflections and the membrane theory can be used. 1 This method will 
now bo illustrated on a simple example of a Bquaro plate. We assume that 
the load 9 can bo resolved into two parts 51 and 9, in such a manner that 
the part 91 is balanced by the bonding ond shearing stresses calculated l»y 
the theory of small deflections, the part 93 being balanced by the membrane 
stresses The deflection at the center as calculated for a square plate with 
the sides 2 a by the theory of small deflections is’ 


From this we determine 


Considering the plate as a membrane and using formula (204), we obtain 


a\EK 
qt “ 0 516a* 

The deflection tx>« is now obtained from the equation 
t ctEh* tc\Eh 

, " , ' +,, -5rao? + o7ito-' 


~'( ,37 + 1 ’ M v ) 


(206) 


After the deflection tco lias been calculated from this equation, the loads 
91 and 9, are found from Eqs (?) and {/), and the corresponding stresses are 
calculated by using for 91 the smalt deflection theory (see Art 29) and for 
91, Eq (205). The total stress is then the sum of the stresses due to the 
loads q x and 9 , 

1 Thu method ia recommended in the book “Drang und Zwnng," foe. ett , 
p. 345. 

’ The factor 0 730 is obtained by multiplying the number 0 0443, given 
in Table 5, by 16 and by 1 03. The factor 1 03 arises from the change of 
the value of Poisson’s ratio r = 0.3, used in the table to the value ► = 0 25 
used in this example 
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normal to the middle surface of the shell and which contain its 
principal curvatures (Fig 137a). Wc take the coordinate axes 
x and y tangent at O to the lines of principal curvature and the 
axis z normal to the middle surface, as shown in the figure. The 
principal radii of curvature which lie in the xz- and j/z-planes arc 
denoted by r, and r„ respectively The stresses acting on the 
plane faces of the element arc resolved in the directions of the 
coordinate axes, and the stress components arc denoted by our 
previous symbols o„ a„ r„ = v,, r„. With this notation* the 
resultant forces per unit length of the normal sections shown in 
Fig 1376 are 


N "‘C"{'-ry 

3 


N, - J \,(l - (a) 

K . - j \.( 1 - £)*. « 

~2 

< c> 


The small quantities z/r, and z/r, appear in expressions (a), (6), 
(e), because the lateral sides of the element shown in Fig 137a 
have a trapezoidal form due to the curvature of the shell. As a 
result of this, the shearing forces A'„ and A'„ are generally not 
equal to each other, although it still holds that = t„ s . In our 
further discussion we shall always assume that the thickness h is 
very small in comparison with the radii r„ r, and omit the terms 
z/r, and z/r, in expressions (a), (6), (e). Then N„ = N yz and 
the resultant forces are given by the same expressions as in the 
case of plates (see Art. 21). 

The bending and twisting moments per unit length of the nor- 
mal sections are given by the expressions 


• In the cases of surfaces of resolution in which the position of the element 
is defined by the angles 9 and -? (sec Fig 138) the subscripts 9 and t> arc 
used instead of z and y in notation for stresses, resultant forces and resultant 
moments. 
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‘lz, {d) 

jV*» = — J* TryZ^l — = J" T >r z^l — yjdz. (e) 

~3 “3 

in which the rule used in determining the directions of the 
moments is the same as in the ease of plate* In our further 
discussion wo again neglect the small quantities z/r, and 2 /r,, duo 
to the curvature of the shell, and use for the moments the same 
expressions as in the discussion of plates 

In considering bending of the shell, we assume that linear 
elements, such as AD and BC (Fig 137a), which are normal 
to the middle surface of the shell, remain straight and become 
normal to the deformed middle surface of the shell Let us 
begin with a simple case in which, during bending, the lateral 
faces of the element ABCD rotate only with respect to their lines 
of intersection with the middle surface If r£ and are the 
utlues of the radii of curvature after deformation, the unit 
elongations of a thin lamina at a distance z from the middle 
surface (Fig. 137a) arc 




If, in addition to rotation, the lateral sides of the element are 
displaced parallel to themselves, owing to stretching of the 
middle surface; and if the corresponding unit elongations of the 
middle surface in the x- and {/-directions are denoted by «i and 
respective!}', the elongation t, of the lamina considered above, 
as seen from Fig. 137c, is 

_ U - h 

It 

Substituting 

It - J,( 1 - i). 1, - A(I + ..)(l - ;?)■ 
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wo obtain 


' tti " 77 '•} 


w 


A similar expression can be obtained for the elongation e„. In 
our further discussion the thickness h of the shell will be always 
assumed small in comparison with the radii of curvature. In 
such a ease the quantities z/r t and z/r„ can be neglected in com- 
parison with unity We shall neglect also the effect of the 
elongations <i and <* on the curvature 1 Then, instead of such 
expressions as expression (g), we obtain 



where x* and x» denote the changes of curvature. Using these 
expressions for the components of strain of a lamina and assuming 
that there are no normal stresses between laminae =* 0), the 
following expressions for the components of stress are obtained: 

** “ 1 5 7 ^ *1 + “ z(x» + VXy)l, 

*y = \ 5 ;» I«» + «l — z(Xy + VX*)]. 


Substituting these expressions in Eqs. (o) and (d) and neglecting 
the small quantities z/r, and z/r, in comparison with unity, we 
obtain 


N - ” + ”■>> " r^ (<i + ~>)'l (207) 

= — D(x* + rXy), J/y = — I>(Xy + *-Xs), ) 

where D has the same meaning as in the case of plates [see Eq. 
(3)] and denotes the flexural rigidity of the shell. 


1 Similar simplifications are usually made in the theory of bending of thin 
cuned bars. It can be shown in this case that the procedure is justifiable 
it the depth of the cross section ft, is smalt in comparison with the radius r, 
say k/r < 0 1; see author’s “Strength of Materials" vol. 2, p. 429, 1930. 
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A more general case of deformation of the element in Fig 137 
is obtained if we assume that, in addition to normal stresses, 
shearing stresses also are acting on the lateral sides of the element. 
Denoting by y the shearing strain in the middle surface of the 
shell and by dx the rotation of the edge DC relative to Oz with 
respect to the x-axis (Fig 137c) and proceeding as in the case of 
plates [sec Eq. (42)], we find 

r n = (r - 2 zx„)G. 

Substituting this in Eqs. (6) and (e) and using our previous 
simplifications, we obtain 

V v 7 ) 

. M " 2(1 + »)' > (208) 
M n ~ -M„ - D(1 - »)x n ) 

Thus assuming that during bending of a shell the linear elements 
normal to the middle surface remain straight and become normal 
to the deformed middle surface, ue can express the resultant 
forces per unit length N„ A’, and N„ and the moments M„ M y 
and M„ in terms of six quantities, the three components of strain 
«i, «t and y of the middle surface of the shell and the three quanti- 
ties x», x* and x*» representing the changes of curvature and the 
twist of the middle surface. 

In many problems of deformation of shells the bending stresses 
can be neglected, and only the stresses due to strain in the middle 
surface of the shell need be considered Take, as an example, a 
thin spherical container submitted to the action of a uniformly 
distributed internal pressure normal to the surface of the shell. 
Under this action the middle surface of the shell undergoes a 
uniform strain ; and since the thickness of the shell is small, the 
tensile stresses can be assumed as uniformly distributed across 
the thickness A similar example is afforded b}’ a thin circular 
cylindrical container in which a gas or a liquid is compressed by 
means of pistons \\ hich move freely along the axis of the cylinder. 
Under the action of a uniform internal pressure the hoop stresses 
that are produced in the cylindrical shell are uniformly distributed 
over the thickness of the shell. If the ends of the cylinder are 
built in along the edges, the shell is no longer free to expand 
laterally, and some bending must occur near the built-in edges 
when internal pressure is applied. A more complete investiga- 
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turn shows, however (see Art. 81), that this bending is of a local 
character anti that the portion of the shell at some distance from 
the ends continues to remain c> Itndrical and undergoes only strain 
in the middle surface without appreciable bending. 

If the conditions of a shell arc such that bending can bo 
neglected, the problem of stress anal} sis is greatly simplified, 
since the resultant moments (rf) and (e) and the resultant shearing 
forces (c) vanish. Tims the only unknow ns arc the three quanti- 
ties Ni, N, and N n — K t „ which can be determined from the 
conditions of equilibrium of an 
element, such as shown in Tig. 
137. Hence the problem Ijc- 
comc9 statically determined if 
all the forces acting on the 
shell arc known. The forces 
iV„ A r „ and obtained in 
this manner are sometimes 
called membrane forces, and the 
theory of shells based on the 
omission of bending stresses is 
called membrane theory The 
application of this theory to 
various particular cases will be 
discussed in the remainder of 
this chapter. 

73. Shells in the Form of a 
Surface of Revolution and 
Loaded Symmetrically with 
Respect to Their Axis. — Shells 
that have the form of surfaces 
of revolution find extensive application in various kinds of con- 
tainers, tanks and domes. A surface of revolution is obtained 
by rotation of a plane curve about an axis lying in the 
plane of the curve. This curve is called the meridian, and 
its plane Is a meridian plane. An element of a shell is cut 
out by two adjacent meridians and two parallel circles, as shown 
inFjg 138a. The position of a meridian is defined by an angle 6, 
measured from some datum meridian plane; and the position of a 
parallel circle is defined by the angle <p, made by the normal to the 
surface and the axis of rotation. The meridian plane and the 
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plane perpendicular to the meridian are the planes of principal 
curvature at a point of a surface of revolution, and the corre- 
sponding radii of curvature are denoted by n and r t , respective!} . 
The radius of the parallel circle is denoted by r 0 so that the length 
of the sides of the element meeting at 0 , as show n in the figure, 
are r x dp and ro dO = r t sin <p dO. The surface area of the ele- 
ment is then rir* sin p dip dO. 

From the assumed symmetry of loading and deformation it can 
be concluded that there will be no shearing forces acting on the 
sides of the element. The magnitudes of the normal forces per 
unit length are denoted by A', and A r # as shown in the figure 
The intensity of the external load, which acts in the meridian 
plane, in the case of symmetry, is resolved in two components 
Y and Z parallel to the coordinate axes. Multiplying there 
components with the area nr* sin p dip dO, we obtain the 
components of the external load acting on the element 
In writing the equations of equilibrium of the element, let us 
begin with the forces in the direction of the tangent to the 
meridian. On the upper side of the element the force 

AVo dO = AV* ^ui ip dO (a) 

is acting. 

The corresponding force on the lower side of the element Is 

From expressions (a) and (6), by neglecting a small quantity of 
second order, wc find the resultant in the {/-direction to be equal 
to 

N.ptle dl + ^ r . it M - ~(K,r.)dt dl. lit 

dp dip ap 

The component of the exlenj.il force in the fame direction is 

.. IVjro dip dO. 00 

The forces acting on the lateral sides of the element are equal to 
AVi dp and have a resultant in the direction of the radius of the 
parallel circle equal to AV» dp dO. The component of this force 
in the y-direction (Fig. I3S6) is 

— AVi cos 9 dp dO. 


M 
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Summing up the forces (c), (<i) and (e), the equation of equi- 
librium in the direction of the' tangent to the meridian becomes 

J^(AV«) - AVt cos v + l>ir 0 = 0. (/) 

The second equation of equilibrium is obtained by summing 
up the piojections of the forces in the z-dircction. The forces 
acting on the upper and lower sides of the clement have ft 
resultant in the ^-direction equal to 

AV o tie dp- (?) 

The forces acting on the lateral sides of the rlemcnt and having 
the resultant ATfr, d<p dO in tlie radial direction of the parallel 
circle give a component in the z-dircction of the magnitude 

AVi ain v d? d9. (A) 

The external load acting on the clement has in the same direction 
a component 

Zrir o d6 d<p. (t) 

Summing up the forces (9), (A) and (0, we obtain the second 
equation of equilibrium 

A r ,r a + AVi sin v + 2r,ro = 0 O’) 

From the two Eqs (f) and (j) the forces A r * and N, can be cal- 
culated in each particular case 
if the radii ro and n and the 
components 1' and Z of the in- 
tensity of the external load are 
given. 

Instead of the equilibrium of 
an element, the equilibrium of 
the portion of the shell above 
the parallel circle defined by the 
angle <p may be considered (Fig 
139). If the resultant of the total load on that portion of the 
shell is denoted by R, the equation of equilibrium is 

2rroN„ sin v> -h R — 0. (209) 

This equation can be used instead of the differential equation (/), 
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from which it can bo obtained by integration If Eq. (j) is 
divided by nr#, it can be written in the form 


& 

ri 


It is peon that when N t is ob- 
tained from Eq. (209), the force 
Nt can be calculated from Eq 
(210). Hence the problem of 
membrane stresses can be readily 
solved in each particular case. 
Some applications of these equa- 
tions will be discussed in the next 
article. 

74. Particular Cases of Shells 
in the Form of Surfaces of 
Revolution. 1 Spherical Dome . — 
Assume that a spherical shell 
(Fig. 140a) is submitted to the 
action of its own weight, the 
magnitude of which per unit 
area is constant and equal to q. 
Denoting the radius of the sphere 
hy a, we have r a = a sin <p and 




R ~ 2 vj^a'q sin >p d<p »= 2xa 5 7(l — cos <p)- 
Equations (209) and (210) then give 

N *= _ «g(l - cos y-) = __ aq s 
* ini’ ip l ■ f COS ^ 

Nt = nq{ -= — — — cos *>)■ 

\1 -f COS p J 

It is seen that the forces N f are always negative. There is thus 
a compression along the meridians that increases as the angle </> 
increases. For f> = 0 we ha\c N, = —aq/2; and for <p — ir/2, 

1 Examples of this kind can be found in the book by P. Forchhciroer, " Dio 
Berecbung ebener urd gekrQmmter BehalterbOden," 3d ed , Berlin, 1931; 
see also J. W. Gcckeler’s article in "Handbuch der Physik," vol 6, Berlin, 
192S. 
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A% - —at}. 
When 


The forces A r « arc aKo negative for small angles <p. 


1 

1 + co> p 


COS p 


0 , 


t e., for <(> = 51® 50', AT* becomes equal to zero and, with further 
increase of <p, becomes positive. This indicates that for p 
greater than 51° 50' there are tensile ■» tresses in the direction 
perpendicular to the meridians. 

The stresses as calculated from (211) will represent the actual 
stresses in the shell with great accuracy 1 if the supports are of 
such a type that the reactions are tangent to meridians (Fig. 
140a). Usually the arrangement is such that only \ertical 
reactions arc imposed on the dome by the supports, whereas the 
horizontal components of the forces iY* arc taken by a supporting 
nng (Fig 1405) which undergoes a uniform circumferential 
extension. Since this extension is usually different from the 
Btrain along the parallel circle of the shell, as calculated from 
expressions (211), some bending of the shell will occur near the 
supporting ring. An investigation of this bending* shows that 
in the case of a thin shell it is of a very localized character and 
that at a certain distance from the supporting ring Eqs (211) 
continue to represent the stress conditions in the shell with 
satisfactory accuracy 

Very often the upper portion of a spherical dome is removed, 
as shown in Fig 140c, and an upper reinforcing ring is used to 
support the upper structure. If 2v* is the angle corresponding 
to the opening and P is the vertical load per unit length of the 
upper reinforcing ring, the resultant R corresponding to an angle 
v is 

» - a*q sin <p d<p + 2x Pa sin po. 

From Eqs (209) and (210) we then find 


AT, = —aq 

Nt 


• = 


sin* <f> 
COS <Po — COS if 


_ p sln Vo 
sin 1 <p 

- cos -f- P^ 


( 212 ) 


1 Small bending stresses due to strain of the middle surface will be dis- 
cussed in Chap. XI L 
1 See Chap XII. 
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As another example of a spherical shell let it* consider a 
spherical tank supported along a parallel circle A A (Fig 141) and 
filled with liquid of a specific weight 7 The inner pressure for 



(a) 

Fra Hi 

any angle v» is given by the expression 1 

p = —7. «= 70(1 - cos v>) 

The resultant It of this pressure for the portion of the shell 
defined by an angle <p is 

It = -2ra*f*ya{l - cos <p) sin v cos *> dp 

= -2xaMi - i cos* *0 “ 1 co * v")J 

Substituting in Eq. (209), we obtain 


1 - cos* v>(3 - 2 cos vO) 


_ llY 1 - 2 c — ' (213) 

" 6\ 1 + c°' VV 


and from Eq. (210) ivc find that 


l .2j^*jElV 
r 1 + cos V J 


Equations (213) and (214) hold for *><**• In < ’ ! ' lr ' 1, . at '" K . 
resultant B for l.rjer valor- of r . •>.. lor the lorror port.™ £ _ £ 
tank, we muH take into account not only the intern*} J>rt 
but ab-o the sum of the vortical reactions along 
This sum is evidently equal to the total wnght of the liquid 
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4ra*y/3. Hence, 

It = — Jira 1 ? — 2 jra , 7 >[£ — \ cos* *>(1 — I cos *»)). 
Substituting in Eq (209), we obtain 

w.-S-ts + (215) 

* 6 \ 1 — COS <p)' 

and from Eq. (210), 

(216, 

Comparing expressions (213) and (215), we sec that along the 
supporting ring A A the forces A r , change abrupt! y by an amount 
equal to lyaAlZ sin* The same quantity is also obtained if 
we consider the vertical reaction per unit length of the ring AA 
and resolve it into two components (Fig 1416): one in the direc- 
tion of the tangent to the meridian and the other in the horizontal 
direction. The first of the»e components is equal to the abrupt 
change in the magnitude of *V, mentioned above; the horizontal 
component represents the reaction on the supporting ring which 
produces in it a uniform compression. This compression can be 
eliminated if we use members in the direction of tangents to the 
meridians instead of vertical supporting members, as shown in 
Fig 141a As may be seen from expressions (214) and (216), 
the forces A'* aho experience an abrupt change at the circle A A. 
This indicates that there is an abrupt change in the circum- 
ferential expansion on the two sides of the parallel circle A A 
Thus the membrane theory does not satisfy the condition of 
continuity at the circle AA, and we may expect some local 
bending to take place near the supporting ring. 

Conical Shell —In this case certain membrane stresses can be 
produced by a force applied at the top of the cone If a force P 
is applied in the direction of the axis of the cone, the stress 
distribution is symmetrical, and from Fig 142a we obtain 


Equation (210) then gives A% - 0. If a force S is acting in the 
direction of a generator (Fig. 1426), the stress distribution is no 
longer symmetrical. The stress distribution can be found by 
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tin* pressure at any parallel circle mn h 

p = -Z = v(<l - v)- 

Also, for such a tank <t = (t/2) + a and r 0 = y tan « Sub- 
stituting in the second of the equations (c), we obtain 

_ 7(<i -.y to w 

cos a 


Tills force is evidently a maximum when y »» d/2, and we find 


(A r .).~ 


y d* tan « 
4 cos ft 


In calculating the force A' r wc observe tliat the load R in the first 
of the equations (c) is numerically equal to the weight of the 
liquid in the conical part mno together with the weight of the 
liquid in the cylindrical part mnst Hence 



li = —*yy\d - y + jy) tan* a, 
nnd we obtain 

at _ y yW - ta » <* 

* • “ 2 cos a ‘ 


This force becomes a maximum 
when y = \d, at winch point 


0V,)~ 


A tan a 

10 cos a 


11 If the forces supporting the tank 

are in the direction of generatrices, as shown in Fig 143, expres- 
sions (d) and (?) represent the stress conditions in the shell with 
great accuracy Usually there will be a reinforcing ring along the 
upper edge of the tank Tins ring takes the horizontal com- 
ponents of the forces N r -, the vertical component* of the same 
forces constitute the reactions supporting the tank In such a 
case it will be found that a local bending of the shell takes place 
at the reinforcing ring. 

Shell tn the Form of an Ellipsoid of Revolution . — Such a shell 
is used very often for the ends of a cylindrical boiler. In such a 
case a half of the ellipsoid is used, as shown in Fig. 144. Th' 
principal radii of curvature in the case of an ellipse with semi- 
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portion of the shell represented in the figure by the heavy line AB. 
Since the forces K, along the parallel circle BB are horizontal, we 
need consider only the forces N, along the circle AA and the 
external forces acting on the ring when discussing equilibrium 
in the vertical direction Assuming that the shell is submitted 



to the action of uniform internal pressure p, w e obtain the equa- 
tion of equilibrium 


from which 


2 rJvY» sin <p = *p(r^ — &*)■ 

V = PM ~ h*) = pair* + h) 

‘ * 2 r» sin •? 2r 0 


(219) 


Substituting this expression in Eq. (210), we find 
pri(r« —b} _ pa 
* 2r» 2 


( 220 ) 


A torus of an elliptical cross section may be treated in a similar 
manner. 


75. Shells of Constant Strength. — Vs a first example of a shell of constant 
strength, let us considers dome of non-uniform thickness supporting its own 
weight. The weight of the shell per unit area of the middle surface is 7*, 
and the two components ot this weight along the coordinate axes are 

V *= *rh Sin c, Z 859 yk cos ip (0) 

In the case of a shell of constant strength the form of the meridians is deter- 
mined in such a way that the cotupressn e stress is constant and equal to 9 
in all the directions in the middle surface, 1 c , so that 
A’* = S, - -,h. 

Substituting in Eq (210), we find 
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or, by substituting rj ** ro sin * sod solving for fi. 


n 



r) 


From Fig. ISSi, wo have 


Thus Eq, (e) can bo represented in the form 

• if r« ros » 

dp y 

— r* eoa <c — sin p 


<d) 


At the top of the dome where #> =■ 0, the right side of the equation becomes 
indefinite. To remove this difficulty we use Eq (b) Because of the condi- 
tions of symmetry at the top, r x — r», and we conclude that 


dr» = n d<p ** — d<p. 


Hence, for the top of the dome we have 


dr» 2v 
dp 7 


<*) 


Using Eqs (e) and (d), we can obtain the Bhape of the meridian by numerical 
integration starting from the top of the dome and calculating for each 
increment Ap of the angle p the corresponding increment Art of the radius r« 
To find the variation of the thickness of the shell, Eq CO. Art 73, must be 
used Substituting N f ■* Nt — —ah in this equation and observing that a 
is constant, we obtain 


d y 

—~(hr t ) + hri cos *> + -nr«A Bin p *= 0 

Substituting expression (c) for r i, the following equation is obtained 


(/) 



For v» «» 0, we obtain from Eq (/) 

w Art 


(l) 
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It is seen that for the first increment *1# of the angle *> any constant \alue 
for A ran be taken Then for the other points of the meridian the thickness 
is found by the numerical integration of llq (j) In hip 140 the result of 
such a calculation is represented * ft w seen that tiie condition 

A'. - A' # - -•* 

brings us not only to a definite form of the nuddfe surface of the dome hut 
also to a definite law of variation of the thickness of the dome along the 
meridian. 



Fio. H7. 


In tho case of a tank of erpial strength that contains « liquid with a pres- 
sure id at the upper point «t (1 ’ir 117) we nm«t find a shape of the meridian 
such that an internal pressure ri|ual to it will guc rise at alt points of tho 
shell to forces* 

■V f — ,Y| ■ con»t. 

‘This example has l>een calculated by W HOgge; we hU “Statdc ond 
Ppamik 4« Pthslts” p. 53, Drills, IWl, 

*A mathematical discussion of this problem » given lj» the booh by 
C. Itunge and II Kfinig, “Vnrlesungen tiber Numeric he# Ueehneti," p. 320, 
Berlin, 192f. 
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A similar problem is encountered in finding the shape o! a drop of liquid 
resting on a horizontal plane. Because of the capillary forces a thin surf ice 
film of uniform tension is formed which envelops the liquid and prc\ents 
it from spreading over the supporting surface Both problems arc mathe- 
matically identical 
In such eases, Eq (210) gives 

A '(r. + ],) ■ y ‘ <*> 

Taking the orthogonal coordinates as shown in the figure, we have 


Hence, 


ar dz 

r» — • ^ » n dp = da — 

1 sin <? 1_ cos p dp d sin p 

r> z t\ dz dx 


and Eq (k) gives 


Obscrv mg that 

tan 


d sin * sin p 
dx + * 


tr 

N,' 


dt^ 

dz 




\/l +lan* v 


0) 

0) 


it is possible to eliminate sin p from Eq. (0 and obtain in this way a differen- 
tial equation for * as a function of x. The equation obtained in this manner 
is very complicated, and a simpler means of soli ing the problem is to intro- 
duce a new variable u — sin p. Making this substitution in Eq (») and (j), 
we obtain 


rfw , u YZ 
dx * " A', 

<*r Vl “ »* 


(k) 


(D 


These equations can be integrated numerically starting from the upper 
point A of the tank. 4 Al tills point, from symmetry, ri — r,, and we find 
from Eq. (k) that 


r> 


2Ve 

id 


Tty introducing the notation 
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we write 


ri 


2a« 

d 


(m) 


With this radius we make the first clenic nt of the mcndian curve n A? — At, 
rorrroponding to the email angle Ay \t the end of this are we have, aa for 
a email arc of a circle, 



\\ hen the values u and e have been found from Eqs. (n), the values of du/itc 
and di/dx for the same point an found from Kq* (k) And (I). With these 
values of the denvativea we can calculate the values of * and u at the end of 
the nest interval, and «o on Siuh ralciilstions can he continued w ilhont 
difficulty up to an angle y equal, any, to 50 deg , at which the value of w 
Iteeomcs approximately 0 75 From this point on and up to y — IfO deg. 
the increments of i arc much longer than the corresponding increments of r, 
and it ls adv nntageous to take t as the independent v ansble fnstend of X. 
For y > ltQdig , i must again lie taken as the independent variable, and the 
calculation u continued up to the point II a here the meridian curve has the 
homontal tangent IIP Ov er the oirrular area 1IC the tank haa a horiiontal 
surface of rontaet with the foundation, and the pressure f(d +dj) b 1*1- 
aneed by the n action of the foundation 

A tank designed m this manner 1 is a tank of constant strength only if tin) 
pleasure at A is such as assumed in the calculations. For any other value 
of this pressure the force* N$ and ,Y» will no longer he constant hut will vary 
along the imndian Their magnitude can then lie calculated by using the 
general equations (200) and (210) It will al*o lie found that the equilib- 
rium of the tank requires that vertical vhesnng forri-a act along the parallel 
circle PC Tins indicates that close to this circle a local bending of the wall 
of the tank must take place 


76. Displacements in Symmetrically Loaded Shells Haring the 
Form of a Surface of Revolution. — In the cn°e of symmetrical 
deformation of a shell, a “mall displacement of a point ran be 
rr«olved into two components: c in the direction of the tangent to 
the meridian and te in the direction of the normal to the middle 
surface. Considering an dement AB of the meridian (Fir. US), 
we seo that the increase of the length of the dement due to 
tangential displacement* v and r -V (de/d?)d£ of it* ends is equal 



DEFORMATION OF SIfF.US 11 ITtlOl T BENDING 371 


to ( dv/d<p)d<p . Because of the radial displacements «> of the 
points A and B the length of (he element decreases by an amount 
uJrfjp. The change in the length of the element due to the 
difference in the radial displacements of the points A and B can 
be neglected as a small quantity of higher order Tims the total 
change in length of the element AB due to deformation is 


~d<p — ip dip. 

dip 

Dividing this by the initial length 
fi d<p of the element, we find the strain 
of the shell in the meridional direction 
to be 


l_de _ w 

ridip ri 


(«) 



F«- 148 


Considering an element of a parallel circle it may be seen (Fig 
148) that owing to displacements v and u> the radius r» of the 
circle increases by the amount 


v cos >p — ip sin v> 

The circumference of the parallel circle increases in the same 
proportion as its radius; hence, 

«*=*—(» cos >p — ip sin <p), 
r o 

or, sulwtituting r 0 ■= r» sin v, 


V . w ... 

1 $ — — cot ( 0 ) 

r* r» 

Eliminating w from Eq«. (a) and (6), we obtain for v the differ- 

ential equation 

dv . . 

^ ~ v cot <p = — r s e». (e) 

The strain components and «* can be expressed in terms of the 

forces N < and N» by applying Hooke’s law. This gives 


UN, - vN,),. 


09 


'• " H * 4 ' 1 ~ ,N ’ ) 



.172 Tit Mil V OF rUTF.fi ASH SttKUJI 

SiitHlitutiuK in Eq. (f)» we obtain 


ile 

i/j 


e rot v* - j^lAVr* 4- w,) - X,{r, + «•,>!■ 


(221) 


In , j. h pin, ml ir c.,se the tore* X, ami A*, run W found from 
tlu loidmg lomlitiotii, and the displacement r will then t* 
obtained b> integration of the differential equation t— )■ 
Denoting (lit right «de of thin equation hyf (.<?), we " nU * 

- — r rot % 


M 


-p - r roi v* "* /(*■)• 

Hu Ren, ml dilution of tl»U equation is 

in which C is a constant of inti grntiun to l>o determined from the 
condition nt the support . 

Take, ns an example, a spherical olicll of constant tbic 
loaded by its ow n « eight (Hr 1 10«). In Mich a ca«e ri “ r * ** 
,Y, and A', nrr given by expressions (21 1), and Eq. (221) lx*co m 


dr 

r- - r cot e 


. "Ml + ')( 


~ r) C 

Eh \ 

The general solution (e) is then 

«W + ») 


' J + cos */ 


' Eh 


- sin v> log (l 


+ eos - -fo-*— 1 

; 1 4- cos vJ , n 

+ C sin *?■ yJl 

The constant C will now lie determined from the condition that 
for <p = a the displacement r is zero (Fig. 140o). ITom 
condition 


. oVi ± j )\ 

Eh 


{ log (1 4- ctw «) • 

LI 4- coso J 


The displacement p Is obtained by sulntitution in expression (/)■ 
The displacement to is readily found from Eq. (&)• At the 
port, where v *=• 0, the displacement ,r can be calculated direc . 
from Eq (6) without Using solution (/) by substituting f° r " 1 
value from the second of the equations (if). 
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77. Shells in the Form of a Surface of Revolution under 
TJnsymmetrical Loading. — Considering again an element cut 
from a shell by two adjacent meridians and two parallel circles 
(Fig 149), in the general case not only normal forces A r » and A’« 
hut also shearing forces = A?#, will act on the side*) of the 
dement. Talcing the sum of the projections in the y-di reel ion 



of nil forces acting on the element, we must add to the forces con- 
sidered in Art 73 the force 

^pri tie d? t«) 

representing the difference in the shearing forct *s acting on the 
lateral bides of the element. Hence, instead of Ilq (J) (Art 73), 
we obtain the equation 

+ ^fr, - ,V.r, TO- p + l'r.r. - 0. (Z22) 

Considering the forces in the z-dircction, we must include the 
difference of the shearing forces ncting on the top and bottom 
of the clement as given by tin* expression 

d, dt - ^(r.V..K , !», (0 
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the force 

^-'n dO </y» (c) 

due to variation of the force A’* and the force 

A’*/ - ! cos f dO </v> (d) 

due to the small angle cos ^ dO between the shearing forces A'i, 
acting on the lateral sides of the element. The component in 
x-dircction of the external load acting on the element Is 

A'r*r, dO d# (e) 

Summing up nit tliew* forces, we obtain tlie equation 

J^(r*AV) + + A'«^i cos v> + A'iwt = 0 (223) 

The third equation of equilibrium is obtained hy projecting tho 
forces on the z-axis. Since the projection of shearing forces on 
this axU vanishes, the third equation conforms with Kq. (210) 
which was derived for symmetrical loading 

The problem of determining membrane stresses under unsym- 
mctricnl loading reduce* to the eolntion of the three Kqs. (222), 
(223) and (210) for given values of the components A’, T and Z 
of the intensity of the external load The application of theso 
equations to tho case of shells subjected to wind pressure will be 
discussed in the next article 

78. Stresses Produced by Wind Pressure.' — As a particular 
example of the application of the general equations of equilibrium 
derived in the previous article, let us consider the aettnn of wind 
pressure on a shell. Assuming that the direction of the wind is 
in the meridian plane 0 = 0 and that the pressure is normal to the 
surface, we take 

X — y = 0, Z = p sin <p cos 0. (a) 

• The first Investigation of this kind was made by II Beissner, "MQller- 
Breslau-Festschnft,” P- 181, LeipwR, 1912; are also T Diachmger in F. \on 
Eraperpeds “Handbuch fttr Eisonbetonbau,” 4th oil , vol. 6, Berlin, 192S; 
E. Wiedemann, Schirtiz Bautetlung, vol 10$, p 219, 1936; and K. Girk- 
mann, Dtr Slahtbau, vol. 6, 1933 
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The equations of equilibrium then become 


~(r»A%) + — AVi cos <p = 0, j 

^(r#AV») + ^-'r, + AV, cos v> = 0, j W 

A,r 0 + AVt sin <p *= — pron fin ^ cos fl J 

By using the last of these equations we eliminate the force AV 
and obtain the following two differential equations' of the first 
order for determining N 0 and A T », = AV*' 


- = — pr i co» >p c 


? + (s£ ,+ ' 0, ') v ' + f 

if + (r.£" + 5 COt "V" “ riib T/ “ m " S 


Let us consider the particular problem of a spherical -hell, jn 
which case it ■= r* =» a We take the solution of Eqs (c) in the 
form 

AV ** S„ cos 0, AV — St f sin 6, (d) 


in which S 0 and S, r are functions of y only Substituting m 
Eqs (c), we obtain the following ordinary differential equations 
for the determination of these functions 


fr + 2 *.] 

dj** + 2 cot^S#„ H S 0 — —pa I 

a<c siny? r j 


By adding and subtracting these equations and introducing the 
notation 

Ut - S, + S.„ (/, = S, - S«, if) 

the following two ordinary differential equations, each containing 
only one unknown, are obtained: 

3T + ( 2 cot " + sb) 17 ' " -J” (1 + ™ p): 

S + ( s “t f - sib)' 7 ’ " I ” (1 _ c “ r) - 

‘The application of Ihe stress function in in rr«ti gating wind wiw 

used by A. Pilcher. Puh Intern. A I toe. Bruise ami Structural Eng vot 5, 
p. 27S, IMS. 
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Applying the general rule for integrating differential equations 
of the first order, we obtain 


Vi 


Ut 


w1 Cl + ' ~ 3 cos ' •’)}) 

1 ^ i c '' - K' 1 ” * - \ c< "‘ «’)] ) 


m 


where Ci and C* are constants of integration Substituting in 
Eqs (/) and using Eqs (d), we finally obtain 


cos $rCi + Ct , C, 


sin d \ Ci — C t 
sin* <pi 2 


+ - - 2^ - cos <f> 

+ pa^cos* * — | cos 1 •)] 

, Cx + C, 

-\ o cos V» 

+ 


po^cos <P - | COS* j-J 


To determine the constants of integration C t and C* let us con- 
sider a shell in the form of a hemisphere and put <p = x/2 in 
expressions (i). Then the forces along the equator of the shell 
are 


Since the pressure at each point of the sphere is in a radial 
direction, the moment of the wind forces with respect to the 
diameter of the sphere perpendicular to the plane 0 = 0 is zero. 
Using this fact and applying the first of the equations (j), we 
obtain 

iV/i* cos 8 d6 - o£i±£*J o cos* 8 dd - 0, 

winch gives 

Ci = -C t . (fc) 

The second necessary equation is obtained by taking the sum of 
the components ol aft forces acting on the hail sphere in the 
direction of the horizontal diameter in the plane 0 = 0 This gives 
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J>-» sin 0 dd 

— — J^Jg 2 P s ' n V cos 8 n sin p sin p cos 8 dip dd, 

Ci-Ct ,2 

or -* ~J M Y © 

From (k) and (i) \vc obtain 

Ci = —lap, C* = lap 

Substituting there values for the constants in expressions (t) 
and using the third of the equations (6), \\e obtain 


A', “ — ^ j ~(2 — 3 cos ip -f cos’ p) j 

o sin* >p I 

Ni » cos p — 3 sin* p — 2 cos 4 p),> (m) 

= “Y rnnr^ 2 - 3 cos p + cos’ p). J 


,AA- 


By using these expressions the wind stresses at any point of tho 
shell can be readily calculated If the shell is in tho form of 
n hemisphere, there will be 
no normal forces acting along 
the edge of the shell, since 
(NS)*-,/* = 0. The shearing 
forces A'#, along the edge are 
different from zero and arc equal 
and opposite to the horizontal 
resultant of the wind pressure. 

The maximum numerical value 
of there forces is found at the 
ends of the diameter pcrpendic- 

tdar to the plane $ *= 0, at which point they are equal to ± 2pa/3. 

As a second application of Eqs. (c) let us consider the care of a 
shell hating the shape of a circular cone and supported by a 
column at the vertex (Fig 150). In this care the radius r« is 
infinitely large. For an element dy of a meridian wc can write 
dy = tt dp. Hence 
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In addition we have 


n = y sin a, 


dr# 

t- = sin a, ri ~ y tan a 
dy 


Substituting in Eqs (e), we obtain for a conical shell submitted 
to a wind pressure Z = p sin y> cos 9 the equations 


dN, ■ iV> . 1 dN u 

dy v y «m a dd 

dNi 0 2iV»» 

dy ^ y 


— p sin a cos 0,^ 
— p sin 0. ^ 


(») 


The second equation can be readily integrated to obtain 

A ’-- w 

The edge of the shell y = l is free from forces; hence the constant 
of integration in expression (o) is 


C = 


3 


nnd we finally obtain 


. y i'-v' , 

'3 V'- 


<p) 


Substituting in the first of the equations (n), we find 


<hV, AT, 


dy 


iVp = _(v l*_ 
y \3y* 




The integration of this equation give 
fin a \ 


V * - y 1 


•f- p sin a I cos 0 


P-y' 

21 / 


« hich vanishes at the edge y — J as it should The forces iV T * are 
obtained from the third of the equations (i>), which gives 


Ni = —py sm a cos 6. 


(r) 


The expressions (p), (9) and (r) give the complete solution for the 
stresses due to wind pressure on the conical shell represented in 
Tig. 160. At the top y *» 0 the forces If, and A'i, become 
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infinitely large. To remove this difficulty we must assume a 
parallel circle corresponding to a certain finite value of y along 
which the conical shell is fastened to the column The forces 
N, Nt r distributed along this circle balance the wind pressure 
acting on the cone. It can be seen that, if the radius of the circle 
is not sufficient, these forces may become very large. 

79. Spherical Shell Supported at Isolated Points. 1 — We begin with the 
general cose of a shell having the form of a surface of revolution and con- 
sider the case when the forces are acting only along the edge of the shell so 
that X = Y = Z = 0 The general equations (6) of the previous article 
then become • 

~(rtN<p) + — -~ri — Ntr\ con r> •* 0, 
dtp do 

J-trJTl,) + —n + »wi » - 0, 

dtp 39 

NfT» + A r #ft sill y> =* 0 

Let ns take the solution of these equations in the form 

N, - S„ cos nfl, ) 

N» — S». cos n6, 1 (6) 

A’#, ■=• St r . sin n6, J 

where S t „ Si « and St,, are functions of v> only and n is an integer. Sub- 
stituting expressions (6) in Eqs (a), we obtain 

3-(r»S,.) 4- nrtSi-e. — r t St. cos = 0, | 

difi I 

d ( 

^(r»5#,.) — nriSf. + ti8t*» cos -p — 0, ) (c) 

S f . 4- —St. - 0. } 

• r, J 

Using the third of these equations, wc can eliminate the function St. and 
thus obtain 



dS,.(\dr, V , rj St,. ' 

1- l — — + cot P IS,. + n~ — — - O, 

dp \r« dp / r, em *• | 

dSt^ ( 1 dr, ft V. , nSp* n I 

dp Vr. dp ft ( am P I 


* KlCc.qe, \V , f of ctl , p. 43 For tbe application of the stress function 
in solution of such problems, *cc paper by Pttrhcr, foe erf , p 375. 
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In the particular ease of a spherical shell r, =» r, = a, r» = a sin r; and 
Eqs (d) reduce to the follow uig simple form 

dS„ n 

— — + 2 colpS,. H Stf H — 0; 

dp sm^ 

dStn n 

— T — 4* 2 roWStp, + Sfn ■ 0 

dp sinv 

Proceeding as in the previous article, hj taking the sum and the difference 
of Eqs (e) and introducing the notation 

V>. » S t . + S.„, L r „ - S„ - S»„, (/) 

« e obtain 

dU„ 

dp 

The solution of these equations is 



I rom Eqs (f) ne then obtain 




s - ■ ”5^ ‘ 5~rv[c,-(~. |) - :)'] ) 

If we have a shell mthout an opening at the top, expression! (t) must 
finite for p ■» 0. This requires that the constant of integration Ci» = 
Substituting this in Eq (i) and using Eqs.'(6), we find 


(») 


be 

0 



Substituting for p the angle p» corresponding to the edge of the spherical 
shell, we ehall obtain the normal and the shearing forces which must be 
distributed along the edge of the shell to produce in this shell the foTees (j). 
Taking, as an example, the case when ** r/2, 1 1 , the shell is a hemisphere, 
we obtain, from expressions (j), 
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(N f ) r - 

*” s 2 

(N, t ) * = 

”"2 


Cu 

2 


tie, 


C u 

■ 2 sin 


n9 


d) 


Knowing the stresses produced in a spherical shell by normal and shearing 
forces applied to the edge and proportional to cos nO and sin nd, respec- 
tively, o\e can treat the problem of any distribution of normal forces along 
the edge by representing this distribution by a trigonometric senes in which 
each term of the senes is a solution similar to the solution (j) 1 Take, as an 


jaNy 

oO Ttiitit t ittniiimtitt^ 

fo) I 2^ 


e e 

(c 

f j 1*1 

) 

*1 I-- 

■ e 1 i 



( 

-f-H 

ti 

2 — ' * 

n 

• 5 "i. 


m 

3Hj|3nT 

n 

wn-4e\ 

v‘(-4Ti 


(0 

Fio. 151. 


example, the case of a hemispherical dome of radius a, carrying only its own 
weight of 7 lb. per square foot nnd supported by four symmetrically located 
columns If the dome is resting on a continuous foundation, the forces A'» 
arc uniformly distnbuted along the edge as shown in Tig 15 la, in which the 
intensity of force mV, per unit angle is plotted against the angle g In 
the case of four equidistant columns the distribution of reactions will be 
as shown in Tig 1515, in which 2e denotes the angle corresponding to the 
circumferential distance supported by each column. Subtracting the force 
distribution of Fig 151a from the force distribution of Fig. 1515, we obtain 


’ In using a 


*A T . -1 X 


Cj» cos ntf for normal forces w e obtain 


• •Ul' 

a distribution of these forces symmetrical with respect to the diameter 9 “ f 
In the general case the series wnll contain not only cosine term* but alv» sin 
terms. The solutions for sine terms can bo obtained in exactly the asm. 
manner as in our discussion of the eonne terms. It is only necessary ti 
exchange the places of cos nS and sin n9 in Eqa. (5). 
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the distribution of Fig 151c, representing a system of forces in equilibrium. 
Tlus distribution can be represented in form of a series 

(«AV) » « ^ A. cos nfl, (0 

in which only the terms n “ 4, 8, 12, must lie considered, since tlio 
diagram 151 c repeats itself after each interval of »/2 ami has four romptete 
periods in the angle 2r Applj ing the unial method for calculating the 
coefficients of senes (f), sc find 



Hence the distribution shown by diagram 151c is represented by the senes 



Comparing each term of (his senes with the first of the equations (kj we 
conclude that 



The stresses produced in the shell by the forces (w) arc now obtained 
by taking a solution of the form (j) corresponding to each term of senes (m) 
and then superposing these solutions In such a manner we obtain 



Superposing this solution on solution (211), which was previously obtained 
for & dome supported by forces uniformly distnbuted along the edge (Fig. 
lWa), we obtain formulas for calculating the stresses in a dome resting on 
four columns. It must be noted, however, that, whereas the above-men- 
tioned superposition gives the necessary distribution of the reactive forces 
N, as shown in Fig. 1516, it also introduces shearing forces Ni, which do 
not vanish at the edge of the dome Thus our solution docs not satisfy 
all the condition of the problem. In fact, to Jong as we limit ourselves 
to membrane theory, we shall not have enough constants to satisfy alt the 
conditions and to obtain the complete solution of the problem. In actual 
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constructions a reinforcing ring is usually put along the edge of the shell to 
carry the shearing forces AV In such coses the solution obtained by the 
combination of solutions (211) and (n) a ill be a sufficiently accurate rep- 
resentation of the internal forces produced in a spherical dome resting on 
four columns For a more satisfactory solution of this problem the bending 
theory of shells must be used.* 

The method discussed in this article can also be used m the case of a non- 
sphencal dome. In such cases it is necessary to have recourse to Eqs. (d) 
which can be solved with sufficient accuracy by using numerical integration ' 

80. Membrane Theory of Cylindrical Shells.— In discussing a 
cylindrical shell (Fig. 152a) tie assume that the generator of the 



shell is horizontal and parallel to the z-a\is. An element is cut 
from the shell by two adjacent generators and two cross sections 
perpendicular to the it-avis, and its position is defined by the 
coordinate x and the angle <p. The forces acting on the sides of 
the element are shown in Fig. 1525. In addition a load will be 
distributed over the surface of the element, the components of the 

‘An example of such & solution is given in A. Aas Jacobsen’s paper, 
Ing'nieur-Archiv, \o1 8, p. 275, 1937. 

* An example of euch integration is given in Fltigge’s book, loe.eU ,p. • 
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intensity of this load being denoted, a* In for r. Iiy X, V nut I Z. 
Considering tin* i-quilibnum of tin- ikmeiit am! summing up the 
forces in the r-direetion, we obtain 

^’rdfdi + — dr -f Xrdip dr = 0 («) 

Ox o<e 

Similarly the Torres m the direction of tin- 1ang< nl to the normal 
cro'S section, 1 1 , in the {/-directum, give as :v rorrr-< ponding 
equation of equilibrium 

^~-rdip dr + ^ V*j dr + Knlf ih «= 0. (6) 

or 0# 

The forus nittng in the direction of the normal to the shell, t r.. 


Fi« 1M. 

in the z-direction, pi\e the equation 

•V, dip dx -f Zrdif dr = 0 (e) 

After simplification, the three equations of equilibrium can lie 
represented in the following form: 

ay, , i ox^, Y \ 

ax + r ^ ’/ 

3^,10^, (224) 

Ox ^ r df> *\ 

A', = -Zr. / 

In each particular case we readily find the value of A', Sulr- 
eti tuting this value in the second of the equations, we then obtain 
N r , by integration. Using the value of A'„ thus obtained we 
find A', by integrating tho fir»t equation. 

As an example of the application of Eq« (224) let us consider 
a horizontal circular tulie filled with liquid and supported at the 
ends 1 Measuring the angle <p as shown in Fig 1536 and denoting 
•This problem was discussed by D. Thoraa, Z. gta Turbmenwrttn, 
vol 17, p. 49, 1020 






DEFORMATION OF SHELLS WITHOUT BENDING 


385 


by po the pressure at the a\w of the tube, the pressure at an}' 
point is p* — ya cos #>. Wc thus obtain 

X = J' = 0. Z - — po + ya cos f>. (d) 


Substituting in Eq«. (224), wc find 

A', = poa — 7a 1 co' *5, (f) 

s= —/7a sin <p dx + Ci{<p) — —yax sin <f> + Ci{v»), (f) 

AT, ■* Jy cos tpxdz — + CM 


Tiie functions CM and CM must now be determined from the 
conditions at the edges. 

Let us first assume that there are no forces A r , at the ends of the 
tube. Then 


(A r ,)_o = 0 (iV,)_ 1 = 0- 

Wc shall satisfy these conditions bv taking 

CM - 0, CM “ sin f> + C. 

It is seen from expression (/) that the constant C represents forces 
N Ir uniformly distributed around the edge of the tube, as is the 
case when the tube is subjected to torsion. If there is no torque 
applied, we must take C = 0. Then the solution of Eqs (2241 
in our particular case is 

N* = pan — 7a 1 cos v, \ 

N rr = 7 oQ - a:) sin v, ( (225) 

A% = -|*(I - *) CO* 5 f ) 

It is seen that N„ and AT, are proportional, respectively, to the 
shearing force and to the bending moment of a uniformly loaded 
beam of span I and can be obtained by applying beam formu as o 
the tube carrying a uniformly distributed load of the magnitude 
ira*7 per unit length of the tube. 

‘The weight of the tube Ls neglected in this discussion. 
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By a proper selection of the function Cs(v>) can also obtain 
a solution of the problem for a cylindrical shell with built-in 
edges. In such a case the length of the generator remains 
unchanged, and we have the condition 

- ,N,)dx - 0 

Substituting 

■= — sx(l — x) cos ip + Cj(<(5), N t = poa — 7a 5 cos <p, 
w e obtain 

C*(«>) = vpod + — *o*^Y 003 V 

and 

N m = - y(l — x) cos V + vpoO + — J'a’^7 cos <p (226) 

Owing to the action of the forces N r and N, there w ill be a certain 
amount of strain in the circumferential direction at the end of 



the tube in contradiction to our ‘assumption of built-in edges. 
This indicates that at the ends of the tube there will be some 
local bending, which is disregarded in the membrane theory. 
A more complete solution of the problem can be obtained only by 
considering membrane stresses together with bending stresses, as 
will be discussed in the next chapter. 

Sections of cylindrical shells, such as shown in Tig. 154, are 
sometimes used & s coverings of various kinds of slcveittre. These 
shells are usually supported only at the ends while the edges AD 



DEFORMATION OF SHELLS WITHOUT BENDING 387 


and CD are free. In calculating the membrane stresses for such 
shells the previous Eqs. (224) can again be used. Take, for 
example, a shell of a semicircular cross section supporting its own 
weight which is assumed to be uniformly distributed over the 
surface of the shell. In such a case we have 

X = 0, Y = p sin <p, Z — p cos <p. 

The third of the equations (224) gives 

N t •= —pa cos v> W 

which vanishes along the edges AB and CD as it should It is 
seen that this condition will also be satisfied if some other curve 
is taken instead of a semicircle provided onlj that <p = i.v/2 
at the edges. Substituting expression ( h ) in the second of the 
equations f224), we find 

= —2 px sin <p + CiW). (0 

By putting the origin of the coordinates at the middle of the span 
and assuming the same end conditions at both ends, x * ±1/2 of 
the tube, it can be concluded from symmetry that Gi(v) = 0 
Hence, 

A r „ = —2px sin <p. (i) 

It is seen that this solution does not vanish along the edges AB 
and CD as it Bhould for free edges. In structural applications, 
however, the edges arc usually reinforced by longitudinal mem- 
bers strong enough to resist the tension produced by shearing 
force O’). Substituting expression O') in the first of the equations 
(224), we obtain 

Nm - C03 V + CtW)- ( fc ) 

If the ends of the shell are supported in such a manner that the 
reactions act in the planes of the end crop* sections, the forces A • 
must vanish at the ends. Hence Ci(s») = -p* 1 cos v / ia > and 
obtain 

Na=s _P - 4^3) (0 

Expressions (ft), (j) and (1) represent the solution of Eqs. (224) 
for our particular ease (Fig. 154) satisfying the conditions at the 
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ends and also one of the conditions along the edges A B and CD. 
The second condition, which concerns the shearing forces N,„ 
cannot be satisfied by using the membrane stresses alone. In 
practical applications it is assumed that the forces will be 
taken by the longitudinal members that reinforce the edges It 
can be expected that this assumption will be satisfactory in those 
cases in which the length of the shell is not large, say l 5 2a, and 
that the membrane theory will give an approximate picture of the 
stress distribution in such ca«cs For longer shells a satisfactory 
solution can be obtained only by considering bending as well as 
membrane stresses This problem will be discussed in the next 
chapter (see Art 91). . 



CHAPTER XI 

GENERAL THEORY OF CYLINDRICAL SHELLS 

81. A Circular Cylindrical Shell Loaded Symmetrically with 
Respect to Its Axis. — In practical applications we frequently 
encounter problems in which a circular cylindrical shell is sub- 
mitted to the action of forces distributed symmetrically with 



respect to the axis of the cylinder. The stress distribution in 
cylindrical boiler* submitted to the action of steam pressure, 
stresses in cylindrical containers having a vertical axis an 
submitted to internal liquid pressure and stresses in circular pipes 
under uniform internal pressure arc examples of such problems. 

To establish the equations required for the solution of th^ 
Problems we consider an element, as shown in Figs. 152a and 155, 
find consider the equations of equilibrium. It can be cone u 
from symmetry that the membrane shearing forces A** *= ** 

vanish in this case and that forces A% are constant along the 
circumference. Regarding the transverse shearing fonts, it can 
also be concluded from symmetry that only the forces Q x do no 
vanish. Considering the moments acting on the clement in 
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Fig 155, we also conclude from symmetry that the twisting 
moments = M r , vanish and that the bending moments 
are constant along the circumference Under such conditions of 
symmetry three of the sit equations of equilibrium of the element 
are identically satisfied, and we have to consider only the remain- 
ing three equations, viz , those obtained by projecting the forces 
on the i- and z-axes, and by taking the moment of the forces 
about the j/-avis. Assuming that the external forces consist only 
of a pressure normal to the surface, these three equations of 
equilibrium are 


— j— a dx d<p = 0, 
ax I 

dx dtp + dx dip + Za dx dtp — 0,j 
dx d<p — Q/i dx dip = 0 


(«) 


The first one indicates that the forces N M are constant, 1 and we 
take them equal to zero in our further discussion. If they are 
different from zero, the deformation and stress corresponding to 
such constant forces can be easily calculated and superposed on 
stresses and deformations produced by lateral load. The 
remaining two equations can be written in the following simplified 
form. 


dQ, , 1„ 

-Jv, = - 

dx a 

dM, _ 


(*> 


Theso two equations contain three unknown quantities A r „ Qi 
and To solve the problem we must therefore consider the 
displacements of points in the middle surface of the shell. 

From symmetry we conclude that the component v of the dis- 
placement in the circumferential direction vanishes. We thus 
have to consider only the components u and to in the x- and 
z-directions, respectively. The expressions for the strain com- 
ponents then become 


_ du 

* dx ** 


(c) 


1 The effect of those forces on bending is neglected in this discussion. 
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Hence, by applying Hooke’s law, we obtain 


N, = 


Eh 

1 - i 


i(«, + «,) = 




o = 


!_/du _ U>\ = ( 

J^yfx *" a/ 

/" u’ du\ 

rr*v « + W 


From the first Of these equations it follow's that 

. du __ ju), 

dx~ a 

and the second equation gives 

N. 


Ehw 


<«0 


(e) 


Considering the bending moments, we conclude from symmetry 
that there is no change in curvature in the circumferential direc- 
tion. The curvature in the i-dircction is equal to -d-w/dx . 
Using the same equations as for plates, tte then obtain 


V) 


r, - ) 


. Eh\ 

b " 12(1 

is the flexural rigidity of the shell. 

Returning now to Eqs. <i>) and eliminating 0. from these 
equations, wo obtain 

•W. + iw.--*, 

dr 1 o 

from which, by using Lqs. («*) and CO. " c obtain 




Eh . 


= Z 


( 227 ) 


All problems of symmetrica! deformation °* ^* ular 
shells thus reduce to the integration of I-.q- , t j J0 

The simplest application of this equation is obtain*! l+b* the 
thickness of the shell is constant. Under such conditions I*. 
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(227) becomes 


( 228 ) 


Using the notation 


Eh 

" 4 a*D " 


q*A* 


I'q. (228) can be represented in the simplified form 


dx i n 


' D 


(229) 


(230) 


This is the same equation as is obtained for a prisma heal bar with 
a flexural rigidity D, supported by a continuous clastic foundation 
and submitted to the action of a load of intensity Z. 1 The 
general solution of this equation Is 

to K cos fix + C* sin fix) 

+ e-»‘(C, cos fix + C, sin fix) + /(z), (231) 

in which/(x) is a particular solution of Eq (230) and C>, . . . , C^ 
are the constants of integration which must be determined in each 
n particular case from the conditions at the 

ends of the cylinder 

f kM o Take, as an example, a long circular 

I % pipe submitted to the action of bending 
moments Af 0 and shearing forces Q q both 
uniformly distributed along the edge 

✓T | x « 0 (Fig 156). In this case there is no 

Vl^Mo pressure Z distributed over the surface of 

q 0 the shell, and f(x) = 0 in the general 

Fio. JS6 solution (231). Since the forces applied 

at the end x = 0 produce a local bending 
which dies out rapidly as the distance x from the loaded end 
Increases, no conclude that the first term on the right side of 
Eq, (231) must vanish. Hence, Ci => Ct = 0, and wc obtain 

w = e~*‘( Ct cos fix + C« sin fix). (s) 

The two constants C» and Ct can now be determined from the 
conditions at tiie loaded end which may be written 
’ See author’s “Strength of Materials,” vol. 2, p. 401, 1030 
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Substituting expression (g) for w, we obtain from these end 
conditions 


C , = -^ B ( Q . + W , c.-$ " v (•) 

The final expression for w is thus 

ic - ~^(0Jl/ o O>in fix - cos fix) - Q 0 cos /?*] (232) 

The maximum deflection is obtained at the loaded end w here 


w- - ~m m ‘ + Q,) (233) 

The negative sign for this deflection results from the fact that w 
is taken positive toward the axis of the cylinder The slope at 
the loaded end is obtained by differentiating expression (232). 
This gives 

(S)— “ 001 + <Wc °' flx + M1 ~“ 

- 2pB (Wr ’ + e,) - (234) 

By introducing the notation 

?(0x) = ^'(cos fix + sin 0x), ) 

\H/3x) = c^'fcos fix — sin 0x),> (235) 
0(0x) = r* cos fix, f(0x) = tr* sin flr.) 
the expressions for deflection and its consecutive derivatives can 
be represented in the following simplified form. 

t» —jtMMOli) + Q.sff*)]. 

• + (ao) 

- i[23j;.r(M - QMm j 
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The numerical values ot the functions fW.'W :,Ild 

are riven in Table 45.' The functions y(flr) and #) are repre- 
sented graphically in Fig. 157. It >s seen from these curve, and 
from Table 45 that the functions defining the bending of the 
shell approach aero a, the quantity dr becomes large Thw 
indicates that the bending produced in the shell rs nctunllj of a 



stants of integration were calculated. 

If the moment U. and the deflect, on « are found from i «prn 
Sion, (230), the bending moment M, rs obtained from ‘he EM 
of the equations </>, and the value of the force N ft™ E* 
(«7. Thu, all necessary information for ealculati g 


the shell can bo found. Deformation of Circular 



(a) 

Fm 15» 

Uniformly DMribM oW « Circular 'S 

load is far enough from the end, of he eyhnd ^ of 

can be used for each half of the shell. Iron, 
symmetry no conclude that the value of Q. m o 

, Knot hv II. Zimmcmiann, 

>Tl.o figures in this table are ^ 

"Die Rerechnung dea Rsenbabnoberljau , 
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We thus obtain for the right-hand portion 

to = ^g^j3il/o(sin£r - cos 0x) + ^ cos /3zj, (a) 

where x is measured from the cross section at which the load is 
applied. To calculate the moment Me which appears in expres- 
sion (a) we use expression (234) which gives the slope at x =* 0. 
In our case this slope vanishes because of symmetry Hence, 


2 Mo - £ - 0 , 



(« 


Substituting this value in expression (a), the deflection of tho 
shell becomes 


pg—fc p 

” " 8S i fl ( " n fx + co ' to) ” (237) 

nnd by differentiation we find 


dw P p \ 

Tz ■ Mn *■ - -tgufitz), | 

a? * to - ™ to) - - M 

d 3 w P P \ 

dP ~ 405 8 FD e f ‘ cos = 2 / 

Observing from Eqs (6) and (/) of the preceding article that 


= -Df?. Q, = 


wc finally obtain the following expressions for the bending 
moment and shearing force. 


■»'. “ JgfVz), Q. - -5»(Si). (238) 

The results obtained are all graphically represented in Fig. 159. 
It is seen that the maximum deflection is under tho load P and 
that its value as given by Lq. (237) is 


uw. 


P = pq»g 
8 PD 2 Eh 


(239) 
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Tiic maximum bending 'moment h also under the load and n 
determined from Eq (238) as 




P_ 

40 


(240) 


The maximum of the absolute value of the shearing force u 


0 

P 


. 

*Q.= P 

\ 

«**D 1 

40 » 

*dLl 

y 

i m 

yn 


^ ox-f om 


Fio. 169- 


evidently equal to P/2. The values of all 1 them < 

certain distance from the load can be readily o i 

Table 45. Wo see from this table and from F.,. IK ^ that d the 

quantities that determine the bending of the B e 

a > ,/d. This fact indicates that the bend.ng is of a local 

character and that a shell of length J«- t '*\ ^ 

I = 2t/) 3 loaded at the middle will 

have practically the same maximum . AUf *|4t _Lj 

deflection and the same maximum l*c 

stress as a very long shell- 

Having the solution of the problem . 

for the ease in which a load is con- ^ 

centrated at a circular cross section, fio. ico. 

we can readily solve the problem of cylinder by 

a load distributed along a certain length o the cjlmdc^ J 
applying the principle oi «vtperpo,.t.on A, ^ 

ui consider the ca>o of a uniform , indcr ( ri g. ICO) 

formly distributed along a length l o 
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Assuming that the load is at a considerable distance from the 
ends of the cylinder, we can use solution (237) to calculate the 
deflections The deflection at a point A produced by an ele- 
mentary ring load of an intensity* q at a distance f from A is 
obtained from expression (237) by substituting q d£ for P and £ 
for x and is 

0i) e ~"( CM Pt + Pi) 

The deflection produced at A bv the totul load distributed over 
the length l is then 

” - 1 srar"'"" « + *> « + X Jyl'"'*"” « 

+ sin 0£) = ^,(2 — e~ >h cos 0b — c*° cos 0c). 

The bending moment at a point A can be calculated by similar 
application of the method of supposition 


V - H 

as i 

,i 

r o i " 


guiunimi 

IS 

y% f~ 

Z ^ 
Z 20 

I J 

TTTTTTTTT7T 

1_L - 

mmuiii 

Hr 

Qo 


« ^ fb) 


Cylindrical Shell with a Uniform Internal Pressure {Fig. 161) — " 
If the edges of the shell are free, the internal pressure p produces 
only a hoop stress 



and the radius of the cylinder increases by the amount 


l - 


a®, _ pa* 
E “ Eh 


id) 


If the ends of the shell are built in, as shown in Fig. 161a, they 
cannot move out, and local bending occurs at the edges. If the 


‘ J di is the losd per unit length of circumference. 
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length l of the shell is sufficiently large, w e can use solution (232) 
to investigate this bending, the moment Me and the shearing force 
Off being determined from the conditions that the deflection and 
the slope along the built-in edge x = 0 (Fig 1 61a) \amsh. 
According to these conditions, Eqs. f233) and (234) of the preced- 
ing article become 

gijlW . + Q.) - 0, 

where 3 is given by Eq. (d). 

Solving for Afo and Qo, we obtain 

■V, - 29 ’ m - Jj-„ Q. - -49’ DS = (241) 

AVe thus obtain a positive bending moment and a negative shear- 
ing force acting as shown in Fig. 161a. Substituting tlie=c values 
in expressions (236), the deflection and the bending moment at 
any distance from the end can be readily calculated by the use of 
Table 45. 

If, instead of built-in edges, we have simply supported edges 
as shown in Fig. 161b, the deflection and the bending moment 
M, vanish along the edge, Mo =• 0, and we obtain, by using Eqs. 
(233), 

Qo = -20 s DS. 

By substituting these values in solution (232) the deflection at 
any distance from the end can tie calculated. 

It was assumed in the preceding discussion that the length of 
the shell is large. If this is not the case, the bending at one end 
cannot be considered as independent of the conditions at the 
other end, and recourse must be had to the general solution (231) 
which contains four constants of integration. The particular 
solution of Eq. (230) for the case of uniform load (Z = — p) is 
— p/40 4 D => —pa* /Eh. The general solution (231) can then be 
put in the following form by the introduction of hyperbolic 
functions in place of the exponential functions: 

w = — “ -f Ci sin fix sinh fix + Ct sin fix cosh fix 

4- (7* cos fix sinh fix + C« cos fix cosh fix. (e) 
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If the origin of coordinates is taken at the middle of the cylinder, 
ns shown m !’ig. Ifi 16, expression (') must he an even function of x. 
Henc e, 

Ct = C, = 0 (/) 

Tlic constants Ci and C» must now be selected so as to satisfy the 
conditions at the ends If the ends are simply Mipjwrted, tho 
deflection and the 1 lending moment M, must vanish nt the ends, 
and we obtain 

<«■)-; - °' (j?),.;- 0 ' <») 

SuUsti tilting expression (r) in these relations and reniemliering 
that Ct " Ci =■ 0, we find 

— ^ + C i sin a still n + C 4 ros a rosli a = 0,) 

Ci Co" a eosli a — C« pin a sinh a <=• 0,1 
where, for the sake of simplicity, 

f - « (0 

From tliese equations we obtain 

^ pa' Bl n g sin h a ' 

1 TZh sin* a sinn* a + cos* a cosh* a 

_ pa* 2 pin a sinh a 
Eh cos 2a + cosh 2a’l 

c = H?! eos a cosh a 

Eh siii* a smh* a + COS* a cash’ a 

= pa^ 2 cos a cosh a I 
Eh cos 2a + cosh 2a / 

Substituting the "allies {J) and (/) of the constants in expression 
{«) and observing from expression (223) that 


pi‘ ( , 2 sin a sinh a . _ . , „ 

■ ~eM - cw2«+i^ha * m <" ” r 

2 cos a cosh a „ . _ \ , n 

~~ cos 2a H- cosh 2 a cpa cosh a) 
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In each particular case, i/ the dimension? of the shell are known, 
the quantity «, which it dimensionless, can be calculated by 
means of the notation (t) and (229) By substituting this value 
in expression (i) the deflection of the shell at any point can bo 
found. 

For the middle of the shell, substituting x = 0 in expression (I), 
we obtain 

, » pi* ( . 2 cos a cosh a \ , . 

“ ~64flo*V cos 2* + cosh la)' (m ' 

When the shell is long, a becomes large, the second term in the 
parenthesis of expression (m) becomes small and the deflection 
approaches the value (d) calculated for the case of free ends. 
This indicates that in the case of long shells the effect of the end 
supports upon the deflection at the middle is negligible. Taking 
another extreme case, viz , the case when a is very small, we can 
show by expanding the trigonometric and hyperbolic functions in 
power series that the expression in parenthesis in Eq (m) 
approaches the value 5a*/6 and that the deflection (t) approaches 
that for a uniformly loaded and simply supported beam of length 
I and flexural rigidity D. 

Differentiating expression (/) twice and multiplying it by D, 
the bending moment is found as 


M, = 


dx* 


_pl*( rii 

4«*\cos 2 


2 a + cosh 2a 
cos a cosh 


cos 2a + cosh 2a 

At the middle of the shell this moment is 


cosh /9x cos fix 

sinh px^. 


<») 


, , , pi* sin a sinh a 

{ “ 4a s cos 2a + cosh 2a 


(o) 


It is seen that for large values of a, if, for long shells, this 
moment becomes negligibly small and the middle portion is, for 
all practical purposes, under the action of merely the hoop 
stresses pa/k. 

The case of a cylinder with built-in edges (Fig 161n) can be 
treated in a similar manner. Going directly to the final result,' 

» Both cases are discussed in detail by I. G. Bootmov in bis "Theory of 
Structure of Ships,” vdl 2, p 30 S, St Petersburg, 1913. Also included are 
numerical tabtes which simplify the calculations of moments and deflections. 
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we see 

that the bending moment Mo acting along the built-in 

edge is 

,, p sinh 2a — sin 2a _ p * 

23* sinh 2a + sin 2« 2 J 8 ,X ^ '* 

(242) 

where 

. sinh 2a — «m 2a 



x,<2 “> smli 2a + «in 2a 



In the case of long shells, a is large, the factor x»(2«) in expression 
(242) approaches unity and the value of the moment approaches 
that given by the first of the expressions (241). For shorter 
shells the value of the factor xs(2“) in (242) can be taken from 
Table 46. 


Table 46 


2a 

X»(2a) | 

X.(2a) 

X.(2») 

0 2 

5 000 1 

0 0063 

0 100 

0 4 

2 502 1 

0 0-268 

0 200 

0 6 

1 C74 | 

0 060: 

0 300 

0 8 

1 267 

0 1065 

0 400 

1 0 

1 033 

0 1670 

0 500 

1 2 

o soo 

0 2370 

0 596 

1 1 

0 S03 

0 3170 

0 689 

1 6 

0 755 

0 40S0 

0 775 

1 8 

0 735 

0 5050 ! 

0 855 

2 0 

0 733 

0 6000 

0 925 

2 5 

0 802 

0 8220 

1 W5 

3 0 

0 R03 

0 0770 

1 090 

3 5 

0 966 

1 0500 

1 0S5 

4 0 

1 005 

l 05SO i 

1.050 

4 5 

1 017 

1 WOO 

1 027 

5.0 

1 017 

1 0300 

1.008 


Cylindrical Shell Beni by Forces and Moments Distributed along 
(he Edges . — In the preceding section this problem was discussed 
assuming that the shell is long and that each end can be treated 
independently. In the case of shorter shells both ends must be 
considered simultaneously by using solution (e) with four con- 
stants of integration. Proceeding as in the previous cases, the 
following results can bo obtained: For the case of bending by 
uniformly distributed shearing force-> Q„ (Fig. I62a) the deflection 
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and the slope at the ends are 


2Q u ffa 1 cosh 2a + cos 2a 
Eh sinh 2a +- Mn 2 a 


i \ _ + 2Qi j£ ? a* _ sinh 2a — sin 2a 

) t~a t~i ~ Eh sinh 2a + sin 2a 


in the case of bending by the moments Mt, (I’ig. 1626) we obtain 


2Jfofl*o* _ si nh 2a — sin 2a 
Eh sinh 2a + sin 2a 
- 


, 4A htPa* ' cosh 2a — cos 2a 
~ Eh 6inh 2a 4- sin 2a 


In the case of long shells the factors x<, Xt and xt in expressions 
(243) and (244) are close to unity, and the results coincide 
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with those given by expressions (233) and (234) . To simplify 
the calculations for shorter shells, the values of functions xi> X* 
and x» are given in Table 46. 

Using solutions (243) and (244), the stresses in a long pipe 
reinforced by equidistant rings (Fig. 163) and submitted to the 
action of uniform internal pressure.® can bo readily discussed. 

Assume first that there are no rings. Then, under the action of 
internal pressure, hoop stresses <r» = pa/h will be produced, 
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and the radius of the pipe will increase by the amount 


a 


po* 

Eh 


Now, talcing the rings into consideration and assuming that they 
are absolutely ngid, we conclude that reactive forces will be 
produced between each nng and the pipe The magnitude of the 
forces per unit length of the circumference of the tube will be 
denoted by P. The magnitude of P will now be determined 
from the condition that the 
forces P produce a deflection of 
the pipe under the ring equal to 
the expansion 5 created by the 
internal pressure p. In calculat- 
ing this deflection we observe 
that a portion of the tube be- 
tween two adjacent rings may be 
considered as the shell shown in Figs 162a and 1626 In this 
case Qq = — JP, and the magnitude of the bending moment 
A/* under a ring is determined from the condition that dw/dx =* 0 
at that point Hence from Eqs (243) and (244) we find 



’ o 

Fw 163 


-^,(2c,) + i^ x ,(2a)-0, 


»r = f > X«(2a) 

40x>(2a) 

If the distance I between the rings is large, 1 the quantity 


(p) 




is also large, the functions x*(2a) and x»(2a) approach unity 
and the moment A/* approaches the value (240). For calculating 
the force P entering in Eq. (p) the expressions for deflections as 
given in Eqs. (243) and (244) must be used These expressions 
give 


W 

Eh 


X.(2a) 


Pga« X?(2a) 
2EH x«(2 a) 


J 


pa? 

Eh’ 


i For ► - 0 3, 2« - 12S3/VoA. 
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‘2x*(2«)J 

For large values of 2 a this reduces to 

= 5, 


( 245 ) 


Ppar m 
. 2 Eh " 


which coincides with Eq. (230). "' h '" 2 “, “ 
vsiue of the reactive force, P Z 

using Table 46 Solving Eq. (245) ior r a 
expression in expression (p), "e 


JJ, - ^ t Xt(2 a). 


(246) 


This coincides with expression (242) previously obtained 
shell with built-in edges. observe that 

To tahe into account the extension of nop ^ ^ po 
the reactive forces P produce m t e g t he 

and that the corresponding increase of the inner raai 
ring is 1 

AE 

where A is the croswcctional area of the ring. n *° d *“) e j ‘ h “ 
extension into account we subst.tote t - K uMM 
Eq. (245) and obtain 


Pf\ X.(2«) 


HBg]-,-?- 


(247) 


L "2x.(2a)J 

From this equation, P can be rcadil ly • obtmri J 

and the moment found by substituting p 

p, in Eq. (246). t he cylindrical shell but also 

If the pressure p acts not only on me 
on the ends, longitudinal forces 


■ I, i, assumed that the «—*-»• ‘ h ' " 

comparison with the radius o- 
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nrc produced m the shell. The extension of the radius of the 
cylinder is then 



and the quantity p{ 1 — $*) instead of p must he substituted in 
Eqs. (216) and (247). 

Equations (247) and (245) can be al«o used in the ca.se of 
external uniform pressure provided the compressive stresses 
in the ring and in the shell are far enough from the critical 
stresses at which buckling may occur 1 This case is of practical 
importance in the design of submarine's and has Wen discussed 
by several authors 1 

83. Pressure Vessels. — The method illustrated by the 
examples of the preceding article can also be applied in the 



(» 

Flo. 164. 


analysis of stresses in cylindrical vessels submitted to the action 
of internal pressure. In discussing the "membrane theory" it 
was repeatedly indicated that this theory fails to represent the 
true stresses in those portions of a shell close to the edges, since 
the edge conditions usually cannot be completely satisfied by 
considering only membrane stresses. A similar condition in 
which the membrane theory is inadequate is found in cylindrical 
pressure vessels at the joints between the cylindrical portion and 
the ends of the vessel. At these joints the membrane stresses 
are usually accompanied by local bending stresses which are 

i Buckling of rings and cylindrical shells is discussed in the author's book 
“Theory of Elastic Stability " 

’See paper by K von Sandea and K. Gunther, “Werft und Reederei,” 
vol 1, 1920, pp 163-168, 180-198, 216-221, and vol 2, 1921, pp 503-510 




GENERAL THEORY OF CYLINDRICAL SHELLS 407 

distributed symmetrically with respect to the axis of the cylinder. 
These local stresses can be calculated by using solution (232) of 
Art. 81. 

Let us begin with the simple case of a cylindrical vessel with 
hemispherical ends (Fig. 164). 1 At a sufficient distance from 
the joints mn and mini the membrane theory is accurate enough 
and gives for the cylindrical portion of radius a 

N. - N, - pa. (a) 

where p denotes the internal pressure 

For the spherical ends this theory gives a uniform tensile 
force 

*• - f ■ m 

The extension of the radius of the cylindrical shell under the 
Action of the forces (a) is 

a, - - l). M 

and the extension of the radius of the spherical ends is 


Comparing expressions (c) and (d), it can be concluded that if we 
consider only membrane stresses wc obtain a discontinuity at the 
joints as represented in Fig 164b This indicates that at the 
joint there must act shearing forces Qo and bending moments M 0 
uniformly distributed along the circumference and of such mag- 
nitudes as to eliminate this discontinuity. The stresses pro- 
duced by these forces are sometimes called discontinuity stresses. 

In calculating the quantities Q« and Af» we assume that the 
bending is of a local character so that solution (232) can be 
applied with sufficient accuracy in discussing the bending of the 
cjlindrical portion The investigation of the bending of the 
spherical ends represents a more complicated problem which will 
he fully discussed in Chap. XII. Here tre obtain an approvi- 

* This ease was dincussvd by E. Meissner, Sckttett Oauieitun$, voi SG, 

p t, ms 
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mate solution of the problem by assuming that the tending is of 
importance only in the zone of the spherical «holl close to the 
joint and that this zone can bo treated as a portion of a long 
cylindrical shell 1 of radius a If the thickness of the spherical 
and the cylindrical portion of the vessel is the same, the forces 
Qo produce equal rotations of the edges of both portions at the 
joint (Fig 1046} This indicates that .1/, vanishes and that Qo 
alone is sufficient to eliminate the discontinuity The mag- 
nitude of Qo »s non determined from the condition that the sum 
of the numerical values of the deflections of the edges of the two 
parts must fie equal to the difference 6 , — S, of the radinl expan- 
sions fumt'hcd bv the membrane theory Using Eq. (233) for 
the deflections, vve obtain 


0?. 

p'b 


8i - h 


pa* 

2 Eh’ 


from which, bv using notation (229), 


n = pa'Pl* _ V 

W 27T up 


M 


Having obtained this value of the force Q„, the deflection and 
the bending moment M , can be calculated at any point by using 
formulas (236) which give* 


” ” ssiS/U), 

- -eg? - 

Substituting expression (e) for Q 0 and expression (229) for P 
in the formula for we obtain 


M. 


ahp 

8v"3(r - »*) 




if) 


This moment attains its numerical maximum at the distance 


* E Meissner, in the above-mentioned paper, showed that the error in the 
magnitude of the bending stresses as calculated from such an approximate 
solution is small for thin hemispherical shells and is smaller than 1 per cent 
if a/k >30 

’ Note that the direction of Qt in Fig 1<JJ fc opposite to the direction in 
Mg 156. 
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x = */4j3, at which point the derivative of the moment is zero, 
as can be seen from the fourth of the equations (236) 
Combining the maximum bending stress produced by M x with 
the membrane stress, we find 


to- - 5 


This stress which acts at the outer surface of the cjhndneal shelf 
is about 30 per cent larger than the membrane stress acting in 
the axial direction. In calculating stresses m the circumferen- 
tial direction in addition to the membrane stress pa/k, the hoop 
stress caused by the deflection it as well as the bending stress 
produced by the moment M r =* vM, must be considered In 
this way «e obtain at the outer surface of the cylindrical shell 




ap Ew 6i 
T “ T " W 1 ' 


v/i - 1 , 
k \ 4 


SWx) + 


4\/3(l - .■)' 


KM 


Taking v =» 0.3 and using Table 45, we find 


Or,)^ = 1.032-j? at pr = 1 85. (k) 


Since the membrane stress is smaller in the ends than in tho 
cylinder sides, the maximum stress in the spherical ends is 
always smaller than the calculated stress (A). 

Thus the latter stress is the determining factor 
in the design of the vessel. 

The same method o f calculating discontinuity 
stresses can be applied in the case of ends 
having the form of an ellipsoid of revolution. 

The membrane stresses in this case are obtained 
from expressions (217) and (218) (see page 3C5). 

At the joint mn which represents the equator 
of the ellipsoid, Fig 165, the stresses in the direction of the 
meridian and in the equatorial direction are, respectively, 



The extension of the radius of the equator is 



Fia lfi5 


(0 
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Substituting this quantity instead of 5, in the previous calculation 
of the shearing force Qo, find 

* *- _ P« s «*. 

5 * “ Eh2b v 


and instead of Eq (r), we obtain 


p o? 


It is seen that the sheanng force Q« in the case of ellipsoidal 
ends is larger than in the case of hemispherical ends in the ratio 
cSjb*. The discontinuity stresses will evidently increase in the 
same proportion. For example, taking a/b = 2, we obtain, from 
expressions (g) and (h), 


(t.U 


- “P 
' 2 h 


3ap 




2 172, 


(*•)«. 

Again, (<r,) M 


ftV3(l 

- 1 12S x 

is the largest stress and is consequently the deter- 
mining factor m design 1 
84. Cylindrical Tanks with Uniform 
Wall Thickness. — If a tank is sub- 
mitted to the action of a liquid pres- 
sure, as shown in Fig 166, the stresses 
in the wall can be analyzed by using Eq 
(230) Substituting in this equation 

Flo lfifi Z = -y(d — x), (a) 

where y is the weight per unit volume of the liquid, we obtain 



* More detail regarding stresses in boilers with ellipsoidal ends can be 
found in the book by Hfihn, “fiber die Festigkeit der gewOlbten BOden und 
der Zylinderecha'e,” ZQnch, 1927. Also included are the results of experi- 
mental investigations of discontinuity stresses which are in a good agreement 
with the approximate solution See also F SchuU-Grunow, Jngemeur- 
Arche, vol 4. p 545, 1933. 
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A particular solution of this equation is 


7 (rf — *) 7(d - g)a* 

4fi*D " 


(e) 


This expression represents the radial expansion of a cylindrical 
shell -with free edges under the action of hoop stresses Sul>- 
»t Uu ting expression (c) iu place of f(z) in expression (231), we 
obtain for the complete solution of Eq (6) 

«> = e*'(Ci cos fix + C* sin fix) -f e^'fCj cos fix + C 4 sm fix) 

7 - r)a* 
Eh 

In most practical cases the wall thickness h is small in compari- 
son with both the radius a and the depth d of the tank, and we 
may consider the shell as infinitely long. The constants C\ and 
Ci are then equal to rero, and we obtain 


w ■* coo fix + C 4 sin fix) 


7 (tf — x)a 3 

~~U — 


(d) 


’Hie constants C> and C 4 can now be obtained from the conditions 
at the bottom of the tank. AhMiming that the lower edge of 
the wall is built into an a1*»olutely rigid foundation, the boundary 
conditions arc 

M-. - c, - - o, 

S' + «» M 

+ 0(V-<’(ro» ti - *in O') + - «C. - C.) + ^ - 0 

From three equation* we obtain 



r.Xpres-ion (<f) then !***come-* 

tr *• — — x — tijs fix *f (d — 0 fin fir j|i 

from which, be tie* Rotation of (235), wr obtain 

- " --(“rl 1 - a - ««'> - (' -s) r H- M 
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From this expression tho deflection at any point can lw readily 
calculated by the u*e of TaWe 45 The force A’ r in the circum- 
ferential direction i*> then 

N, - - r<«l[l - 5 - WO - (l - (J) 

From the ■second derivator.* of expression (r) we obtain the bend- 
ing moment 

<9) 

Having expressions (/) and (3), the maximum slre-s at any point 
can readih be calculated in eacii particular nwe The t lending 
moment ban its maximum \ aluc at the bottom, v, here it is equal to 

«-■>— *)?&* « 
The same result can l>e obtained by u«mg previous solutions 
(233) nnd (234) (page 393) Assuming that the lower edge of 
the shell is entirely free, wc obtain from expression (c) 



To eliminate this displacement and rotation of the edge nnd thus 
satisfy the edge conditions at the bottom of the tank, a shearing 
force Qo and bending moment Af 0 must be applied as indicated in 
Fig 166 The magnitude of each of thc«c quantities is obtained 
by equating expressions (233) and (234) to expressions (i) taken 
with reversed signs. This gives 

~m m ' +<M - +3 sr 

From these equations we again obtain expression ( h ) for Ms, 
whereas for the shearing force we find 1 
• The negative sign indicates that Q* has the direction shown in Fig 166, 
»inrb i3 opposite to the direction used in Fig 15f> when denyiry? expressions 
(233) and (2341. 
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_ 12(1 - r») 


(ff) 


Equation (?) then heroines 

HHv>)\ + ,*w = 0 (A) 

and can bo rewritten in one of the two follow MR forms' 

LiL(w) -f- + tfl'ic) - 0, (0 

L(L(tr) — v*ie] + — ip’tr] = 0 , 

when? i *= \/ — 1 

Wo see that Fq (A) u* satisfied bj the solutions of the second-order 
equations 

i(te) 4- ip'u) — 0, (j ) 

1. ( tr) — ap’ie » 0 (A) 

AssummR that 

1T| *■ Wi + Ifi, Vt - yj + 1*. (0 

tire the two linearly independent solutions of Lq <j), it ran lie aeon that 

tri — *i — ami — t*p a (m) 


arc the solutions of Kq. (t) Ml four solutions (1) and (»n) together then 
represent the complete «> stem of independent solutions of Eq (A) By using 
the sums and the differences of solutions (1) and (m), the gonirnl solution of 
Eq (A) can be reprrw ntiil iu the following form 

tr - <?i*i + CWi + (',*i + Civ a, (nl 

in which Ci, ... i Ci ore arbitrary eons touts. Thus the problem reduces 
to the determination of four functions Vil . . , *>« which can all be obtained 
if the complete solution of one of Kqs (j) and (k)ii\nonn 

Taking Kg 0) and substitiiling forb(tr) its meaning (/), we obtain 


</V tiir 


4- •»*«• ■* 0. 


W 


By introducing new variables 

, - t - -\/I. 

Eq fo) becomes 


UV take as a solution of this eq |,,!M?n M*«“ P ' ,n **r 

ft s «, 4- «n + an* 4 


w 

(r) 

W 
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Substituting tins sene* in Kq (0 and equating the eoeffieients of each 
power of *j to *oro, we obtain the follow mg relation I w- tween the coefficients 
of series (»)* 

(n* - 1)0. + n._, - 0 (0 

Applying this equation to tho first two coeffirn nt. and taking a_t “ o_« ■» 0, 
we find that a, — 0 and that a , ran la* t.k« n equal to nnv arbitrary constant. 
Calculating the further coefficients b\ mum. of I.q (I), we find that scries (t) 


2 4 2 4 0 2 i4 t»)* 1 


where /iW W the RmmI function of the first kuu! and of the first order. 
For our further discussion it t. adv nntngeous to nst the relation 

J,W " “ 5i[* " 2* * is t>* ~ 12 4 6)“* + ] " “V (r) 

in which the scries m the parenthesis, denoted hi J„ is the Itcasel function 
of the first kind and of rero order Substituting l lie expression 2 pV^ for n 
l«ee notation (p)] in the series re prewot in g J,(i) ami collecting the real and 
the imaginary terras, we obtain 


^i(2p\/*) 

■h( 2pVJ) 


J.U) - ;,(2p\/i) + t*,(2 py/x), 

_ « (2py / x)*_ 

(2 4)*“ + (2 4 C 8)« 

(2p\/r) » (2a\/e)* _ gp-y^r)'* 

2* (2 4 6)’ (2 4 f. 8 10)* + 


The solution (u) then p\ es 


(ic) 


(248) 


f, ClfftfcV*) + i<J(2p\/j)J, (a') 

where and <f' t denote the dent stives of the functions (248) with respect 
to the argument 2p\/r 

The second integral of Eq (r) is of a more complicated form Without 
derivation w e shall state that it can be represented in the form 


f« = C"I#I(2 p\/*) + t^(2p\/*)l. (6') 

in which and il« are the derivatives w it)i respect to the argument 2a\/x 
of the following functions. 


ih(2p-\/*) “ ^i(2 p\/i) — 4- log.— 1 a ^~ fo(2p\/*)^j-| 

4«(2pa/*) " |^»(2p\/*) + + |ti(2p\/*) jij 
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• . . , is given in Fig. 169 It is seen that the values of these functions 
increase or decrease rapidly as Dio distance from the end increases This 
indicates that in calculating the constants of integration in solution (o') wo 
can very often proceed as we did with functions (235), hr., by considering 
the cylinder as an infinitely long one and using at each edge only two of tlio 
four constants in solution («'). 

1 This table was calculated by F. Schleicher; see "Krei »j>1at ton auf Elaa- 
tischcr Unterlnge,” Berlin, 1920. More complete tables for the same func- 
tions are given in the book by Jshnke-Kmde, "Tables of Functions," Berlin, 
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Table -17 — Table or tut *(*) Ft wioss 


— r 

' 

*»<■*) 



j 

+itf) , 

<ls 1 

dx 

0.00 

+ 1 oooo 

0 OOftt 1 

0 0000 

0 OOOO 

0 20 

+ 1 oooo , 

-0 0|(« 

-0 0005 

-0 1000 

0 40 

+0 0000 | 

-0 0390 

-0 0010 

-0 2000 

o eo 

+o oosn 

-0 0900 1 

-0 0135 

-0 3000 

0 so 

+0 0030 

-0 1509 j 

-0 0320 

-0 3991 

1.00 

40 0814 | 

-0 2500 | 

-0 0624 

-0 4974 

1.20 

+0 0076 I 

-0 4587 1 

-0 107S 

-0 5935 

1 40 

+0 0101 1 

-0 4S07 

-0 1709 

-0 6860 

1 CO 

+0 8070 1 

-0 6327 ' 

-0 2545 

-0.7727 

1 80 

+0 8367 1 

-0 7953 1 

~(l 3612 

-0 8509 

2 00 

+0 7517 

-0 9723 | 

-0 4 931 

-0.0170 

2 20 

+0 0377 

-1 1610 j 

-0 6520 

-0 9661 

2 40 

+0 4800 

-1 3575 

-0 8392 

-0 9011 

2 CO 

+0 3001 

1 5569 1 

-1 0552 

-0 1)913 

2 SO ] 

+0 0051 

-1 7529 

-1 2903 

-0 9580 

3 00 

-0 2214 

-2 0223 

-l 7141 

-0 8223 

3 20 

-0 5044 | 

-2 1016 

-1 8636 

-0 7499 

3 40 

-0 ocso | 

-2 2331 | 

-2 1755 

-0 5577 

3 CO 

-1 4353 

•-2 3100 

-2 49S3 

-0 2936 

3 SO 

-1 0674 

-2 3454 

-2 8221 

+0 0526 

4 00 

-2 5634 

-2 2927 

-3 1346 

+0 4912 

4.20 

-3 2105 

-2 1422 

-3 4199 

+ 1 0318 

4 40 

-3 0283 

-l 8726 

-3 6587 

+ 1 6833 

4 CO 

-4 6784 

-1 4610 

-3 8280 

+2 4520 

4 80 

-5 4531 

-0 8837 

-3 0006 

+3 3122 

5.00 

-6 2301 

-0 1160 

-3 8454 

+4 3542 

5 20 

-6 0803 

+0 8658 

-3 6270 

+6 4S35 

5 40 

-7 6674 

+2 0S15 

-3 2063 

+6 7198 

6 60 

-8 21GG 

+3 5597 

-2 5409 

+8 0453 

5 80 

-8 7037 

+ 5 3068 

-1 5856 

+ 9 4332 

0 00 

-8 85S3 

+7 3347 

-0 2931 

+10 3462 


*»(*) 

♦tW 




dx 

dx 

0 00 

+0 5000 


0 0000 


0 20 

+0 482G 

-1 1034 

-0.1419 

+3 1340 

0 40 

+0 4480 

-0 6765 

-0 1970 

+1 4974 

0 60 

+0.405S 

-0 4412 

-0 2216 

+0.9273 

0 SO 

+0 3606 

- -0.2883 

-0 2286 

+0 62S6 
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Tasts — -Tk&\s> t>* "sMt fvscnoM — if3imVmue<i4 


• 

Mx) 

#•(*) 

dz 

1 dM x) 

i d * 

1.00 

+0.31 51 

-0 1825 

-0 2243 

+0 4422 

1 20 

+ 0 2713 

-0 2076 

~0 2129 

+0 3149 

1 40 

+0 2302 

-0 054? 

-0 1971 

+0 2235 

1.60 

+0 1026 

-0 0166 

-0 17SS 

+0 1560 

1.80 

+0 1588 

+0 0094 

-0 1594 

+0 1056 

2 00 

+0.1289 

+0 02G5 

-0 1399 

+0 0679 

2 20 

+0 102& 

+0 0371 

-0 1210 

+0 0397 

2 40 

+0 0804 

+0 0429 

-0 1032 

+0 0189 

2 60 

+0.0614 

+0 0446 

-0 0888 

+0 0039 

2 80 

+0 0455 

+0 0447 

-0 0719 

-0 0066 

3 00 

+0.0326 

+0 0427 

~0 0580 

-0 0137 

3.20 

+0.0220 

+0 039-1 

-0 0469 

-0 0180 

3 40 

+0 0137 

+0 0356 

-0 0369 

-0 0204 

3 60 

+0 0072 

+0 0314 

-0 0284 

-0 0213 

3 80 

+0 0022 

+0 0260 

-0 0212 

-0 0210 

4.00 

-0 0014 

+0 0230 

-0 0152 

-0 0200 

4.20 

-o <mi 

+o om 

-0 0UM 

— Q 

4 40 

-0 0056 

+0 0166 

-0 0065 

-0 0168 

4 60 

-0 0060 

40 0125 

-0 0035 

-0 0148 

4.80 

-0 0071 

+0 0097 

-0 0012 

-0 0129 

5 00 

-0 0071 

+0 0073 

+0 0005 

-0 0109 

5.20 

-0 0069 

+0 0053 

+0 0017 

-0 0091 

5 40 

-0.0065 

+0 0037 

+0 0025 

-0 0075 

5.60 

-0 0059 

+0 0023 

+0 0030 

-0 0060 

fi SO 

-0 0053 

+0 0012 

+0 0033 

-0 0047 

8.00 . 

~0 OCtG 

+O.OOC4 

+0 0033 

-0 0036 


In applying the general theory to particular eases, the calculation of the 
consecutive derivatives of 10 is simplified if use the JoTlowing relations. 


*','<{) - Mi) ~ ^«(£), ' 

♦i'Ct) --Mi) 

<*> 

#»<l) - *«(£) - 


*?W - -MQ -fat), I 
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As an example, consider a cylindrical tank of the same general dimensions 
as that used in the previous article (page 413), and assume that the thickness 
of the wall vanes from 14 in. at the bottom to 3 j in at the top In such a 
case the distance of the origin of the coordinates (Fig 1C8), from the bottom 
of the tank is d + x» = Jd - 416 in ; hence, (2 = 21 45 F° r 
such a largo value of the argument, the functions f , 4* “f 1 * 

first derivatives can be replaced by their asymptotic expressions (250) ilic 
deflection and the slope at the bottom of the tank corresponding to the 
particular solution («) are 

(») 


(u»i)#-» 


yn 1 d ( du>A 

Ea‘ «!+*.' \<tx 


Ei (xo + d)' 


Considering tiro ltngtl. ot tho ojtadnt.l M m Ih. d.roct.on > ory 
large, we take the constants C, and C, in solution (e ) as equal to zero an 
determine the constants C, and C, so as to make the deflect.on and the slope 
at the bottom of the shell equal to aero These reqmremcnts g.ve us the tuo 
following equations 

2oV*) + C*#ScW*))—»*- “ JZI + *.’ 

V* 

-^lC,12pV^,(2a\^) -2 *',cW£>1 -C,[2pV^.(2pV^) 

2x\/ x 

+ 2*;(W*M»»— ♦- - ^ (5T*d’ 

Calculating tho values of functions ft, aid their (lenv'Olivrsfremth 
asymptotic formulas (230) and substituting the resulting values .q 
0 ), we obtain 



N - (« *'■ 

Substituting these values of the constants in expression (/). we find for the 
landing moment at the l*>ttora 

SU - 13,900 n>. ii 


In the same manner, by using expression (40, 
shearing force at the bottom of the tank 

Q t m 527 lb per inch. 


find the magnitude of the 
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These results do not differ much from the values obtained before for a tank 
with uniform wall thickness {page 413). 

86. Thermal Stresses in Cylindrical Shells. Uniform Temper- 
ature Distribution .— If a cylindrical shell with free edges under- 
goes a uniform temperature change, no thermal stresses will be 
produced But if the edges are supported or clamped, free 
expansion of the shell is prevented, and local bending stresses 
are set up at the edges Knowing the thermal expansion of 
a shell when the edges a re free, the values of the reactive moments 
and forces at the edges for any kind of symmetrical support can 
be readily obtained bv using Eqs (233) and (234), as was done in 
the cases shown in Fig 161 

Temperature Gradual in the Radial Direction —Assume that 
fi and tj are the uniform temperatures of the cylindrical waif 
at the inside and the outside surfaces, respectively, and that the 
variation of the temperature through the thickness is linear. In 
such a ca«e, at points at a large distance from the ends of the 
'•hell, there will lie no bonding, and the stresses can be calculated 
by using Eq (51) which was derived for clamped plates (see 
page 54) Thus the stresses at the 




2 (a) 


outer and the inner surfaces are 
, Ecjl, - /,). 


(a) 


(b) 


2(1 -f) 

where the upper sign refers to the 
outer surface, indicating that a tensile 
stress will act on this surface if fi > (»• 
Near the ends there will usually be some bending of the shell, 
and the total thermal stresses will be obtained by superposing 
upon (a) such stresses as are necessary to satisfy the boundary 
conditions. Let us consider, as an example, the condition of 
free edges, in which case the stresses a r must vanish at the ends 
In calculating the stresses and deformations in this case we 
observe that at the edge the stresses (a) result in uniformly 
distributed moments M» (Fig. 170a) of the amount 
E<x(l t - l,)h' 

12(1 - ,) 

'to obtain a free edge, moments of the same magnitude blit 
opposite in direction must be superposed (Fig. 170b). Hence 


M, 


(b) 
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A load of this intensity entirely arrests the thermal expansion 
of the shell and produces in it onlj circumferential stresses 
having & magnitude 


To obtain the total thermal stresses, we must superpose on the 
u . t, „>! stresses (g) the stresses that will be 

produced in the shell by a load of the 
o| intensity —Z This latter load must 

2 a be applied m order to make the lateral 

. j surface of the shell free from the 

£- ' . external load gi\ en by Eq (/). The 

stresses produced in the shell by 

the load — Z are obtained by the in- 

tegration of the differential equation 
: aa ' ’ y 2 (230) which in this case becomes 


» - -&M. w 


* as an example of the application of 

Fig this equation let us consider a long 

cylinder, as shown in Fig 171a, and 
assume that the part of the cylinder to the right of the cross sec- 
tion win has a constant temperature 1», whereas that to the left 
side has a temperature that decreases linearly to a tempera- 
ture fi at the end x = b according to the relation 


The temperature change at a point in this portion is thus 


F(x) = t - t, 


(0 
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Substituting this expression for the temperature change in Eq 
(A), ne find that the particular solution of that equation is 


The displacement corresponding to this particular solution is 
shown in Fig. 1715 which indicates that there is at the section 
mn an angle of discontinuity of the magnitude 


HS.fgfl.-O. 


(D 


To remove this discontinuity the moments SI, must be apph^ 
Since the stress <r, corresponding to the part.cular so 1 " 1 '”" « 
esneel, the stresses (,), »e conclude that the stresses produced 
by the moments SI, are the total thermal ■»««■ "“ ll ng From 
the above-described decrease in temperature. If M 

the cross section mn from the eods of the cylinder aro U^ tto 

magnitude of the moment SI, can be obrnned at once from 
Eq. (234) by substituting 


& = 0 , 






Substituting for « its value from evpression W ,aU ” B 
. - 0.3, a e find that the maidmiim thermal stress 


(■>.)— - 


“£.• _ o - 1,). 


(ffl) 


It tea, agreed In Ibis calculation 

of the cylinder is large. 11 th " Mloes. In an infinitely 
the moment (I) must be calculated >« louoes , _ b a 

long shell the moment -If. that are given by the 

moment and a shearing force (Fig. / 
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general solution (23G) os 

M, - -rfjp - •'<«<«, | 

q. - - - -setumJ 


<»> 


Since at the di-tance ; = l> we hat e o free edge, iV is necessary 
to apply there a moment anil n force of the magnitude 

-.1/, - -.Vo^t/SM. ~Q. - 20MetW (°) 

in order to eliminate the forces t«) (Tig 171c) 

The moment prodnuxl l»v the forces (a) at the cross section 
din giW" the desiretl correction which is to lx? applied to 
the monunt (f) Its \ahie can lie obtained from the third of 
the equations (23G) if we Milxtitutc in it -Mvp(pb) instead 
of Jl/o and -23.1/o {■(#»)• instead of Q 0 . Thc-o sillntitutions 
gitc 

a.if - -i>'~ - - uMrirnp. <p> 


Va a mum ncnl example, consider u 1 lut-rnm cylinder ha\ in a the following 
dimensions a - 9|J in , A - 1 { in , 6 - in , a - 101 10'’, E - 14 - 10* lb. 
I>cr square ineh, U - - 1W 1 hr formula (m) then Rive* 

e-.. “ 7,720 Hi per square inch fW 

In calculating the i orrection (p), »e ha\e 
4 felt - r*) 1 

and, from Table 43, 

* {fib) - 0 231, t (fib) - 0 223 

Hence, from Eq (p), 

■1.1/ JI/.(0 238*+2 0 223') - -0 1561/.. 

This indicates that the above-calculated maximum stress (j) must be 
diminished be IS 0 per cent to obtain the correct maximum value of the 
thermal Btress 

* The opposite sign to that in expression (o) is used here, since Eqs (235) 
are derived for the direction of the x-axis opposite to that shown m I ‘S' 
171a. 
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The method shown hero for the calculation of thermal stresses in the case 
of a linear temperature gradient (») can also he easily app 10 ,n casP 
which F(*) has other than a linear form 

87. Inextensional Deformation of a Circular Cylindrical Shell.' 
If the end? of a thin circular c)lindrical shell are free, and 
the loading is not symmetrical with respect to the axis ol tnc 
cylinder, the deformation consists principally of bending in 
such cases the magnitude of deflection can be obtained with 
sufficient accuracy by neglecting entirely the strain m 1 c ® 
surface of the shell. An example of such a loading condition 
is shown in Fig 172 The shortening of the vertical diamete 
along which the forces P act can be found with good accuracj 



by considering only the bending of the shell and assuming that 
the middle surface is inextensible nts 

Let u, first consider the limitat.oM to the 
of displacement arc subject if the deformat, on of “ 
shell is to be inextensional. Taking an element 
surface of the shell at a point 0 and directing the 
as shown in Fig. 173, wo shall denote by «. r and » 
in the a-, f and r-dircction, of the displacement of the pomt U. 
The strain in the z-direction is then 

__ du (a) 


In calculating the strain in 
Eq (a) (Art. 76, page 371). 


the circumferential direction t 
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The shearing strain in the middle surface can be expressed by 


"*** a dip dx’ 


(0 


which is the same as in the case of small deflections of plates 
except that a dp takes the place of dy. The condition that the 
deformation is mextensional then requires that the three strain 
components in the middle surface must vanish; i e , 


— = 0 1 dt> _ u> _ o da . 3i> _ 

dx ’ a dip a ’ adip dx 


(d) 


These requirements are satisfied if we take the displacements in 
the following form. 

ui = 0, 

i * " a X (°* cm “ a » sin 

nil = — a^n(a. sin nip + a' n cos n^), 

where a is the radius of the middle surface of the shell, ip the 
central angle and a„ and n' constants that must be calculated 
for each particular case of loading. The displacements (e) 
represent the case m which all cross sections of the shell deform 
identically. On these displacements we can superpose displace- 
ments two of which vary along the length of the cylinder and 
which are given by the following series. 



u* = — a^^(b„ sin nip + b' cos nvOi 


v * = (b. cos Tup — 5; sin nip), \ 

Wi = —x n (b» sin mp -f- b' cos nip) ) 


(/) 


It can be readily proved by substitution in Eqs. (d) that these 
expressions also satisfy the conditions of inextensibility. Tbit" 
the general expressions for displacements in inextcnsional 
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deformation of a cylindrical shell are 

U= ll| + U*J V = #1 + **. «• = «•, + Wt > (ff) 

In calculating the inextensional deformations of a cjlimincai 
shell under the action of a given system of forces it n i ad an- 
tageous to use the energy method To establish the equued 
expression for the strain energy of bending of e s e , 
with the calculation of the changes of curvature of the middle 
surface of the shell. The change of dw 

curvature in the direction of the gen- / »\V" 
eratrix is equal to zero, since, as can be t 

seen from expressions (e) and (f), the m y' \ 
generatrices remain straight The jA \/n, i 

change of curvature of the circum- \s cls 

fcrence is obtained by comparing the fig 174 

curvature of an element nrn of the f cor - 

circumference (Fig. 174) ‘° n deformation 

responding element mini after deforma 
the cun'ature in the circumferential direction is 


dp 


dp 
a dip 


The curvature of the clement nun, after deformation n 


Hence the change in cun’ature is 


ip + 


dhr , 
jp d: 




dip 

x* (a — v)dip a dp 
By using the second of the cguations (<0 * ko "' nto 

l( dv , w 

Xe dip*/ 

The bending moment producing this change m cunaturc 

V( d S + 2?2\ 

a*\dp dp*/ 


m ¥ = 
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and the corresponding strain energy of liending per unit area can 
be calculated as in the discussion of plates («ec page 40) and is 
equal to 



In addition to 1 lending, there will In- a twist of each element 
such as that shown at point O hi Fig 173 In calculating this 
twist we note that during di formation an element of a generatrix 
rotates 1 through an angle equal to —di r/Or with respect to the 
y-axis nnd through an angle equal to Ov/dr with respect to the 
z-axis Considering a Mmilar element of a generatrix at a circum- 
ferential distance a df from the first one, we «cc that its rotation 
about the j/-a\H, an a risull of the displacement tr, is 


fltc dhc . 
dr ~ D v - dr p 

The rotation of the same element in the plane tangent 


O’) 

to the shctl 



Because of the central angle d v lietween the two elements, the 
latter rotation has a component with respect to the y-axis equal to 1 


<*) 


From results (j) and (k) we conclude that the total angle of 
twist between the two elements under consideration is 


and that the amount of strain energy per unit area due to twist is 
(see page 50) 

1^(1 *) ( d*tc . 3o\* /n 

®* \&p dr dx) 

' In determining the sign of rotation the right-hand screw’ rule is used 
* A small quantity- of second order is neglected in this expression. 
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Adding together expressions (*) and (0 and integrating over 
the surface of the shell, the total strain energy of a cylindrical 
shell undergoing an incxtensional deformation i* found to e 


, J J[(£ + 0) = + 2(1 - *<£. + £)1“ * 

expression for strain energy: 

V - x + < ’ > + + *”1 

+ 2(1 — *’)o , (f | i + ^®1) 

This expression does not contain a term with n = 1 , since the cor 
responding displacements 


Vi = o(ai cos v» - °'i pin t 9 )' l 
. tci => -a(a« sin <? + «» Wj 


(m) 


represent (he displacement o! the circle in »' 

bale The vertical anti horiiontol components of this d.splacr 

mniV nrefonnd by -Wltutln* * - -/» 1» «■*'*“"’ (m > 

obtain 

- -™;. (“■)•- i " -**" 

Such n de-placement doe- not contribute to '*™|| 

The same conclusion ran d- I- mode ”**£ 0 
meats represented by the term, vrth n - I m exprfsoion 1/1 
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— ~nn Ju'.l I + coa 
* - nc Jbllt + cos nx)F . 


Substituting expire >on (231) for 1 , t»c obtain, for the o»w where « U a 
e\en number. 


«(n* - l)»rW 

nfl'a' 


I'VMIVf* + 2(1 - r)n*| 


lienee in tins cm 

u .^‘ N? 


o*. - b: - o 

> fn m expressions (<) ami (/), 


- mint* + 2(1 - »)a’) 


/V V 
r " rl)l 

I-2III 

*.*! ^ i ' 

*01 AJ \(n’ - 


a(»« - 1)« (a* - 

n*« 


+ 2(1 - »)<••]} *' 


1>* (*» - l)1|n»C 


2 }c 

+ 2(1 - r)o«lJ 


If the forces P arc applied at the middle, e — 0 and the shortening of the 
\ ertical diameter of the shell is 

2 /*„» V2 1 Pa 1 

2 <•> 

The increase in the horizontal diameter is 




(n« - 1)* 


201 


The change in length of any other diameter can also be readily calculated. 
The same calculations can also be made if e is different from cero, and tho 
deflections vary with the distance * from the middle 
Solution (p) does not satisfy the conditiona at the free edges of the shell, 
since it requires the distribution of moments M, — to preient any 
tending in meridional planes This bending is, however, of a local charac- 
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the middle surface of the shell after deformation is shown in Figs. 
17Ga and 176b In Fig 176a the resultant forces and in Fig. 
176b the resultant moments, discussed in Art. 72, are shown. 
Before deformation, the axes x y and z at any point O of the 
middle surface had the directions of the generatrix, the tangent 
to the circumference and the normal to the middle surface of the 
shell, respective!} After deformation, which is assumed to be 



' cry small, these directions arc slightly changed. We then take 
the z-axis normal to the deformed middle surface, tho x-axis in 
the direction of a tangent to the generatrix, which may have 
become curved, and the y-axis perpendicular to the xs-plane. 
Tho directions of the resultant forces will al*o have been slightly 
changed accordingly, and these changes must l>o considered in 
writing the equations of equilibrium of the element OABC. 

Let us begin by establishing formulas for the angular displace- 
ments of the sides BC and AB with reference to the sides OA 
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and OC of the element, respectively. In tta “ thr 

angular motions produced by each of thc.sc P‘ a Wo 

obtain the resultant angular to the side 
begin with the rotation of the side BC \u r P roU - 

OA. This rotation can he resolvM into tlm^ ^ P^ rf )h( , 

tions with respect to the x-, y- and d bv the dis*- 

.idecOiandBC^hrec^UoUtcz^^ ^ 

placements v and tr. bmee inc i .„,f„ r entis.l direction 
motion of the sides 0.4 and in kiddie surface of the cvhnder, 

(Fig. 173), if c is the radios 0 t0 the x-axu. 

the corresponding rotation of side 
is vfa, and that of side BC is 

i(. + s4 

Thus, owing to tlie displacements », the “"fP 11 " 

of BC with respect to AO about the i-as.s 

l.fd,. W 

Because of the displacements v, the side ^ BC through 

to the x-axis through the augle «»/» “ d 
the angle 

Sw ,s_(j!L)d,. 

a dr *»\« w 

Thus, because of the disp.acemen.s w. the relative angniar dts- 
placement is , . ... 

ugy. m 

Summing up (a) and «. the 
the x-axis of side BC with report to »de OA 


\(&> . J5l!W 

d<p) 


(*) 


a\dx + dx dv) 

• t * r c with re«pcct to side VA 
The rotation about the y-a«s of Sld • nsia I planes and id 
is caused by bending of the generatrices 

eipial to av. 


(-0 
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The rotation about the *-axis of ride BC with respect to Fide 0/1 
is due to bending of the generatrices in tangential planes and h 
equal to 



The formulas (c), (d) and (e) thus give the three components of 
rotation of the side BC with respect to the side QA. 

Lot us now establish the corresponding formulas for the angular 
displacement of side AB with respect to side OC. Because of 
the curvature of the cylindrical shell, the initial angle between 
these lateral sides qf the element 0/t BC is dip However, because 
of the displacements v and 10 this angle will be changed. The 
rotation of the lateral side OC with respect to the :r-axis is 


Ow 

a dip 


<f) 


The corresponding rotation for the lateral «ide A B is 



Hence, instead of the initial angle dip, we must now use the 
expression 

df + + (l,) 

In calculating the angle of rotation about the j/-axis of side AB 
with respect to the side OC we use the expression for twist from 
the previous article (see page 430) ; this gives the required angular 
displacement as 

+ « 

Rotation about the e-axis of the side AB with respect to OC is 
caused by the displacements v and w. Because of the displace- 
ment v, the angle of rotation of side OC is dv/dx, and that of side 
AB is 

de d ( dv\ 

c+rsiW r: 

so that the relative angular displacement is 



GENERAL THEORY OF CYLINDRICAL SHELLS 


437 


Becaase of the displacement tc, the side AB rotates in the axial 
plane by the angle bw/bx. The component of this rotation with 
respect to the 2 -axis is 

-P' “ 

Summing up (t) and (j), the relative angular displacement about 
the 2 -axis of side AB with respect to side OC is 

(&-£)* 

Having the foregoing formulas 1 for the angles, we may now 
obtain three equations of equilibrium of the element OABC 
(Fig. 17Q) by projecting all forces on the x-, y-, and z-axes. 
Beginning with those forces parallel to the resultant forces N, 
and N.x and projecting them on the x-axis, we obtain 

dN t , , dN.x, . 

-^dxadv, -^dfdx. 

Because of the angle of rotation represented by expression (k), 
the forces parallel to N v give a component in the x-direction equal 
to 

Because of the rotation represented by expression (e), the forces 
parallel to JV„ give a component in the x-direction equal to 

— W**|^dx ad</>. 

Finally, because of angles represented by expressions (rf) and (A), 
the forces parallel to Q, and Q, give components in the x-direction 
equal to 

- q 4?* - °'(a?S + S)* *• 

Regarding the external forces acting on the element, we assume 
that there is only a normal pressure of intensity q, the projection 
of which on the x-axis is zero. 

1 These formulas can be readily obtained for a cylindrical shell from the 
jteneml formulas given by A E It. Love in lib hook “ Elasticity 4th ed., 
p 523, 1927. 
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Summing up all the projections calculated above, we obtain 


~dx ad<p + dx — N 

X dip 

- A 'Jsrtfxadv - 


( dh> dw\. , 
w \dv dx dx ) dlp dx 

■*-*(4*+®**- 


0. 


In the same manner two other equations of equilibrium can be 
written After simplification, all three equations can be put in 
the following form’ 



Going now to the three equations of moments with respect to 
the x-, y~, ancl r-axes (Fig 1766) and again taking into considera- 
tion the small angular displacements of the sides BC and AB with 
respect to OA and OC, respectively, nc obtain the following 
equations: 


&Hfj» _ d.M, _ . d’e _ / j tfe _ £a>\ 1 

dx dy> *dx* * '*\dx d>p dx) \ 

+ aQ, = 0,1 

dJ/«« , dil/, . dh) __•*•( d ; v duA / 

dip dx **dz* \dx dp dx ) V 

- aQ, = 0 ,/ 

^P + Ss) + ** , -S + J 4 ,+ & \ 

+ iw) - *"•(£ + ^) + °<‘ v ~ - - »•' 


( 253 ) 



GENERAL THEORY OF CYLINDRICAL SHELLS 439 

By using the first two of these equations' we can eliminate Q t 
and Q, from Eqs. (252) and obtain in tins w ay three equations 
containing the resultant forces N z , N f and jV„ and the moments 
M*, M ¥ and By using formulas (207) and (208) of Art 72, 
all these quantities can be expressed in terms of the three strain 
components c,, «, and -y,, of the middle surface and the three 
curvature changes x* and r„- By using the results of the 
previous article, these later quantities can be represented in 
terms of the displacements u, v and tv as follows* - 

s du 0c w du , Sv 

Bx ” o B<p a 1 a d# Bx 

_ J'w 1 /op , 3'u\ 

x ‘ ” ta»’ x » " a*\d? + »&)’ 

=, j- 9>tc N 

*" “ a\<3r + flx d<fi/ 

Thus wo finally obtain the tlirco differential equations for the 
determination of the displacements u, c nnd it. 

In the derivation equations (252) and (253) the change of 
curvature of the clement O.lftC was taken into consideration 
Tliis procedure is necessary if the forces A’„ A’, and A'„ are not 
►mall in comparison with their critical values at which lateral 
buckling of the shell may occur.* If these forces are small, their 
effect on bending is negligible, nnd wc can omit from Eqs. (252) 
and (253) all terms containing the products of the resultant forces 
or resultant momenta with the derivatives of the small displace- 
ments v, v nnd tc. In such a case the three Eqs. (252) and tho 
first two equations of system (253) can be rewritten in the 
following simplified form: 
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aw, , aw,, _ 

° dz dp 


dQ, dQ r 

°al + V 
a 3/„ ajtf, 

° dz dip 

dM„ , J.U, 


+ W, + qa =» 0,\ 

+ oQ , = oA 
+ a ~rir - aQ, = 0 I 


( 255 ) 


Eliminating the shearing forces Q, and Q„ wc finally obtain the 
three following equation* 


aw, , 


aw, aw„ 

3i a* 


■ o, 

l ail/, _ 


(256) 


aw„ aw, aw„ , l aw, . 
+ “ •*- J 


By using Eqs (207), (20S) and (254), all the quantities entering 
in these equations can be expressed by the displacements ti, t>, and 
ui, and w e obtain 


ay . 1 - > a'u 1 + » ay _ 

dx 2 2a* dp 1 2a dz dp 

i + * a l u , l — v av , l ay 

2 dx dtp 2 dx 2 a dip 2 

+ *L(j*L + -?a-'\ + *L(a. 

^ 12 a\ar* dp^ a* dp 2 ) T 12a|_ U 


u> We 
' a 12\ i 


W2 - 

" 12\ a 


ax‘ T a ' dx 2 dp 2 



(257) 


u a * p A _ a?(l - v') _ J 
r a 2 dip 2 ) ~ Eh 


The problem of a laterally loaded cylindrical shell reduces hi 
each particular case to the solution of this system of differential 
equations. Several applications of these equations will be shown 
in the next two articles. 
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89. Cylindrical Shells with Supported Edges.— us consider 
thecaseof a cylindrical shell supported at the ends and — 
to the pressure of an enclosed liquid as shown in Fig ^ 177. l 
conditions at the supports and the conditions of sjmmctrj 



deformation will be satisfied if we take the component, of displace- 
ment in the form of the following «enra: 


. 22 ' 1 " c “ ** m 


(o) 


in which I i, the length of the cylinder and v k the angle measured 
“MS "’ih. load f i> repaid by the 

(b) 


V <«»\ 
<0 > 


expressions: 

q - -7a(cos y> - e°» a )> "? >Cn 

= 0 when 

in which y k the cpccific weight of the 
define, the level of the liquid. » shown in F,g. 1770. 
q can be represented by the senes 


» -m n * TUXX 

= ^ £>-. cos n<p Bin -j-> 


(c) 
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usual way from expressions (f>) These coefficients are repre- 
sented bv the expression 

n_. = - — -r (cos a sin na — n cos na sill a), (d) 

»mr(n' — 1) 


where 

m = 1, 3, 5, and n = 2, 3, 4, - • • , 

whereas 

2>»» = — — a — a cos a), ( e ) 

nnr* ' 

and 

D«, - -?J2(2o - to 2a). (/) 

mr l ' 

In the case of a cylindrical shell completely filled with liquid, 
we denote the pressure at the axis of the cylinder 1 by yd; then 
q = -y(d + o cos ?), ({?) 

and we obtain, instead of expressions (d), (e) and (/), 

D„. - 0, D., - -1 y -i, D m , - -iH- m 

tmr mi r 

To obtain the deformation of the shell w e substitute expressions 
(a) and (e) m Eqs (257) In this way we obtain for each pair of 
values of m and n a system of three linear equations from which 
the corresponding values of the coefficients A B m „ and 
can be calculated * Taking a particular case in which d = a, we 
find that for n = 0 and m « 1, 3, 5, • • • these equations arc 
especially simple, and wc obtain 


Bn ,0 = 0, Cm 0 — - 

where 


m X«(I - -■) + 1'mV‘J 


Tor n = 1 the expressions for the coefficients are more compli- 
cated. To show how rapidly the coefficients diminish as tn 


* In a closed cylindrical vessel this pressure can ho larger than ay. 

5 Such calculations hare been made lor several particular coses by I> A. 
tVojtaszak, Phil Mag , acr. 7, \ol 18, p 1099, 1931; see aho a paper hy 
H. Reissncr, Z. angeir. Math ifeth , vol 13, p 133, 1933 
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in which « is the central angle subtended by the shell and l is 
the length of the shell. It can be shown by substitution of 
expression (a) in Eq (254) that in this way we shall satisfy the 
conditions at the boundary, which require that along the edges 
v = 0 and >p — a the deflection w, the force N r and the moment 
vanish and that along the edges x = 0 and x = I the deflec- 
tion iu, the force N, and the moment M, vanish. The intensity 
of the normal load q can be represented by the series 

<6) 

Substituting series (o) and (5) in Eqs. (257) and neglecting in 
these equations the term h I /12a i as being small m comparison 
with unity, we obtain the following system of linear algebraic 
equations for calculating the coefficients A m „ and C„„: 



To illustrate the application of these equations let us consider 
the case of a uniformly distributed load 1 acting on a portion 
of a cylindrical shell having a small angle a and a small sag 
/ “ «U — cos (a/2)]. In this particular case expression (5) 
becomes 

135, •-•1J5.--- 

» The load w assumed to act toward the axis of the cylinder. 
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and the coefficients D„ Me given by tbc expression 

D„- iS,. 

mnr 

Substituting these values in Eqs. (a), .c can edentate U» 
cient. A„, B„ and C„. The calculations 
case in which aa = I and for several values of the ra 
that for small values of this ratio, senes (o) are rap i twfftC ? 0 ry 
and the first few terms give the displacements with .vti**** 
accuracy. The maximum deflection, uh.ch occurs at the 
of the shell, can be represented in the form 


ql * 

= 4r 


W 


in which f b a numerical 

loaded and simply supported square P / minis he8 as 

comparison. It is seen that the deflection rapm.y 
the ratio f/h increases. 

Table « T... or the Taciob > - ** .!*> 


The calculation. also show that the — j _)/ dimini'h 
bonding strew, ,c produced by the 

rapidly as //ft increase,. ceric repre 

tedious in the case of larger > « J t an( i a larger 

senting the moments become less rap.dlv comcrgen 
number of terms must l>c taken. 
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u = y, T. sin — > 

u - 2 ,r " sw ^ ? ’ 


Of) 


ai V. fiich Um Ym and Ti'„ are functions of x only Substituting these senes 
in Fqs (257), tic obtain for U m , Y m and IF. three ordinary differential 
equations with constant coefficients These equations can be integrated 
by using exponential functions An analysis of this hind made for a closed 
cylindrical ahell 1 shots a that the solution is very involved and that results 
suitable for practical application can be obtained only by introducing 
simplifying assumptions 

91 An Approximate Investigation of the Bending of Cylindrical Shells. 
From the discussion of the previous article it may be concluded that the 



application of the general theory of bending of cylindrical shells in even the 
simplest cases results in t ery complicated calculations To make the theory 
applicable to the solution of practical problems some further simplifications 
in this theory are necessary. In considering the membrane theory of cylin- 
drical shells it Mas stated that that theory gives satisfactory results for 
portions of a shell at a considerable distance from the edges but that it W 
insufficient to satisfy all the conditions at the boundary. It is logical there- 
fore to take the solution furnished by the membrane theory as a first approxi- 
mation and use the more elaborate bending theory only to satisfy the condi- 
tions at the edge* In applying this latter theory, it must be assumed that 
no external load is distributed over the shell and that only forces and 
moments such as are necessary to satisfy the boundary conditions are 

•See paper by K Miesel, I ngenimr-ArcJiiv, 10L 1, p 29, 1929 An 
apphcation of the theory to the calculation of stress in the hull of a sub- 
marine is shown in this paper. 
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-r -? , "trsscs: si 

investigated by using Eqs. (257) alter pis 6 

these equations. . , *i a *mrtural engineering 1 the ends 

Inappl, cations such asaieencouutmd ^ jn ^ a 

x => 0 and x = l of the she ' 1 ^ F,g j . . j vanish Experiments 
manner that the displacements «> and w at the negligible, and we 

can ahoTeglwt the twisting 

system of Eqs (255) can be considerably simp)^ of moracnt 

and components of displacement can be M*W*~*^' 

M f . From the fourth of the equations (255) we obtain 

law, (a) 

°* " a d*> 

Substituting thts » «* .tod «■»•“» "" “” C “* ° M ‘ m ' 

ao, l iW. (M 

“ a ** x 

The .eeond end the tat ot the egu.t.oo. (255) th “ «"* 

if a,V„\ + 

l?” .K* •*V»* ** ' 

The components of d ' 3 l’ lac i ^ n a e " t *""^l 1 l^ t e ,oM F ^e d Eqa (207) and (208)] 
derivatives. We begin * * “ "" >vn 


w 

(d) 


lacemenv - 1 , < 

with the known relations [see Eqs ( 

_ 2f - - rN»), 

dx Eh' 

da , if „ 2tl N„. 
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From these equations me obtain 


£ - jjjjw* - «*•>■ 

D*» iT .ax., l/a.v, <i.vA] 

<tt» " 4 20 + ’ a\ d* ” / J 

(. Siuf, these expressions together with I<qx ( 61 , (el nnd (d) and with the 
i xpres-ion for the bending moment 

m „ -—(sa 4. — \ (?) 

a'\ie 3*'/ 

wc finally obtain for the determination of M, the following differential 
equation of the eighth order 


, . 9% am, „ „ s , am, 

w 5Ti7< + 2 "v + “ + 


, , ,,9% am, . am, 

+ 2(2 + , )a __. + __ + K1 ^ ^ 


. am. 


< 1 + '>' a W 

+ (2 + >Vi» 3 . ' - — 4. 12(1 — »*)— — 0. (A) 

I- ^ 1- f UU I fcl ai . 


A particular solution of this equation is afforded by the expression 
M, — Ae m * sin — — 

Substituting it in IJq (h) and using the notation 


(j) 


the following algebraic equation for calculating a is obtained" 

«• + (2 - (2 + r)X*]a* + Id + 2r)X* - 2(2 + »)X« + H<*‘ 

+ (— »X* + (1 + »)*X« - (2 + »1X‘]«* + 12(1 - r*)^X* - 0 W 

The eight roots of this equation can be put In the form 

«*i i * « «= ±(ti ± *#*i) f mm* ±(7» ± fft)- 


(0 
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Beginning with the edge v - 0 ftnd which satisfy 

obtain ‘ 


M. 


=* [e-^'CC, 


>8 piv + Ct sin Pvf) + i 


-tHC, <•■ 
+ C«> 


! P 1V> 

n sm “ 


(«) 


which gives for v ** 0 


(«) 


»I ¥ ~ (Ci + C.) srn-j- 

If instead o( a single tenn (.) we take the trigonometric senes 

u, - 2— "r 

any distribution of the bending moment JJjr faSw «*>. N * and 
obtained Having an expression for «*. «•* 

N. r are obtained from Eqs. (<*)i (W an “ y , . raomcn ta it# and the 
5 in »mn p.rticukr cun the tonbnUo.^ ol thn »nn»cn» », ^ ^ 

resultant forces Q„, N „ and N, r along e g ^ of tbe f our CO effi- 

represent these distnbutions by 8m *7nIiUhese four senes can then beused 
cients in the terms containing sm {mxx/l) m golutlon (*»); and 

for the calculation of the four con f*““ ”!V ‘ fo ’ the g 1V cn force distnbu- 
in this way the complete solution of the problem 

tton ran be obtained . obtained by using Eqs. 

If the expressions for u, r and to in , th pro blcm if the displace- 

</), we can use the result.ng expressions to solve the p _ q Exafflple3 of 
ments, instead of the forces an ^gwen along ^ paper by ■ Fmster- 

such problems can be found in t P method just described can bo 

walder/ who shows that 

successfully applied in solving important structura p 
1 Loe. ci l , p 



CHAPTER XII 


SHELLS HAVING THE FORM OF A SURFACE OF 
REVOLUTION AND LOADED SYMMETRICALLY WITH 
RESPECT TO THEIR AXIS 

92. Equations of Equilibrium. — Let us consider the conditions 
of equilibrium of an element cut from a shell by two adjacent 
mendian planes and two sections perpendicular to the meridians 
(F ig ISO). 1 It can be concluded from the condition of symmetry 



that only normal stresses will act on the sides of the element lying 
in the meridian planes. The stresses can be reduced to the 
resultant force Niridifi and the resultant moment AT* Ni 
and ill# being independent of the angle 0 which defines the posi- 
tion of the meridians. The side of the element perpendicular 
to the meridians which is defined by the angle </> (Fig ISO) 
is acted upon by normal stresses which result in the force 
rtsin v dd and the moment M, r* sin •/> d6 and by shearing 
1 We use for radii of curvature and for angles the same notation m in Fig 
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faces which reduce the force Q, r, sin y i> normal to dhoAelh 
The external load acting upon the element can be resolv'd - 
before, into two components IV.r, sin r dr d» and Z ■ ■ 
tangent to the meridians and normal to e * i 

Assling that the membrane forces If. and It', do not^proach 
their critical values,* wc neglect the change of ** < ‘ 
deriving the equations of equilibrium and pn o ceed a 
in Art. 73. In Eq. (fl of that article, which ™ ^ 

projecting the force, on the tangent to the mcndiau, the tB 
-Op-, must now be added to thelcfts.de. Also, 1 »W), “ 
™ obtained by projecting the face, »» <hc »om.»l to the M 
an additional term d(Q,ro)/die must be a e ^ f thc 

third equation is obtained by considering . the equd.b™m 
moment, with respect to the tangent to the parallel circle 
the forces acting on the element. This gi' cs 


r , + )J» - M.r. dt - «<r. ™» * d <’ JI> 

— QfTi Pin <pT\d<pd 


^y 


("r + ^X’ 

After simplification this equation, together "* ,h (^ llow i„ s 

of Art. 73, modified as explained abote, gne us 
system of three equations of equilibrium. 

- N*i cos * - roQr + r ° ri1 = °'J 

* , „ . , d(0£j) + Zr,r 0 “ oA (258) 

AVb + AVi pm v + T ( 

^(M r r a) - M*t cos * ' 0fr ‘ r ° = °'J 

In these three equations of »r QU y!^Idb*Imd tn o resultant 
quantities, three resultant forces A». , can ^ reduced 

moments Mt and AT,. The number *£**«•«* and ^ 
to three if we e^rus. the c ompon^ts r and « of the 

moments Af, and Mt m terms o _ deformation 

displacement. In the discussion m - • .j j or the strain 

produced by membrane atreaec, we obtameu 

. The of buckling of „ 

“Theory of Elastic Stability, P- * , c ^tween the plane* »“ wh,<h 

i In this derivation we observe that the a g 
the momenta Mt act is equal to cob < <*»• 
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components of the middle surface the expressions 


_ 1^ dp 

~ fi dip 


ft 


w 

T» 


from which, by using Hooke’s law, we obtain 


N - - - ») + r, ( ' 1:01 " ~ ">]■) 

11 • - cot - - «> + s(& -“’)}) 


(259) 


To get similar expressions for the moments Af„ and Mi let us 
consider the changes of curvature of the element DABC shown m 
Fig. 180 Considering the upper and the lower sides of that 
clement, we see that the initial angle between these two sides is 
d<p. Because of the displacement v along the meridian, the upper 
side of the element rotates with respect to the perpendicular to 
the meridian plane by the amount »/ri. As a result of the dis- 
placement w, the same side further rotates with respect to the 
same axis by the amount dto/n d<p Hence the total rotation of 
the upper side of the dement is 


^ dw 
r» r, dip 

For the lower side of the element the rotation is 


<«) 


V -L rfl ° . A( V dw 

n r, dv + dp\r, + T) dip)**' 
Hence the change of curvature of the meridian is 1 

w 


L + _ 

'i dip\r i r 


w 


To find the change of curvature in the plane perpendicular to the 
meridian, we observe that because of symmetry of deforma- 
tion the lateral sides of the element DABC each rotate in its 
meridian plane by an angle given by expression (a). Since 
the normal to the lateral side AB of the element makes an angle 
(»/2) — cos <p d8 with the tangent to the meridian DC (y-axis), 


1 The strain of the middle surface is neglected, and the change in curvature 
is obtained by dividing the angular change by the length n <fy> of the arc. 
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the rotation of the side AB in its own plane has a component mth 
respect to the p-axis equal to 

_/iL 4 . cos <p d9. 

\ri r 1 dip/ 

This results in a change of curvature 

u V' *'*•> ri 

Using expressions (b) and (e), PC then obtain 
.If, - -f)[i + ^) + r,(r, + fT*) "K (260) 

Substituting expressions (259) and (260) ' 2’ and 

obtain three equations with three un 0 q next article. 
Q,. Discussion of these an important 

We can also use expressions (2 ) membrane theory dis- 

conclusion regarding the accuracy o calculating the 

cussed in Chap. X. In Art. < 6 ‘^Xd l^utSuting the 
displacements v and w nere estab _ Yr , rp q S ions (260), the 

displacements given by ,h 'f T^-cs'c an be calculated. These 
bending moments and bending stre , By com panng 

stresses were neglected in the ^Tembr.™ 
their magnitudes with those of „ cy 0 f the membrane 

elusion can be drawn regarding 

theory. snherical shell under the 

We take as a particular example I( ^ supports are as shmvn 
action of its mm rverght (page 35 J). ^ mOT hrane theory 

in Fig. 140a, the displacements as given 3 
from Eqs (/) and (b) (Art. 76) are 


a*<?(l + >)( 1 _ i 

Eh—\y+^r° i + cos*. 

+ log • 

. „♦ a *^f * cos <p )• 

D — l' cot tp — + cos <P t 


1 4- cos <p 
+ '°g 1 + cosa 


(d) 
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8ui>>tituting tfic*c oxpre's-ions into formulas ( 260 ) for the landing 
moment-*, we obtain 

■if. - M 

The corresponding bending rtnw at the «urfncc of the shell is 
numerically equal to 


Taking the ratio of this stress to the compressive strew a given 
hy the inemlirane theory (*oc Cq«. (211)], we find 


*n - =U + w * 

The maximum value of this ratio is found at the top of the shell 
where * ** 0 and has a magnitude, for * = 0.3, of 


3.20-- 


a 


w 


It is seen that in the ease of a thin shell the ratio (/) of Ix-nding 
stresses to membrane strews is small, and the membrane theory 
giies vati-fictory results provided that the conditions at the 
supports are such that the shell can freely expand, aa shown in 
Fig 140a. Substituting expression (c) for the bonding moments 
in Eqs. (258), closer approximations for the membrane forces jV r 
and N* can lx? obtained. These results will differ from solutions 
(211) only by small quantities having the ratio A*/ 0 * M a factor. 

rVom this discussion it follows that in the calculation of the 
stresses in symmetrically loader! shells wc can take as a first 
approximation the solution given by the membrane theory and 
calculate the corrections by means of Eqs. (258). Such corrected 
values of the stresses will be accurate enough if the edges of the 
shell are free to expand. If the edges are not free, such forces 
must bo so applied al ong the edge as to satisfy the boundary condi- 
tions The calculation of the stresses produced by these latter 
forces will be discussed in the next article. 

93. Reduction of the Equations of Equilibrium to Two Differ- 
trAial ■Equations oi Vne Second Order. — Erom the disras-'wo'a <aC 
the previous article, it is teen that by' using expressions (259) and 
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(2C0) we can obtain from Eqs. (258) three equations with the 
three unknowns v, to and Q r . By using the third of the*-c equa- 
tions the shearing force Q , can be readily eliminated, and the 
three equations reduced to two equations with the unknowns i> 
and to. The resulting equations were used by the first investiga- 
tors of the bending of shells. 1 Considerable simplification of the 
equations can lie obtained by introducing new variables * As 
the first of the new variables wc shall take the angle of rotation 
of a tangent to a meridian Denoting this angle by {' ( we obtain 
from Eq. (a) of the previous article 

r * k( e + a;) 

As the second variable we take the quantity 
V « r,Q, 

To simplify the transformation of the equations to the new 
variables we replace the fir»t of the cquatioas (258) b\ one similar 
to Eq. (209) (see page 358), which can be obtained by considering 
the equilibrium of the portion of the shell above the parallel cirtle 
defined by the angle <p (Fig. 180). Assuming that there is no load 
applied to the shell, this equation giic» 

2rr#A% sin <p + 2rr/), cos v *=■ 0, 

from which 

A% «= — Q, cot v = ——[1 cot v'. 


<«) 

(ft) 


(c) 
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and, olwnmg that r* = r± fern p, we obtain 


iV, = 


r(Qs>) 


±dU' 

f\ dp' 


(d) 


Thus both of the membrane forces N t and N, arc represented in 
terms of the quantity U which is, as we see from notation (ft), 
dependent on the shearing force Q, 

To establish the first equation connecting V and U we use 
Eqs (259), from which wc leadily obtain 


g-.-4w._rir* M 

» tot , - » - |S(N. - M'). W 


Eliminating v> from these equations, wc find 

^ - e cot (p = ^(r, + »r»)JV, - (r, + vri)JV*I- (?) 


Differentiation of Eq (/) gives 1 

The derivative dv/dp can be readily eliminated from Eqs. ( g ) and 
(ft) to obtain 


' + af " ,iV " Tsrffr* + ”' )N • ~ < ri + ”•■)»■) 

Substituting expressions (c) and (d) for N r and Nt, we finally 
obtain the following equation relating to U and V : 


(26,) 


_ j^dftldf/ 

rth dp] dp 


The second equation for U and V is obtained by substituting 
expressions (260) for A/, and Af» in the third of the equations 


* We consider a general ease by assuming in this derivation that the thick- 
- ne»3 h of the shell is vsnable 
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(258) and using notations (a) and (5). In this tv ay we find 


rj d<p % 


Tild<p\ri/ n 

-r{’~ 


r, dh 
cot * + 3 ~ kTv 


ildV 

’t>]dv 


3,cot*dli + ri,. ot ,J r <262) 

h dip r t I u 


Thus the problem of bending ot a .hell has mg the form of a 
.urface of revolution by force, and moment, tmlfonnly d^- 
tributed along the parallel circle representing the edge is redueu 
to thettegration rf the two Eqs. (261) and (262) of the second 

°1f r tlm thickness of the shell i, constant, the terms containing 
dh/d f as a factor vanish, and the denvattves ot the unknown, 
U and V in both equations have the same coefficients. y 
introducing the notation 

,, , r,d'< . . 

■ ‘ ■ ) rj d-p* + r,LdA r i/ 

, r, . ld< _J_r,_colV ( > (0 

+ r, “ l *J" Si r, • r, 

• the equations can be represented in the following simplified form. 


MU) + fU “ iV,r ’j 
i(V) - - -») 


(263) 


From this system of two simultaneous dtt 
the second order v\ c readily obtain for eac 1 un . fi t 

of the fourth order. To accomplish this «c on thefi^t 

of the equations (263) the operation indicated bj •> 

L( . . . ), which gives 

LMU) + -/.(^) - WHO 

Substituting from the *wond of th<* equations (263) 


7-0*) * 


' D “* fffi 


+ -f J i) 
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\m obtain 

n + ■'(') - yun - pV - ->• <“') 

in tlio same manner we al‘-o find the second equation 

/./.(V) - ./.Q-) + il(H - p>' - -®V. (265) 

If the radius of curvature r, is constant, as is the case of a 
spherical or a conical shell or in a ring shell such as is shown in 
Fir 145, a further simplification of Eqs. (264) and (265) is 
possible. Since in this ca**o 


!•(') - yU n 

by usjijr the notation 

i- Eh *' ffi 

" ~ U - ?! {i) 

both equations can lie reduced to the form 

LL{V) + v*V - 0, (266) 

which can lx> written in one of the two follow ihr forms: 

L[L(tO + »a*n - iMlL(fO + tv'U) = 0 


L\L(U) - »V(71 + tnHLW) - tSU] = 0. 

These equations indicate that the solutions of the second-order 
equations 

L(U) ± ip*U - 0 (267) 

are also the solutions of Eq. (266). By proceeding as was 
explained in Art. 85, it can be shown that the complete solution 
of Eq. (266) can lie obtained from the solution of one of Eqs. 
(267). The application of Eqs. (267) to particular cases will be 
discussed in the two following articles. 

94. Spherical Shell of Constant Thickness. — In the case of a 
spherical shell of constant thickness ri = n = a, and the symbol 
(i) of the preceding article is 
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Considering the quantity aQ t , instead of V, as one of the 
unknowns in the further discussion and introducing, instead of the 
constant p, a new constant p defined by the equation 




|q’(l - »’) 


tE can represent the first of the eeiuations (267) in the follon.ns 
form: 

Wf + Mt *22* - cot* tQ. + 2w*0, - 0- ( 26S > 

dp* dp 

A further simplification is obtained by introducing the new 
variables 1 


sin* *>,} 
sin p ) 


With these variables Eq. (268) becomes 


*(*- 1 >S+ 


H (l 1 - 2 )£ H 


- 2ip* 


(c) 


(d) 


This equation belongs to a known type of differential equation of 
ihe second order which has the form 

*(i - *)»" + (•,-(« + « + W - •*> “ 0 le) 

Equations (d) and (e) coincide if we put 


= 2, 


3 ± a/ 5 + 8tp* 

= ■ 4 


3?\/o + &tp \ 


if) 


A solution ot Eq. (c) can ho taken in the form ot a poecr series 

1 1 + A d* Isx* + • ' • (?) 

Substituting this series in Eq. W ^i^foflowtng relations 
for each power of x to zero, we obtain tne iu 

‘ This solution of the equation was given by E Mew>n«.r, toe 
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between the coefficients: 


4 4, - (« + Otf + * 

A> ’ At ~ 2(y+l) 

(« + « - 1)0 + « - 1) 

_l n(T + n - 1) 


With these relations series {g) becomes 


]. m 

This is the so-called hypergeometrical series. It is convergent 
for all values of x less than unity and can be used to represent one 
of the integrals of Eq (d) Substituting for a, p and y their 
values (/) and using the notation 




, «*_. «(« + Dfitfi + 1 ) _, 
h 1 • y + 1 2 y(y + 1) * 

, «(a + 1)(« + 2)0(0 + 1)(0 + 2) ., 
h 1-2 3 7(7 + 1)(7 + 2) 


= 5 + 8ip* = 5 + 4 iyj l2a \-— - ^ (0 


we obtain as the solution of Eq (d) : 


4 


(3* - S*)( 7* - 6* )^ , . . 
16 ! 1 2 2 3 T 


} ^ 


which contains one arbitrary constant A 0 
The derivation of the second integral of Eq. (d) is more 
complicated. 1 This integral can be written in the form 


zt «= r, log x + ^(i), (l) 

where <p(x) is a power series that vs convergent for |x| <1. This 
second solution becomes infinite for x =* 0, t e., at the top of the 
sphere (Fig- 170), and should not be considered in those cases 
in which there is no hole at the top of the sphere. 

If we limit our investigation to these latter cases, we need 
consider only solution (j). Substituting for 4* its value (i) and 

'Differential equations that are solved by hjpergeometncal scries arc 
discussed in the book “ Iliemann-Vebcr, die partiellea DifTercntiaUGtcich- 
ungen,” vol. 2, pp 1-29, 1901. 
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dividing series ( j ) into its tea! and imaginary parts, we obtain 

*i = S, + tSt, (I) 

where S, and S, arc power series that arc convergent when 
III < 1. The corresponding solution of the first of the equation 
(267) is then 

l/j = a sin v>*i = h + *h, ^ 

where I, and J, are two series readily obtained from the senes 

S Thf necessary integral of the second of the equations (267) can 
be represented by the same series 1 1 and /, («cc page 41 ) , * 

for the case of a spherical shell without a ho ^e a c < 
general solution of the differential equation (266), which 
the fourth order, can be represented in the form 

U = aQ r = Ah + Bh> ^ 

where A and B are constants to be determined from the two 
conditions along the edge of the spherical shell. . 

Having expression (n) for U, wc can read.ly 6nd he : second 
unknown V. We begin by .substituting expression (m) m the 
first of the equations (267) which gives 

HI, + if.) - -inVi + 

Hence, , » 

HI,) - V 'I„ HID - ( ) 

Substituting expression (n) in the first of the equations (263) and 
applying expressions (o), we then obtam 

EhaV — aL(t/) + . . , , n \r * • - . ( v ) 

= (Ar - fl<V*)/i + + Bv) ' 

It is seen that the second unknown V is also represented by the 

series h and I*. can obtain all the 

Having the expressions for U ana , ^ ^ and ^ are 

forces, moments and displacements- The bending 

found from Eqs. (c) and (d) of the previou . Observing 

moments M, and M$ are obtained rom ^ ^ and u «j n g notation 
that in the case of a spherical shell r» - r* 

(a), we obtain 
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(«) 


In calculating the components r and ip of displacement we use 
the expressions for the strain in the middle surface : 




Substituting for N , and Nt their expressions in U and V, we 
obtain expressions for t, and « ( which can be used for calculating 
v and w as w as explained in Art. 7G 

In practical applications the displacement a in the planes of 
the parallel circles is usually important It can be obtained by 
projecting the components v and te on that plane. Tins gives 
(Fig 180) 

i = c cos <p — to sin <p 

The expression for this displacement in terms of the functions U 
and V Is readily obtained if we observe that b represents the 
increase in the radius r B of the parallel circle Thus 

* “ ° sin = ^Sr (N ' ~ yNr} = ~ yU cot *) 

M 

Thus all the quantities that define the bending of a spherical 
shell by forces and couples uniformly distributed along the edge 
can be represented in terms of the two senes /i and It 
The ease with which practical application of this analysis can 
be made depends on the rapidity of com ergence of the series / 1 
and It This convergence depends principally upon the magni- 
tude Of the quantity 



which, if v* is neglected in comparison with unity, becomes 
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Calculations show' that for » < 10 the convergent* “','3 
is satisfactory, anti all necessary ■inanlttn- can he fotmn 
much difficulty for various .-elite conditions. 



and the t 


« ponding membrane forces 


Hat keep the .toll m 


are 




V±, 
’ 2 


(«) 


By superposing on the 1 membrane forces horizontal forces 


uniformly distributed along the edge of p ported by vertical reac- 

sented in Fig 181a, m which the loaded shell » are obtained by 


tions of a honrontal plane The stresses in 

. WT noil .Schweiz E^Uung, vol 
•Such calculations were made by L- 
p 105, 1915 
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The total stresses obtained m this way for the previously cited numerical 
example are shown in Fig 183 

From the calculation of the maximum compressive and maximum tensile 
stresses for various proportions of shells submitted to the action of a uniform 
normal pressure p, it was found* that the magnitude of these stresses depends 
principally on the magnitude of the quantity 





Fra. 19.1. 


represented in Fig. 181n these formulas for the iwmenediy greatest stress 
are as follows: 


For 2 gin* a < J.2, 

for 1.2 < j sin* a < 12, 


' “ c + 2 41 * in ■ 


']■ 


1 See paper by Holt*, tor cif , p. 463 
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For {he ease represented in Fig 181b the formulas are - 

r „ lipo, • - ^("T")1° k 

for 3 < ag, j L a < i 2 , a ~ -1 2j 


It was assumed in the foregoing discussion that the shell has no hole at the 
top If there is such a hole, we must satisfy tbc boundary conditions on 
both the lower and the upper edges of the shell This requires a considera- 
tion of both integrals 0) and (t) of Eq (d) see p 460 and finally results in a 
solution of Eq (266) which contains four constants which must be adjusted 
in each particular case so as to satisfy the bound-iiy conditions on both edges 
Calculations of this kind show 1 that, if the angle a is not small, the forces 
distributed along the upper edge li»\c only a very small influence on the 
magnitude of stresses at the tower edge Thus, since these latter stresses 
are usually the most important, we can obtain the necessary information 
tor the dcogn of a shell with a hole by using for the calculation of the mast- 
mum stresses the formulas derived for shells without holes 

The method of calculating stresses in spherical shells discussed m this 
article can also be Applied in calculating thermal stresses Assume that the 
temperatures at the outer and at the inner surfaces of a spherical shell arc 
constant but that there is a linear variation of temperature in the radial 
direction If t is the difference in the temperatures at the outer and inner 
surfaces, respectively, the bending of the shell produced by the temperature 
difference is entirely arrested by constant bending momenta (see Art 14) 


.V, - ,tf* 


(r) 


In the case of a complete sphere these moments actually exist and produce 
bending stresses the maximum values of which are 




6atD(l + ,) atE 
A> " 2(1 - r) 


(w) 


If we have only a portion of a ephere, supported as shown in Fig. 18la» the 
edge is free to rotate, and the total thermal stresses are obtained by super- 
posing on stresses (tc) the stresses that are produced in the shell by the 
moments 


M. 


rdD{\ + ») 


uniformly distributed along the edge The'e Utter stresses are obtained 
by using the method discussed in this article * In the case shown in Fig. 

1 See paper by Bolle, lot cit , p. 463. 

* Thermal stresses in shells have been discussed by G. Eichelberg, Fonch- 
ungsorbeiten, no 263, 1923. 



SHELLS rORUIKO SVRFACE OF BXT0U7T10Y 407 

1816 .6. thermal .tree. am 8™ by — '"'“'X"' X 
m iJdl= mrl.ce rf«.y m* >h» ‘ “i^h.ch 

must be superposed stresses produced by forces boundary 

must be determined in each p.rticular cm so .. to « 
conditions. 

96. Approximate Methods of Analyzing Stresses in Spherical 
Shells.— In the previous article it has already bee,, indicated 
the application of the rigorous solution for the st 

shells depends on the rapidity of convergence of the scne ”" t 'J 
into the solution. The convergence becomes slower •»* 
and more terms of the series must he calculated a, the mho «/» 
increases, U„ as the thickness of the shell become smaller and 
smaller in comparison with ils radius 1 For such shells .. PP 
mate methods of solution have been del eloped w Inch gn ry 

is the method of asymptotic integration • Starting . noth Eh 
(2G6) and introducing, instead of the shearing fore <*, 

qUa " Uty n — (0) 


we obtain the equation 

r" + oiz" + mr 1 + W‘ + “•>* “ °* 

in which 


16 fin 4 8 sin’ <p 


+ 73* 


_ 3 cos <p ' 
a ‘ - Bin* v I 

- + 2 . W ' • 0 - -*)( 1 + if ) , 


(0 


2 sin 1 <p 2 

It can be seen that for thin shells m " hl ^‘ ^iliAhccocdicients 
the quantity 40‘ is very large in compan o g . nw . ; n our 

os, 0\ and a t provided the angle * is »'> ^ nrar the edge 

further discussion we shall be in t ere* neglect the 

where v> - a (Tig. 181) and « i^ In this way 

terms with the coefficient* «», ant * 



4 os rat our or platfs ash snF.ua 

Vic obtain the wprttttiii 

s n + M's « 0. (rf) 

This equation is similar to Kq (230) which we used In the 
in\ education of (hr symmetrical dt formation of circular cylindri- 
cal phi'll* (’ring the general Milution of Kq (if) together with 
notation (a) wo obtain 

Q f » 1 (t^fCi co* 0 V * + ('« un 0v) -f r’*'(C» co« 

V*in <P 

+ Ci ain fr)|. (r) 

From tin* previous investigation of the Ivcnding of cylindrical 
shell* wc know that the bending slrea-e* produced by force* 
uniformly distributed along the edge decrease rapidly a* the 
distance from the edge inert ax** A simitar condition also exists 
in the ca.se of thin spherical shells Observing that the firat two 
terms in rotation (c) ilocnsw while the second two increase ns the 
angle v> decrease*, we conclude that in the case of a sphere without 
a hole at the top it is i*crmi*Mhle to take only the first two terms 
in rotation (e) and assume 

Q* = ^ (Ci cos fly -f Ct sin 0v>) (/) 

v sill v> 

Having thw expression for Q, and using the relations (t»), (e) and 
(d) of Art. 93 and the relation* (p), ( g ) and (r) of Art. 94, all the 
quantities defining the {vending of the shell can lx> calculated, and 
the constants Ci and C« can be determined from the conditions at 
the edge. This method can be applied without any difficulty to 
particular cases and gives good accuracy for thin shells.* 

Instead of working with the differential equation (260) of the 
fourth order, we can take, os a basis for an approximate investiga- 
tion of the bending of a spherical shell, the two Eqs. (263).* In 
our case these equations can lx* written ns follows: 

* An example of application of the method of asymptotic integration fa 
given in tbe author’* paper; see Jiull See Eng Teeh , St. Petersburg, 

In the papers by Blurocnthal, previously mentioned, mean* are given for 
tbe improvement of the approximate solution by the calculation of a further 
approximation. 

* Tkca zaeiked teas proposed by J IV. Gecieler, FonekanffarbnSen, no- 
276, Berlin, 1926. 
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z -}* cot Ip 


dQ „ 


(cot* <p - 


d'Q. 

dip * 

§5 + cot vjt - (cot* <p + *-)V = - 


y )Q, = EAV, 

o ! Q. 


(f) 


where Q, is the bearing force, and V is the rotation of a tangent 
to a meridian as defined by Eq (a) of Art 93. n * Cfl ^ 
thin shells, if the angle *> is fiot small, the quantities Q, and l a 
damped o^t rapidly as the distance from the edge « and 
have the same oscillatory character as has tto function <£ 
Since fi is large in the case of thin shells the denvat ve of the 
function (/) is large in comparison with the functmn itself, andrtie 
second derivative is large in comparison wi . , . ' 

indicates that a satisfactory approximation can “ y 
neglecting the terms containing the functions i <2, . and J 1 and their 

first derivatives in the left side of Eqs (g) In t th “ TSSLJ- 

can be replaced by the following simplified system of equatio . 


= EhV, 


d’Q t 

dip * 

dip * D 


By eliminating V from these equations, we obtain 


d'Q, 


h + 4X 4 Q, = 0, 


where 


X 4 - 3(1 




(A) 

<0 

(j) 


The general solution of this equation is 

Q, = Cje** cos X*> + Cie** sin Xys + Ctr'* cos Xy? , 

+ C,/r x * sin Xy>. (X; 

Considering the case in nhich there is no hole at the top OjjjS- 
1840) and the shell is bent by force, and moments nndormly 
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distributed along the pdge, we need consider from the general 
solution (A) only the first two terms, which decrease as the angle 
ifl decreases Tlius 
0 , = Cie** ousX*? -J- Cjc** ran Xv>. (1) 
The two constants Ci and Ct are to 
Ik* determined in each particular case 
from the conditions at the edge 
(v> =» a) In discussing the edge 
conditions it is adiantageous to in- 
troduce the angle ^ =* a — <p (Fig. 
181). Substituting a — ^ for v> in 
expression (1) and using the new con- 
einnts C and 7. we can represent boIu- 
tion (?) in the form 

Q f =* Cc~ x * sin (X\t + 7 ) (m) 

Now, employing Eqs. (6), (c) and (d) 
of Art 03, we find 



cot (a — yfr)Ci~** sin (K\fr + 7 ),X 


— X\/2 Cr k * sin (W + 7 


(260) 


From the first of the equations (ft) we obtain the expression for 
the angle of rotation 

J d ! Q, 

' Eh d ** "■ Eh 1 ' 


V 


■■ -grCtr** cos (X* + 7 ) 


(270) 


The bending moments can be determined from Eqs (g) of the 
preceding article. Neglecting the terms containing V in these 
equations, we find 


If, - -H' 1 / - ~Cr» m (** + 1 + *\) 

« d r XV2 V i) l (271) 

M, . vM, - m + t + £)■ ) 

Finally, from Eq (r) of the previous article w e find the horizontal 
component of displacement to be 

8 “ -Tar f ‘ ~s si " <“ - (**■ + t - ?)• 

(272) 
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With the aid of formulas (269) to (272) various particular cases 
can readily be treated. 

Take as an example the case shown in l'ig 184i> The bound- 
ary conditions are 

= M a , ( AV) y— . = 0 00 

By substituting $ = 0 in the first of the equations (269), it can be 
concluded that the second of the boundary conditions (n) is 
satisfied by taking the constant y equal to zero. Substituting 
y ** 0 and ^ *• 0 in the first of the equations (271), we find that 
to satisfy the first of the conditions (n) we must have 


w Inch gives 


C 


MJ2\ 

a 


Substituting values thus determined for the constants y and C 
in expressions (270) and (272) and taking i « 0, we obtain the 
rotation and the horizontal di-placcmenl of (he edge as follows: 


<»V* - 


J%T' 


(*)#-. 


- 2X* sin a,, 

■ — wr 3 '- 


<2V3) 


In the rase represented in Fig 184c, the boundary conditions 
arc 


(.ir„)_ = 0, (AM,-, - -II cos «. (o) 

To satisfy tl»e first of these conditions, we must take y = —rj\ 
To satisfy the second boundary condition, we use the first of the 
equations (2G9) which gives 

— // ct» a — C cot a sin 7* 

4 

from which wc determine 


2// sin o 
V* 

Substituting the values of the constants y and C in (270) and 
(272), wc find 
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formula* (273) t* the ramp a* the <t« flicient of // in the first of iJjo 
formula* (274) Tlita rbunM fe»M«h at ««rr Irani (hr tvriproriiy 
theorem 


Formula* \273 and i27< > can rraddy («• applied in waiving particular 
problem* Take a* an eiaroplr the fw ,,f a spherical »hrll with a ludt-in 
edge and mbmltted to the art ant of a uniform no final pt»wrr p ( Ft* l&fin) 
Coh*idrrtng first the corresponding membrane problem (11* 1 V>A), we find a 
uniform eompiwaiim of the »br!l 



.V, - .Vi - -~ 


flip tif|p «( tfita 
rotation and tin 
displacement 


p"'(l - ») 
2F* * 


> n Ip) 


and the corresponding 
by tl»mg formulas (2731 and (271), 
determination of M m • 


To obtain the solution of the gl\m proh- 
Inn we Mpeq«v* cm the membrane forces 
of l*« lhAh forces and momenta uni- 
f.inufjr distributed along the e-fur a* in 
Ft* Isif Th'-e forrea and momenta 
am of such magnitude that the corre- 
sponding honumtal displacement ix equal 
and opposite to the displacement (p), 
of ltie edge u equal to »rro In this way, 
obtain the following equation* for the 



from which 


•W. 

ir 


>»»» - o 

4X« 



. _e* 

* \ 3(1 + ») I 

P«»( 1 - Q I 

2x sin a J 


w 


The negative signs indicate that il, and H have direction* opposite to those 
shown in Fig. 184. 

The approximate equations (M were obtained by neglecting the unknown 
functions 0. end V and their first derivatives in the exact equations (?)• 
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A better approximation is obtained if «e introduce the new variables 1 
Qt “ 0 # \/ sin v, Vi *■ V \/ sm *> 

> Substituting 



in Eqs (j), we find that the terms containing the first derivatives of Qi and 
V’i vanish. Hence, to obtain a simplified s> stem of equations similar to 
Eqs. (h), vre have to neglect only the terms containing the quantities Qj and 
Vt in comparison with the terms containing the second derivatives of the 
same quantities This gives 


dy. 

V 

d*V, 

dp' 


EhV„ 



The solution of these equation* can be obtained in the same manner as in 
the ease of Eqs, (h). Returning to the original variables Q f and V, w e then 
obtain, instead of expressions (in) and (270), the following solutions •> 


V* 1 " (a - it) 


r - 


a (X* + V) 


.(275) 


Eh V*ui (<* — if-) 

Proceeding now in exactly the same way as in our previous discussion, »e 
uhtam the follow mg expression* in place of formulas (269), (271) and (272): 


cot (« - i)C 



sin (Xtfi + t). 


v *' n (<» - *) 


V«n <« - *) 

12 cos (X* + 7) - (t, + *,) sin (X* + t)Lf 

■tAs cos (X* + 7> + » in +■»)!. 


4 _ ** !n ,a ~^ c 


U(1 + »’)(*. + *>) - 2t,l cos (X* + 7>r 


Vein (a 


=[«v»(X* + 7)-*»«" ( x * + *)!■/ 
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li - 1 — * - cot (e — 4), 

1+2* 

k, - I cot (« - ^). 

Applying formula* (276) to the particular cases previously discussed 
and represented in Fig 1846 and 184c, we olitatn, instead of fonnutas (273) 
and (274), the follow ing better approximations 


ov. - 


4X»lfa 
' Eahki' 


O')*- 


2k« Bin a 
£Ui 


7 /, 



(277) 

(278) 


By applying these formulas to the particular case shown in Fig. 185a, 
second approximations for the react ixe momenta ,V. and reactive forces H 
arc readily obtained 

To compare the first and second approximations with the exact solution, 
wo shall consider n numerical example in which a ■= 00 hi , A — 3 (n , 
a a 35 deg , p — 1 lb per square inch and * — l The first and second 
approximations for M r haxr liecn calculated by using the first of the equa- 
tions £271) and the third of the equations (276) and are represented by , the 
dotted lines in Fig 186 For comparison the exact solution 1 has also been 
calculated b> using the senes of the prex ions article This exact solution is 
represented by the full line m Fig 186 In Fig 187 the force A’» as calcu- 
lated for tbe same numerical example u shown From these tn o Bgurrs it 
can be concluded that the second approximation has xery satisfactory 
accuracy Observing that in our example the ratio a/h is only 30 and the 
angle a = 35 deg is comparatix cly small, it can be concluded that the 
second approximation can be applied with sufficient areuracy ui most cases 
encountered in present structural practice * 

1 It was necessary to take 10 terms in the series to obtain sufficient accu- 
racy in this case 

’The case in which the angle a is small and the solution (275) is not 
sufficiently accurate is discussed bv J tV. Gceheler, I ngenuvr-A rchiv, x ol. 1, 
p 255,1030 Application ol the equations of finite differences to the same 
problem has been made by F Pasternak, 7, angcw Math. Mcch ,'vol 6, 
p. 1, 1926 The case of non-isotropic shells is considered by B- Steuermann, 
Z angcw Math M rch , x - ol 5, p 1,1925 One particular case of a spherical 
shell of x amble thickness is discussed by M F. Spotts, J App Mech, Trans 
AN M.E , voi 61,1939 The problem of non-sjmraetrical deformation of 
spherical ahells is considered by A Haxers, Ingcnienr-Arrhie, vol 6, p 282, 
1935 Further discussion of the Bame problem in connection w ith tbe stress 
analysis of a spherical dome supported by columns is gix cn by A. Aas Jakob- 
sen, J ngtmeur-Archiv, vo\. S, p. TJS, 1*87. 
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instead of r, rff as « as previously used. As a result of such changes in the 
■vnnahks, the following trsnsformttiona of the derivatives with respect 
to are ueccasan 


il _ J.( r A _ r >£. + tl JL 

dy I dy' d-e dy 
the sjniliol (0 in Art. 93 becomes 
(dr, r, \d( . . .) I , , 

W r, / dy r. 


With these transformations, the ajmliol (0 in Art. 93 becomes 


Observing that for a <one the angle y is constant and using notation o for 
*,2 - p (Fig 188), we obtain 


Substituting the expressions into 
(a) and putting *fi “ «■ i the symbol 
L( . . . > becomes 




Using the notation (j) of 4rt 93 and introducing the new Dotation 

y *‘ l Eh _.,, 12(1 - ►») 


* The subscript y is used instead of v in the further discussion of conical 
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Considering the firrt of these equations, wc transform it to the known 
Bessel equation by introducing, instead of y, n new variable 

, - 2 xViVy, (<0 

which gives 

A similar equation has already been discussed in the treatment of a cylindri- 
cal shell of non-uniform thickness (Art 85). The functions 
which were introduced at that tunc and whose numerical values are given 
in Table 47 can also bo applied in this case. The general solution for yQ„ 
which satisfies both .of Eqs. (e) can then be represented in the following 

VQ > ** C.j*,(t) j 

+ + |el«)] + c.[V<(t> - j#i «>]• (n 

where | “ 2 \-\/y, and the primes denote derivatives with respect to (. 
From our previous discussion and from the values of Table 47 w e know that 
the functions <ft t and i, and their derivatives and have an oscillatory 
character such that the oscillations are damped out rapidly as the distance 
V decreases. These functions should be used in investigating the bending 
of a conical shell produced by forces and moments distributed uniformly 
along the edge jr =* l. The fa net ions <f., and ft with their derivatives also 
have an oscillatory character, but their oscillations increase as the distance 
y decreases Hence the third and fourth terms in solution (/), which con- 
taui these functions and their derivatives, should be omitted if we are dealing 
with a complete cone. The two constants C\ and Ct, which then remain, 
will be determined in each particular case from the boundary conditions 
along the edge y = I. 

In the ease of a truncated conical shell there w ill be an upper and a low er 
edge, and all four constants <?j, . . . , C« in the general solution (/) must 
be considered to satisfy all the conditions at the two edges Calculations 
show that for thin shells such as are commonly used in engineering and for 
angles a which are not close to t/ 2, the forces and. moments applied at one 
edge have only a small effect on the stresses and displacements at the other 
edge * This fact simplifies the problem, since w e can use a solution with 

i A very complete discussion of conical shells is given in F. Dubois 
doctorate dissertation "tlbor die Testigkeit der Kegelschale,” Zilrich, 1917; 
this paper also contains a series of numerical examples with curves illustrat- 
ing the stress distribution in conical shells having various angles aUhe ape*. 

* For « » 84 deg., F. Dubois found that the stress distribution in a trun- 
cated conical shell has the same character an that in a circular plate with a - 
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only tw o constants We use the terms of the integral {/) with the constants 
Ci and Ct when dealing with the tower edge of the shell and the terms with 
constants C, and ('« when considering the condition* nt the upper edge 
To calculate these constants in each particular ease » c need the expressions 
for the angle of rotation V, for the forces X, and A'» and for the moments 
V, and If* From Fqs (c) and (<i) of \rt 93 we hux c 

A’, ■ —Q, tan a, ) 

_ _dt_ _ _d(r&.) _ dlyQ,) tw ^ > (g) 

‘ dy dy dy ) 


From the first of the equations 1233) »e ohtsm the rotation 


1 tan* a rflyQ.) d 

' -n m '~ » l' we + ' 

The bending moments as found from 1 (2110) a 


r-«-] 


(A) 


(») 


By substituting y tan a for a in F.q (r) of Art 9 J u e find 


1 ■» t»» o f <l(yQ,) "1 

F.K i dy + ”'’J 


0) 


Thus all the qusn titles that define the bending of a conical shell are expressed 
in terms of the shearing force Q, uluch is given by the general solution (/) 

The functions rf-i and their first derivatives are given in Table 47 

for| <6 For larger values of f the asymptotic expressions (250) (pngc420) 
of these functions can be used with sufficient accuracy 

As an example vs c take the case represented in Fig 188<i We assume that 
the shell is loaded only by its weight and that the edge (y ■* l ) of the shell 
can rotate freely but cannot move laterally Considering first the corre- 
sponding membrane problem (Fig IS-Sb), we find 


N, - 


X, - 



(A) 


where a is the weight per unit area of the shell. As a result of these forces 


hole at the center. This indicates that for such angles the forces and the 
moments applied at both edges must be considered simultaneously. 
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there mil be a circumferential compression of the shell along the edge of 
the amount 


S' Kt -2^sV« (2 10 

To satisfy the boundary conditions of the actual problem {Fig 188a) 
we must superpose on the membrane stresses given bj E qs (E) the stresses 
produced in the shell bv homontal forces II {Fig 188r) the magnitude of 
which is determined so as to eliminate the compression (1) To solve this 
latter problem we use the first two terms of solution (J) and take 

vQ, - + !*;«}] + <•’.[*.«) - ^Uf)] On) 

The constants Ci and Ct will noiv l*e determined from the boundary 
Conditions 


OMi-nvi - “• <*>|-»V| - •» “ - Tfr ' 1 « 

in uhieh expressions (i) and (j ) mu.it be substitutid for .1/, and i After 
the introduction of expression (m) for y(I„ expressions (i) and 0) liecomc 

J I. - |,{c 4 [ -Wl(|) + 2(» - - 4( ' f — V'.<{) j 

+ - 2(1 - - ‘ W1 -“ 'Vift) jj’ (<») 

• - T 11 ' - ’*■> - '■'Hs *H-i» -*■'« : iH 

+ 1 ■.[ «;«> - 2^,(t) + o») 

+ + !»;(«>] + c«j*,u> - ^Ue>]}- 
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The case of a corneal shell the thickness of which is proportional to the 
distance y from the apes can also be rigorously treated The solution is 
simpler than that for the case of uniform thickness 1 


97. General Case of Shells Having the Form of a Surface of 
Revolution. — The general method of solution of thin shell prob- 
lems as developed in Art. 93 can also be applied tg ring shells such 
as shown in Fig 145 In this way the deformation of a ring such 
as shown in Fig 1 89a can be discussed 1 Combining several rings 
of this kind, the problem of compression of corrugated pipes such 
as shown in Fig 1896 can be treated 5 Combining several conical 




shells, we obtain a corrugated pipe shown in Fig 189c. The 
compression of such a pipe can be investigated by using the solu- 
tion developed for conical shells in the previous article. The 
method of Art. 93 is also applicable to more general surfaces of 
revolution provided the thickness of the wall varies in a specific 

* Meissner, E., VierUlJakrnehr. Nalurfortch. Get Zurich, vol. 60, p. 
23, 1915; see also E. Honegger, “Fcstigkeitabereehnung von Kegelschalen 
mit linear veranderlicher Wandstarkc," doctoral thesis, Zurich, 1919 

1 Problems of this kind are rigorously treated in the paper by If Wissler, 
“Festigkeitsbercchnung von Ringfl&chenschalen,” doctoral thesis, Zurich, 
1916 

• Such corrugated pipes were considered by K. Stange, Ingemeur-Arc&rv, 
vol. 2, p 47, 1931. 
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manner, that the general equations (261) and (262) obtain the 
form (263). 1 The solution of these equations, provided it can be 
obtained, is usually of a complicated nature and cannot readily 
be applied in solving practical problems. 

At the same time, all the existing solutions indicate that for 
thin shells for which the angle <p is not small, the stresses produced 
by forces and moments uniformly distributed along the edge are 
of a local character and die out rapidly as the distance from the 
edge increases. This fact suggests the use in more general eases 
of the same kind of approximate solutions as were discussed in the 
case of spherical shells Starting with the general equations (261) 
and (262) (page 457), we neglect on the left sides of these equations 
the functions U and V and their first derivatives in comparison 
with the second derivatives.* This results in the following 
simplified system of equations: 


f? d?~ EhV ) 
r,d*r U l 

?,»■ -3) 


(°) 


Differentiating the first of these equations twice, no obtain 

m i0) 

If after differentiation we again retain on each side only one term 
containing the derivative of the highest order of the functions V 
and V, we obtain 


r, d<U t 


n dS 


lEhr* 

4 Tit) ‘ 


Ehr{V 

(c) 

n 

(<0 
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Eq (c) becomes 

~ + 4X 4 t7 = 0. (e) 

atp* 

This 19 of the same form as Eq («) in Art. 95, which was obtained 
for spherical shells. The difference between the two equations 
consists only in the fact that the factor X, given by expression (d), 
is no longer constant in the general case but varies with the angle 
<p Since the function U dies out rapidly as the distance from the 
edge increases, we can obtain a satisfactory approximate solution 
of Eq. (e) by replacing X by a certain constant average value 
The approximate solution previously obtained for a sphere can 
then be directly applied here 

To obtain a more satisfactory result the shell can be divided 
by parallel circles into several zones for each of which a certain 
constant average value of X ls used. Beginning with the fiist 
zone at the edge of the shell, the two constants of the general 
solution (275) are obtained from the conditions at the edge in the 
same manner as was illustrated for a spherical shell Then all 
quantities defining the deformations and stresses in this 2onc are 
obtained from Eqs (276). The values of tho«c quantities at the 
end of the first zone give the initial \ allies of the same quantities 
for the second zone Thus, after changing the numerical \aluo 
of X for the accond zone, we can continue the calculations by 
again using the general solution (275) 1 

If the factor X can be represented by the expression 



in which n and 6 arc constants, a rigorous solution of Eq (e) can 
be obtained.* Howcicr, since Eq (e) is only an approximate 
relation, such a rigorous solution apparently has little advantage 
over the previously described approximate calculation. 

1 An application of this method to the calculation of stresses in full heads 
of pressure s essels is gn en m the paper l>y \V M Coates, Tram. Am Soe 
M ech Eng , vol. 52, p 117, 1930 

1 See Geekeler’s paper, loe Cil , p. 481; an application of this solution to 
the calculation of stresses in a steep-aided dome is gisen in FlQgRe’s book, 
"Statik und Dynamik der Scbalen," p 172, Berlin, 1934 
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Anisotropic plates, 1S8 

Anticlastic surface, 39 

Approximate calculation, of critical 
loads, 313 

Approximate investigation ol bead- 
ing, of cylindrical sheila, 446 
of sheila having form of surface 
of revolution, 481 
of spherical shells, 467 

Asymptotic integration, of equation 
for bending of spherical shells, 
467 

Average curvature, 37 
B 

Bending moment, relation to curva- 
ture, 41 

Bending moments, in plates, 41 

Mohr’s circle for determination 
of, 42 

In shells, 3.5 ] 

Bending of plates, under com- 
bined action of lateral loads 
and forces in middle plane of 
pfate, 293 

to cylindrical surface, I 
by lateral load, 83 
by momenta distributed along 
the edges, 39, 199 
rigorous theory of, 105 
to spherical surface, 40 

Boundary conditions, for built-in 
edges, 69 

for curvilinear boundary, 93 
for elastically supported edges, 92 
for free edges, 89 
KirchhofT* derivation of, 9* 
for simply supported edges, 80 


Buckling, approximate calculation 
of forces producing, 313 
of circular plates, 322 
of compressed angle sections, 317 
of elliptical plates, 325 
of rectangular plates nith built-in 
edges, 320 

of rectangular plates with two 
opposite edges simply sup- 
ported, 314 

Buckling load (*fe Critical load) 
Built-in edge, boundary conditions 
for, 89 

i$e« alio Cl imped edges) 

C* 

Circular hole, in circular plate, 63 
Circular membrane, corrugated, 337 
deflection of, 337 

Circular plates, central hole in, 63 
concentrically loaded, 68 
com i tiona to theory of bending 
of, 78 

differentia) equation for, 58 
eccentrically loaded, 266 
on elastic foundation, 2”5 
largo deflections of, 333, 333 
under linearly \ ary Ing load, 260 
loaded at renter, 73 
supported at several points, 270 
symmetrical bending of, 55 
symmetrically [nailed, 57 
table for deflections of, 68 
uniformly loadetl 58 
of variable tbichno**, 282 ” 
Clamped edges, IxHindary condi- 
tions for. 89 

rectangular plates with, 222 
Columns, bending of plates sup- 
ported bv rrn a of equidistant, 
239 
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Combined action, of lateral load and 
forces, in middle phut of plate, 
290 

Concentrated load, circular plate, 
under centrally applied, 73 
under ececntnrallv applied, 
SCO 

local Btrrwa under, 75 
on plate on elastic founJatinn, 252 
reels ngular plafe, with clamper I 
rdgra under, 220 
with simply supported edges 
under, 150, 171 
Conical shells, bcndirg ol, 475 
membrane s tresses in, 302, 377 
Constant strength, shells of, 300 
Continuous rectangular plates, 232 
Corrugated circular plates, 337 
Corrugated pipes, under anal com- 
pression, 4 SO 

Critical load, for circular plate, 322 
for elliptical p],ste, 325 
methods of determination of, 311 
for rectangular plate with built-in 
edges, 320 

for uniformly compressed rec- 
tangular plain with two oppo- 
site edges aimply supported, 
314 

Curvature, average, 37 

bending of plates hasing initial, 
27, 320 

of slightly bent plates, 34 
small initial, 320 
Curvature, principal, 37 
Curved plates, bending of initially, 
326 

Curvilinear boundary, conditions 
for, 03 

Cylindrical bending, of bottom 
plates in hull of ship, 21 
of plate, 1 

with built-in edges, 10 
differential equation for, 1 
with elastically budl-in edges, 
17 

with simply supported edges, 4 
"of plates, on elastic foundation, 30 


Cylindrical shells, approximate in- 
vestigation of tiending of, 140 
bent by forces distributed along 
edges, 402 

deflection of uniformly loaded 
portion of, 443 

genres) mirations for lirflirtion of, 
410 

general theorv of, 3S9 
meitrrwional ilrlonnution of, 477 
membrane theory of, 3S3 
reinforced by rings, 403 
supported at ends, under hydro- 
static pressure, 411 
symmetnenllv loaded, 3s9 
thermal stresses in, 422 
under uniform internal pressure, 
3OT 

Cylindrical tanks, with non-uniform 
wall thickness, 413 
with uniform wall thickness, 410 
D 

Deflection, of elliptical plates (srs 
Elliptical plates) 
of laterally loaded plates, 83 
differential equation for, 83 
large, 329 

limitations regarding, 51 
small. 83 

of plates, under combined lateral 
loading and load in middle 
plane, 299 

of portion of cylindrical shell, 443 
of rectangular plates, with aimply 
supported edges, 1 73 
of anisotropic material, 183 
under concentrated load, 156, 
174 

due to temperature gradient, 
170 

under hydrostatic load, 134 
of infinite length, 167 
partially loaded, 140 
under sinusoidal load, 113 
under triangular load, 143 
uniformly loaded, 125 
of variable thickness, 494 
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Deflection, of rectangular plates, 

* ' with various edge condi- 
tions, 199 

with all edges builUin, 222 
with three edges amply sup- 
ported and one damped, 
211 

■with two opposite edges sim- 
ply supported and other 
two, clamped, 204 
with two opposite edges sim- 
ply supported, third edge 
free, aqd fourth edge built- 
in or simply supported, 
215 

of triangular plates simply sup- 
ported, bent by momenta 
uniformly distributed along 
boundary, 102 
under concentrated load, 294 
due to temperature gradient, 
104 

uniformly loaded, 293 

Developable surface, bending of 
plate to, 31 

Diaphragms, conical, under uniform 
pressure, 475 

aphencal, under uniform pressure, 
463 

Differential equation, for bending 
of plates, anisotropic, 188 
Under combined lateral loads 
and loads in middle plane 
of plate, 301 
to cylindrical surface, 1 
with large deflections, 343 
under lateral loads, 88 
for bending of spherical shells, 
459 

for deflection of membranes, 344 
for symmetrical bending of cylin- 
drical shells, 391 

Discontinuity stresses, in ellipsoidal 
boiler ends, 409 
in pressure vessels, 407 
Displacements in symmetrically 
loaded shells, 370 


E 

Ellipsoidal ends, of boiler, 409 

Ellipsoidal shells, 364 

Elliptical plates, uniformly loaded, 
with clamped edges, 290 
with simply supported edges, 
292 

Elongations, due to bending of 
plates, 40, 304 

Energy method, applied in bending 
of plates, 120, 303, 307 
in calculating large deflections, 
333, 345 

Exact theory, of plates, 105 
F 

Finite difference equation, for deflec- 
tion of rectangular plates, 180 
for large deflections, 344 

Flexural ngidity, of plate, 3 

Free edge, boundary conditions 
for, 89 

O 

Gndwork system, bending of, 190 
II 

Hull of ship, bending of bottom 
plates of, 21 


Images, method of, 174, 294 

Inextensional deformation, of cylin- 
drical shells, 427 

Initial curvature, bending of plates 
with, 27, 326 

L 

Large deflection*, 329 

approximate formulas for, 333, 349 
differential equations for, 331, 343 
of rectangular plates, 347 
of uniformly loaded circular plates, 
338 
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Local stress*-*! under torn ent rated 

Long ret tanguhr plate* J 107 
bending of to cylindrical sur- 

w it h built-in edges, 10 
on clastic foundation 30 
with elasticalh built-in edges, 17 
with 'imply supported edges, 4 
small initial cylindrical curvature 
in, 27 

M 

Membrane equation application of, 
in bending of plates, 99 
Membrane forces, in shells, 356 
Membrane theory, of cylindrical 
shells, 333 
of shells, 331 

Membranes, deflection of circular, 
337 

deflection of square, 345 
differential equation, for deflec- 
tion of, 344 

Middle plane, of plate, 34 
Middle surface, of plate, 34 
of shell, 351 

Mohr’s circle, for determining curva- 
tures, 3S 

for determining moments, 42 
N 

Navier solution, for portion of 
cylindrical shell, 443 
for simply supported plates, 17 
Neutral surface, 40 
Non-Unear problems, in bending of 
circular plates, 287 

P 

Plates, circular, 55, 206, 270, 275, 
2S2, 333, 33S 

under combined latent load and 
furcis in middle plane, 299 


Plates, on elastic foundation, 30, 248 
on equidistant columns, 239 
mth large deBectimis, 329 
rectangular, simoli supported, 
113 

with v anons edge conditions, 199 
of tanous shapes 257 
Polar coordinates, in bending of 
plites, 257 

bending and t« isting moments . 

erpet^ed in, 259 
differential equation for deflec- 
tions in, 258 
Pressure \ ousels, 40G 
discontinuity stresses in, 407 
Principal curvature, 37 
planes of, 37 

Pure bending of plates, anticlastic 
surface in, 47 

limitation of deflection in, 51 
particular cases of, 45 
relation between bending mo- 
ments and curvature in, 39 
slope and curvature in, 34 
strain energy in, 49 

R 

Reactions, at boundary of simplv 
supported rectangular plate, 
under hydrostatic load, 139 
under triangular load, 145 
under uniform load, 131 
Rectangular plates, application of 
energy method in calculating 
deflections of, 120 
bending, of anisotropic, 188 

by moments distributed along 
edges of, 199 
of y amble thickness, 194 
deflection of, by finite difference 
method, 180 

uuder hydrostatic pressure, 134 
of infinite length, 167 
loaded by concentrated load, 1 56, 
174 

partially loaded, 146 

with simply supported edges, 113 
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Rectangular plates, under sinusoidal 

load, 113 

thermal stresses in, 176 
under triangular load, 143 
under uniform load, 117, 125 
« it h various edge conditions, 199 
with all edges built-in, 222 
with three edges simply sup- 
ported and one edge built-in, 
211 

with two edges simply sup- 
ported and other tiro 
clamped, 204 

with two opposite edges simply 
supported and other two 
supported elastically, 219 
with two opposite edges simply 
supported, third edge tree, 
and fourth edge built-in or 
simptjr supported, 215 
„ Rigidity, flexural, 3 
Rigorous theory, of plates, 105 

S 

Sector, plates in form of, 272 
Shear, due to bending of plate, 44, 
181 

Shearing strain, in plate, 44 
Shearing stress, in plate, 44 
Shells, conical, 362, 377 
of constant strength, 360 
deformation of, without bending, 
351 

displacements in symmetrically 
loaded, 370 
ellipsoidal, 364 
in form of torus, 365 
membrane forces in symmetrically 
loaded, 356 

non-symmetneally loaded, 373 
spherical, 361, 379 
wind pressure on spherical, 374 
Simply supported edges, boundary 
conditions for, 89 
xceCangufer pistes Kith, 113 
Spherical dome, under action of 
its weight, 453 


Spherical dome, approximate analj- 
sis of bending of, 467 
example of bending stress calcu- 
lation for 474 
membrane forces in, 359 
supported at isolated points, 379 
wind pressure on, 374 

Strain energy, in pure bending of 
plates, 49 

Strain energy method, in calculating 
critical loads, 312 
in calculating deflections, 120, 
303, 307 

Stress function, in calculating mem 
brane forces, 375 
in equation for large deflections, 
343 

Stresses in plate, normal, 45 
shearing, 45 

Successive approximations, in caleu 
fating bending stresses in shells, 
452 

Surface of revolution, bending 
stresses m shells having form 
of, 4 SO 

shells having form of, 356, 450 

Symmetrically loaded cylindrical 
shells, 3S9 

particular cases of, 395 

Symmetrically loaded shells, having 
form of surface of revolution, 
356, 450 

displacements in, 370 
equations /or determining mem- 
brane forces in, 35S 
particular cases of, 350 

Symmetrically loaded spherical 
shells, 458 

Synclostic surface, 30 
T 

Tanks, of constant strength, 366 

cylindrical, with non-uttiforra wall 
thickness, 433 

with uniform wall thickness, 410 
spherical, 201 



